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On two generalized Laplace transforma.

Nota di SCTRESH CHANDRA ARYA (a Nainital, India)

Summary- - In this paper some convergence theorems are establtshed for the
transforms

00

f{s) — je - l /2 8«(sQ"»-i/2 Wfc, m{st)d*(t)
u

and
00

U

whtch are généralisations of the JJAPLACE transform

1. - Introduction*

The LAPLACE-STIELTJES transform in the classical form is
GO

(1.1) ft(s)=fe—dx(t)
0

ivhere &($) is a function of bounded variation in 0 <~ t ̂  B for
every positive B.

YARMA (1951) has given a generalization of (1.1) in the form
00

(1.2) f,(8) = [e-?«(8t)m-* Wktm{st)d*(t)

which reduces to (1.1) when k -t- m— ^ . It can also be represen-

ted in the form
oo

(1.3) f,(s)= / e~«(8t) ' ^ f j - f c + w, 2wn-l; st) d%(t)
J \à I

XV dénotes TRICOMI' S confluent hypergeometrie fanction
given by the relation

(1.4) ^«(el-e^V+W^-fc + w, 2m-*-l;ej.
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MEIJER (1941) has given another generalization of (1.1) in the
form

00

f(s) = j e~2st{st)~k~2Wk+i,m(st)d%(t).
o

On replacing k -+- ~ by fc, we get

oo

(1.5) A(s) = ƒ e-iat(at)->Wk% Jst)d*(t)
o

oo

The transform (1.5) reduces to (1.1) when k ± m — ̂  -

In this paper we establish some convergence theorems for the
transforma (1.3) and (1.5). The corresponding theorems for (1.1)
can be deduced as particular cases of these theorems.

2. - Convergence

THEOREM 2.1. - If

u
s*

l.U.b.
<w<oo

J *-s^otr*

theorems.

\

then (1.3) converges for every s(— c> -+- *T) for which G > <?„.
(s0 = c70 H- ir9)j provided that

(i) ^ —fcd=m=|=0 or a négative integer,

or

(ii) 0 — fc — w* = O, Ee m > 0.

PROOF. - Let us set

t

B(̂ ) = / e-sot* (sow)3'» w L ~ k H- m, 2w -+- 1 ; s
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Then

: = / e-3'(si)2"'*' (s — k •+- m, 2m-*-\; st )d*tt)

R

• ; s*)m. 2m-H 1;

-h- 1; sot

% 2m H- l ; si

, 2m -4-1;

j 2m

, 2 m - 4 - 1 ;

But we have (S(oo) = f(s0) and

(2 1,

when a > a 0 ) sinee

(2.2)

^ _ fc H- m, 2m -+- 1;

- _ A;-H m, 2m-H 1;

, 1953, p. 278)

k+m— -
2
 e-JS(s-s0>

(JK —*- CXD)

, 2 m - h - l ; (05 - ^ oc)

Thus the integrated part vanishes.
Also let us set

J=\-
'st ^ ( r> — & -+- ^*Î 2 m -+-1 ; s i

__ k -h m, 2m -H 1 ;
dt.
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Then

] J\ <
e~st W ( g — k -+- m, 2m -+- 1 ; si

e— m, 2m -+- 1 ;

M i s the upper bound of | p(£) | in 0 < £ <; oo;

< lim
£— ôo e—s0^l~— fc-H m, 2m + 1 ; sot

— lim

S\2 w i , .
— l im

ö — fc + Mi, 2m -+- 1 ;

by using (2.1).
Now let us take

U == W I - — k-+- m, 2m + 1 ;

Then (ERÜELYI, 195B, p. 262) as x tends to zero, and

(A) ö — k dz m 4= 0 or a négative integer, 2w ̂ = 0 or an

integer,

(2.3)

or

U<
(— 2m) T(2m)

r ( 5 — & — m ) r (s — fc -+- m)
\ ] \à j

x"

(B) p — or a négative integer, 2m = 0 or a posi-
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tive integer

(2.4) U™ - 5 — ^ [log x
(2m)l rU—k—m\

— J,(2m H- 1) - +(1)]

r U -

(the last term is to be omitted when 2m = 0); or

(C) g — A: =t m 4= 0 o r a négative integer, 2m = a négative

integer

( _ j_\—ïm—l fi \
(2.5) U™ — — a5-8/M[logo5-*- + U— fc—ml —

( 2w)! r ( k+m\

- « K - 2 m H 1) - -Ml)]

(the last term is to be omitted when 2m = — 1) ; or
1
2(D) ö — & — m = 0, E e w > 0

(2.6) ü^x-1'"

Using the résulta (2.3), (2.4), (2.5) and (2.6) we have

e-siW( k+m, 2
\-2m

(2.7) lim - ^ ; = (f ) or 1.
* — ° e - ^ ^ _ f c + m, 2*

Thus we see that ƒ is absolutely convergent and our theorem
is established.

2.1a. - If the intégral (1.3) converges for so=̂ <7
it converges for all s — c -+- ir for which c > tr0.

2.1b. - The région of convergence of (t.3) is a half
plane.



3 1 2 SURESH CHAJNDKA AEYA

THEOREM 2.1 shows that the divergence of (1.3) at s = s0 im-
plies its divergence at all s for which cr<c-0. Hence three cases
may arise :

(i) (1.3) converges for every point;

(**) (1.8) converges for no point;

(iii) (1.3) converges for a >> CJC and diverges for G < uc.

We may define GC as the abscissa of convergence.
We can prove a similar theorem for the transform (1.5).

