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On two generalized Laplace transtorms.

Nota di SuresH CHANDRA ARYA (a Nainifal, India)

Summary. -~ In this paper some convergence theorems are established for the

transforms
(oo}

f(s) = [e —Y/2st{stym—1/2 W), ,.(st)d=(t)

0
and

[e 0]
fi(s) = f e—1/2st(st)—k~-1/2 Wiet-1/2,m(st) da(t),
0

which are generalizations of the LAPLACE {ransform
oo

fols) = [e—staals).
1)

1. - Introduection.

The LAPLACE-STIELTJES fransform in the classical form is
[ee]
Ly fs)= [ e=satt
0
where «(f) is a [unction of bounded variation in 0==f{ <R for

every positive E.
Varma (1951) has given a generalization of (1.1) in the form

(1.2) fis) = [ e 4st(sty= 4 Wi mistidst
0

which reduces to (1.1) when k& + m = . It can also be represen-

Dol =

ted in the form

[ee]
’ 1
(1.3) fils) = / e—st(st) " (é — T, 2m-1; st) du(t)
0
where W denotes TricoMi’s confluent hypergeometric function
given by the relation

1
(1.4) Wk, m(z) = Pl W(Q —k+m, 2m+1; z) .
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MEeWER (1941) has given another generalization of (1.1) in the
form

fs) = / T3t T Wiy 4, m (st)dalh).
1
On replacing k +35 by k, we get

(L5) = j s, (st

oo}

i 1
=J e*‘"(st)—"*"‘*%‘lf (é —k+m, Zm + 1; st> du(t).

1
The transform (1.5) reduces to (1.1) when k-tm = 5-

In this paper we establish some convergence theorems for the
transforms (1.3) and (1.5). The corresponding theorems for (1.1)
can be deduced as particular cases of these theorems.

2. — Convergence theorems.

TaeoreM 2.1. - If

1
l.u.b. ’fe—sot(sot)emqf (§ —k+m, 2m + 1; sot) dx(t) ‘ =M< oo

O=u<o

then (1.3) converges for every s(= ¢ + 4t) for which ¢>g,.
(s, = oy + 47,), provided that
1
(?) 3—k=*=m==0 or a negative integer,
or

1
(22) é——k—m:O, Rem > 0.

Proor. — Let us set
t
" 1
B(t) :/ e~ Sa (g,u)*™ qf(é —k+m, 2m + 1; s,,u) dax(u).
0
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Then
R

”

1
I :} e—st(st)*" ¥ (§ —k+m, 2m + 1; st)doc(t)
o

R
1
et <§ —k+m, 2m—+1; st)
= (s/s5)2™ . ds(?)
. e—st Y (§ —k+m, 2m + 1; sot)

1 R
e"“llf(é—k—f—m, 2m + 1; st)
= (s/s0)™™ | B(%) )

1
e—sotlp"<§——k+m, 2m +1; syt .

1
[e*‘"W (§ —k+m, 2m + 1; st>—l
dt.

R
— (s/s)*™ | B(B)(d/dd)
i

2 4

e~ W <— —k+m, 2m+1; sot>
But we have &(co) = f(s,) and

/1
e—sRy kﬁ —k+m, 2m + 1; sR) Ktm— L
(s) 2 o—R(3—so)

(2 1) (E)?l"
So/  p—soRY (% —k+m, 2m+1; SOR) " (B —= o0)
f— 0(1) (R - OO),

when ¢ > 5, since (ERDELYI, 1953, p. 278)

1

1 -
2.2 \F(Q—Jc—i—m, 2m + 1; x)kam 2 (@ — o0).
Thus the integrated part vanishes.
Also let us set
(1
e~ ¥ <§ —k+m, 2m+1; st)
dt.

(2" fonfd

1
e—Sot (2 —k+m, 2m+1; sot)
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Then

1

s \2m OOd ety (5 — k+m, 2m + 1; st) l
Ji<M —) m) . at
= 8 dt e—sotlp‘<

0 5 k+m, 2m+1;sot\l

=] !

where M is the upper bound of [8(f)| in 0 < << co;

1
\ e—st\l)’('—__k—{—'n‘b, 2m + 1; St>
s\ 2
t—>0 o5 <é_k+m, 2m + 1; Sot>

1
e—s“lf(§—~k+m, 2m + 1; st> |

— lim i
t—0 sty (§ —k+m, 2m+ 1; sot)

1 _
9 a1 (— —k+m, 2m+1; st) ‘

s\2m | 2 |

<M (-) lim 1 i
So b0 g—sity <§— kE+m, 2m + 1; sot) }

by using (2.1).
Now let us take

1
U——_—\F<§—k+m, 2m + 1; x)

Then (ERDELYI, 1953, p. 262) as x tends to zero, and

1
(4) 5— kExm=4=0 or a negative integer, 2m==0 or an
integer,
r—=2 re
(2.3 U~ 1( i N 1 (Bm) &
F<5 k m) l“(g——k—e—ﬂz)
or

1
(B) 5 k=m0 or a negative integer, 2m — 0 or a posi-
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tive integer