THEOREM 2.2 - If the intégral (1.5) converges for a point
s = so(— ff0 -f- tT<ù, then it converges for every s(=<M-ir) for which
ô > °"OÎ provided that

1
(i) p — A; ± m 4= 0 or a négative integer,

or

(ii) g — k — m — 0, Re m > 0.

The proof of this theorem is siinilar to that of the previous
theorem.

We now consider the necessary conditions imposed on a(£) by
the convergence of intégrais (1.3) and (1.5).

THEOREM 2.8. - If the intégrais (1.3) converges for s^s^y-htô
with y ;> O, then

(2.8) QL(t) = o(erttr-k-m-hi) (t — oo).

Proof: Let us set

t
1
2 h "*" ) si

Then
t t

C C I
—ac(l)= ƒ dx(t)=f \e-

i i

{' d [ / l M - 1

— / Hu) ~T~ \e~sou{sQuynx¥ ( ^ — A; H - m , 2m -+- 1 ; sou\\ du.
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By using the Mean Yalue Theorem of Intégral Calculus,
have

)im W ( | — fc -h m, 2m

1 —

ll(1F U — fcn- m, 2

— k -t- m, 2m -h 1 ; s0

6(00) - p(oo)

smce

2m

= 0(1)

Hence using (2.2) we have

(t — oo),

(*-*oo).

(t—-oo),

Irom which the resuit follows.
Similarly we can prove the followiug theorem for the inté-

gral (1.5).

THEOREM 2.4. - If the intégral (1.5) converges for s—so=
with y > 0, then

<2.9) 0L(t)

The proof of this theorem is similar to that of the Theorem 2.3.

THEOREM 2.5. - If the intégral (1.3) converges for s=s0—
vrith y < 0, and if oc(oo) exists, then

42.10) <x(t) - a(oo) 3=

Further the convergence of (1.3) for s = s0 = y -+• fà with y < 0

implies the existence of oc(oo), if (i)^ — fc±m=j=0 or a négative

integer. E e w > 0 ; or (ii) - — h — m = 0, Re m > 0.
Ci

Proof: Let us set

t

6(£) = ƒ e-***[soufmW L — h -H m, 2m -f
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Then

co

/ \e-so^(sQuYni

J L
; sQu)\

/

PI*)

— j Hu)~tf~ \e~'SoU{Sçt'M>)imx¥ (-— k - h m , 2 m -+- 1 ; s Q u ) \ d u ,

for 6(00) is finite and

since Re sa = 7 < 0.
Therefore

[a(oo) — a(i)]e-^(so*ja '(ïW Q - A; H- m, 2m •+- 1 ; so)SJ =

x

1
00

f d [ / l
X ƒ P(te) ̂  e-«o»(soW)«'«iir f - _ ft -f- m, 2 m + l ; s

By Meau Value Theorem of Intégral Calculus we have

[7.(00) — a(£)]e-Sü*(so '̂"W L ^ k + m% 2m -f- 1 ;

since

') ^ I Ô —&-+-w«, 2m + l ; SQU)\ = O ( 1 )

Hence usiDg (2.2) we have

a(oo) — %(t) = o (e ï^ -* - | f t + s
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Furfcher, we have (ERDÉLYI, 1953, p. 256)

(2.11) <F(a> c; 0)= f f r - ^ l ) *(°' c ; ^ ^ T ^ - ^ ( a - c - n l , 2 - c ; 0),

= o(»1-c) ( R e c > l ) (0 —0)

if neither a — c -+- 1 nor a is zero or a négative integer and c is
not an integer.

Since y is négative, then by Corollary 2.1a and the relation
(2.11) the intégral (1.3) converges for 5 = 0 so that <x(oc) exists.

We can prove a similar theorem for the intégral (1.5).

THEOBKM 2.6 - If the intégral (1.5) converges for s — s0—y -*- i&
with y < 0, and a(oo) exists, then

(2.12) oc(Q — a(oo) = o(erf) (i-00).

THEOREM 2.7 - If the intégral (1.5) converges for s=s0-=

then, provided that ^ fc±w^0 or a négative integor

(2.13a) %{t) = o(th~i'"1~ 2) (£ —-0)

if E e w ^ O (w=)=0) and Re f— m — k •+• 0) > 0; or

(2.13b) a(Q = o(^-"— I ) (i — 0ï

if Re m < 0 and Re f — &-+-m-H~)>0; or

(2.13c) y.(t) = o(th-*=llog t) (t—0}

if m = 0.
Proof: Let us set

t

Then

^ f- _ A: -f- «1,

a(l)-a(*)=jdx(<):
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X

= - ƒ [e Q - k 1 • /
0 /.

—i

or

fc + m, 2

i

X / Jt

g - ft + m, 2m x

~ dt

= T«+T(*i)

e—o ^ — fc -+- »n, 2m -+-1 ;

— fc-t-m,

Therefore

= 0(1)

smce

, 2m <-l; sQt

tends to zero as t tends to zero under the conditions stated.
INTow from (2.3) we have

(2.1 ,̂ 2m
T(2m)

r - - )
J-1» (* —0)

when g— fc±m4=0 or a négative integer, Eem^O («4=") and

Ee ( — m — k -+-»]> 0.
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Then

lim [K{l) — *(t)]e-*t{8nt)\-*+**w(l—k-*-*n, 2m

lim — p .

Therefore

from which (2.13a) follows.
Similarly we can prove that

-vvhen g — fc =b m 4= 0 or a négative integer, E e w < 0 and

0; and

llza _ J H « _ = o
' ~ ° (**-ï/ log <)

ivhen ^ — fcrtwi^O or a négative integer and m = 0.

Thus the theorem is proved.
I am indebted to Dr. K. M. SAKSENA for guidance and help

in the préparation of this paper.
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