__1)2m—1
2.4) Ueo ( 11) [log & + ¢ (é —k + ’M) —
@m)! T (;z-—k——m> ‘
1)
— 4,(21”, + 1) — q,(l)] 4+ M x—?m;
r (.5_. —k+ m)

(the last term is to be omitted when 2nm: = 0); or

1
(C) 5— kx=m3=0 or a negative integer, 2m = a negative

integer
— 1 — 21 1
(2.5) Ueo ( )1 x—"[log @ + ¢ (é —k— m) —
(—2m)! T (5 — & +m)
— 2m — 1)!
—U—2m 1) —Y1)] + (lm—l)
r (Q —k— 'm)
(the last term is to be omitted when 2m = — 1); or
1
(D) §~—k——m=0, Rem >0
(2.6 o pe— (( =% joer
2.6) =g Ll/Z)—dx og I'(x) ) .

Using the results (2.3), (2.4), (2.5) and (2.6) we have

1
e—“‘lf<5-— k—+m, 2m—+1; st)

2 —2m
2.7) lim 1 = s—) or 1.
t—0 e—Sot\If(g—ka—m, 2m + 1; sot> 7o

=

Thus we see that J is absolutely convergent and our theorem
is established.

CoROLLARY 2.1a. — If the integral (1.3) converges for s,—¢,+1i7,,
it converges for all s = ¢ + ¢t for which ¢ > q,.

CoroLLARY 2.1b. — The region of convergence of (1.3) is a half
plane.
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TEEOREM 2.1 shows that the divergence of (1.3) at s = s, im-
plies its divergence at all s for which ¢ <s,. Hence three cases
may arise:

(¢) (1.3) converges for every point;

(#¢) (1.3) converges for no point;

(¢¢) (1.3) converges for ¢ > g, and diverges for ¢ <a,.
‘We may define s, as the abscissa of convergence.

‘We can prove a similar theorem for the transform (1.5).

TeEOoREM 2.2 - If the integral (1.5) converges for a point
8 = 8§y(= 0, -+ 27y), then it converges for every s(=c-+it) for which
6, > 0,, provided that

1
(@) 35— E*+=m=3=0 or a negative integer,
or

1
(46) é—k——m:(). Re m > 0.
The proof of this theorem is similar to that of the previous
theorem.
We now consider the necessary conditions imposed on «(f) by
the convergence of integrals (1.3) and (1.5).

TaeoreEM 2.3. — If the integrals (1.3) converges for s=s,—y-+1d
with y > 0, then

2.8) a(t) = ojertt—r—m+3) (t — oo).
Proof: Let us set

t

B(t) = /e-sw (spu)t™ w (% —k+m, 2m + 1; s"fu,> dx(u) (1<i<oo).

1
Then
¢ t »
at) ——1(1):/dx(t):/ [e—-"ow(sou)’"'llf (% —k+m, 2m+1; sw)] AB{u)=
i 1
—1

1
— B(t) [e_so¢(sot)znz\y (5 k+m, 2m + 1; sot)

d 1 -1
—j B(u) au [e—sou(sou)z'"‘lf (§ —k+m, 2m + 1; sou)! du.
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By using the Mean Value Theorem of Integral Calculus, we
have

1
[x(f) — a(1)]e—3et(s,t)* " ¥ (‘2_’ k+m, 2m + 1; sot) =

=pBt)—plt)| 1 — 1 (0<t,<t)
e—%g iy (é —k+m, 2m+1; so)

1 -
g—Sot(sot)?"‘qf( —k+m, 2m + 1; sot>

e B(o0) — B(e0) (t — o),
since
1
e-—sot(sot)ﬁmllf (é —Ek+m, 2m + 1; 30t> ~ g—sit (sot)k+"l—; (t-—»oo)
=o(1) (£ — o0).

Hence using (2.2) we have

a(t) — (1) = ofevtt—r—"+ %) (t—o0),

from which the result follows.

Similarly we can prove the following theorem for the inte-
gral (1.5).

THEOREM 2.4. — If the integral (1.5) converges for s—s,—y-+4
with y> 0, then

{2.9) aft) = o(ert) (t—c0).
The proof of this theorem is similar to that of the Theorem 2.3.
THEOREM 2.5. - If the integral (1.3) converges for s:s(,:y—*—ial

with v <0, and if x(co) exists, then

(2.10) «(t) — afoo) = ofertt—*—"+%) (t— o).
Further the convergence of (1.3) for s = s, =1y + 48 with y<C0

L . .1 :
implies the existence of u(co), if (%)Q —k=*xm=3=0 or a negative

Y

integer, Re m > 0; or (é) 5 — k—m =0, Rem > 0.
Proof: Let us set
¢

1
oty = [ e=slsyf ™ (5 — I+ m, 2m 1 squ)daf) (1<t <o),
1
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Then

(oo

—a(t)+efoo)= dx(%) =
J

[ee]
—1
f le—sou(sou)?”'\lf G —k+m, 2m—+1; sm)] das(u) =
¢
_ 8

1
e—sd(st)" ¥ <§ - k+m, 2m+ 1; sot)

[ee)
) a 1 —1
— /ﬁ(u) n {e--"o%(sou)“'“lf (§ —k+m, 2m + 1; souﬂ du,
¢
for f(co) is finite and
1 —1 L km
le—sot(sot)”"w (é —k+m, 2m +1; sot)] ~ €5d(s,1)2 (t—o0)

= 0(1)
since Res, =v < 0.

(8 o0),
Therefore

\

1
[2(c0) — a(t)]e—=o!(s,t) ¥ ( 5~ k+m, 2m +1; sot) =

1
— B(8) — e—sot{s )W (5 —k+m, 2m + 1; sot) =

co

" d 1 —1
X] Blu) au {e“sou(.sou)”“llr (é —k+m, 2m + 1; sou)] au
t

By Mean Value Theorem of Integral Calculus we have
1
[#(00) — w{E)]e—set(s,t) W (5 —k+m, 2m+ 1; sut) =

. = — B{t) + (k) (t<t, <oo),
since

1 —1
{e—ﬂn“(sou)””‘F <§ —k -+ m, 2m + 1; s(,u” =o(1)

Hence using (2.2) we have

a(oo) — u(t) = ofertt—A~"m+3 ) (t—=oo).



ON TWO GENERALIZED LAPLACE TRANSFORMS 315
Further, we have (ERDELYI, 1953, p. 256)

T(c—1)
Ia)

T(l—
@2.11) W(a, o; 5)— <\ 0)1) ®(a, ¢; £)+- S—ed(a—c+1, 2—c; 2),

T(a—c +
= ofz'™9) (Rec> 1) (#—0)

if meither @ — ¢ + 1 nor a is zero or a negative integer and c is
not an integer.
Since y is negative, then by Corollary 2.1a and the relation
(2.11) the integral (1.3) converges for s =0 so that x(occ) exists.
We can prove a similar theorem for the integral (1.5).

TaeoreM 2.6 — If the integral (1.5) converges for s—=s,=y + @
with y < 0, and «(co) exists, then

(2.12) (8} — afoo) == ofer?) {t — oo).
TeEorEM 2.7 - If the integral (1.5) converges for s=s,=v+13,
1
then, provided that 5 kE*+m=3=0 or a negative integer

i

(2.13a) «{t) = o(t**+"—3) (t—0)

1
it Rem =0 (m == 0) and Re(—— m—k+§>>0; or

(2.13b) o(t) = o(t*—"—1) (t—0)
. 1

if Rem <0 and Re(—k+m+§)>0; or

(2.13¢) a(t) = ot~ [log 1) (t— 0}
if me=0.

Proof: Let us set
1
Y(¢) = [ e—so“(sou)% —ktm oy g —k+m, 2m + 1; sou> dx(u) (f<<u<<l).
¢
Then

1
«(1) —a(t)= | du(t) =
i
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1
L pim 1 \ -1
—_ — e—Sf(s )2 W <§ —k+m, 2m + 1; sot/ dv(?),
£

or

1
(1) — x(t)]e—sb(s, 1) 2 et (2 —k+m, 2m + 1, sot) =

. (1
= vy(f) + «{(tl)e—s()t(sot)%'_k'rmllf kg — k -+ m, 2m +1; sot> =<

1

~ 1 ‘_"1
Xj d%[e—Soi(sot);—k+m v (é —k+m, 2m + 1; sot)] dt (<t <),
¢

1
e—»ot(sot)%””“‘m ¥ <§ —k+m, 2m+ 1; sot)

= 1()+1(6) — —1
e—sos 2Ty (5 —k+m, 2m-+1; so)
Therefore
¢ i—k—{—m . 1
[o(1) - a(t)]e—sot(s, )2 ¥lg—k+m 2m+ 1; spt oo
(0 +) — (0 +) (t—~0+)
=o(1) (t—0+),

since

2

\ 1
e—Soist%—kTmlIf s—k+m, 2m + 1; st
0 0

tends to zero as f{ tends to zero under the conditions stated.
Now from (2.3) we have

T 2m)

(2.14) \If(1
F(%—-k—e—m)

i k+m, 2m+1; sot) oo (s,8)2 (—0)

1
‘when 5~ Ex=m==0 or a negative integer, Rem =0 (m==0) and

Re (—m—k+%>>0.
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Then

lim [«(1)— a(t)]e-sot(sot)é’k'*"‘ ¥ (% —k+m, 2m + 1; s(,t)
t—n0

T(@m)s,e—Ft™  a(1)— «ft)
frmnl —1—— . llm -i‘
r (2 . k 4+ m) t—s0 tk+m— 2
Therefore
a(1) — aft) = o(f**"~ ) (t—0)

from which (2.13a) follows.
Similarly we can prove that

lim U

t—0 tk-—-m-—%

=0

1
‘when 5~ Exm-=4=0 or a mnegative integer, Rem < 0 and

1
Re (——k+m+§)> 0; and
lim “)
t—0 (t—3/ log ?)

=0

1
when 53— k-xm==0 or a mnegative integer and m = 0.

Thus the theorem is proved.
I am indebted to Dr. K. M. SarsENa for guidance and help
in the preparation of this paper.
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