
BOLLETTINO
UNIONE MATEMATICA ITALIANA

John G. Christiano, David L. Dunbar

Finding the characteristic roots of
symmetric matrices.

Bollettino dell’Unione Matematica Italiana, Serie 3, Vol. 14
(1959), n.3, p. 352–359.
Zanichelli

<http://www.bdim.eu/item?id=BUMI_1959_3_14_3_352_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamen-
te per motivi di ricerca e studio. Non è consentito l’utilizzo dello stesso per
motivi commerciali. Tutte le copie di questo documento devono riportare
questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=BUMI_1959_3_14_3_352_0
http://www.bdim.eu/


Finding the characteristic roots of symmetrie matrices.

Nota di JOHN Gr. CHRISTIANO (a JVORTHERN)

e DAVID L. DTINBAR (a WASHINGTON)

Summary, - For certain symmetrie matrices similarity transformations
have been tabulated to either diagonolize or transform the matrix in'to
a form suitable for finding the characteristic roots.

1. Introduction.

The problem of finding characteristic roots (c. n.) of matrices
in gênerai is laborious. ÏÏoweyer, if one takes advantage of sym-
metrie properties of matrices, when such exists, the work is redu-
ced considerably.

It is the purpose of this paper to tabulate similarity transfor-
mations R = R~1, (BR—1 =. 1), such that a given matrix A when
transformed into RAR~i would be either a diagonal matrix, or
one whose non-zero éléments appear only above or only below
the diagonal éléments. It is well known that the diagonal éléments
of such transformed matrices are the c. n.

We öhall inake use of the following known results. For a more
detailed discussion, the reader may consult any standard work
on matrix theory.

• Matrices A and B are similar if and only if there
exists a non-si M gul ar matrix P such that PAP~l — B.

THEOREM 1.1 - Similar matrices have the same characteristic
roots.

2. Synnnetries,

We shall consider symmetries and « combiuations » of sym-
metries of the following four types :

a b 1 \ a a
b a I \b b

a
b

b

b
a

b

b
b

a ^

a a a

b b b

c c c

One finds that = R%~1 =

CASE I

1 I 1
1

diagonalize
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so that
a •6 0

0 a — b . The c. n. of the

transformed matrix are obviously a + 6, a — b.

THEOREH 2.1 -

Let

x y \z u
y x\u z
z u\x y

u z\y x

(Note partitioned matrix A4 has the same similarity structure as
Â.,) then 3 and RA such that

x-t-y 4- z -i-u 0
0 x — y-+-z — u
0 0
0 0

PROOF: Consider the 4 x 4 matrix
f P . O
[ 0 P 2

0 0
0 0

y —z— u 0
0 x — y —

where Px — f-te x-T-z j

and P 2 =
x — z y — 1

y — u x —

G - e n e r a l i z i n g f r o m t h e 2 x 2 c a s e ,

1 1 : 0 0

1—ljO 0

o oVi ï
0 0 : 0 - 1

and T4 = ^
V2
1

1
0

i

0

0
1

0
1

1
0

— 1

0

0
1

0
- 1

and i?4 = Q 4 r 4 = - =
Y 4r

24 = R—1 and that

' x + y-h

0

0

0

1 1 1 1

1 - 1 1—1

1 1 - 1

1 — 1 - 1

The reader will verify that

te 0

x — y -h z — te

0
0

0 0
0 0
~z~u 0

0 x~y — z-\-u _
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2.1 IjetA8— where AtJ is 4 x 4 and

A^ — A^, An = Aljt, and A7J is of type A4. (Note: As a partitioned
matrix A% has same similarity structure as At) then CE an 2£8 such
that BzA^R^~l will be a diagonal matrix.

PROOF Again^ generalizinig from the 4 x 4 case, let

1 1 0 0 0 0 0 0
1—1 0 0 0 0 0 0

0 0 1 1 0 0 0 0
0 0 1 — 1 0 0 0 0

0 0 0 0 1 1 0 0
0 0 0 0 1 - 1 0 0

0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 - 1

and T8 —-
"\/4

One computes

1
0

1

0

1
0

1

0

0
1

0

1

0
1

0

1

1
0

— 1

0 -

1

0

- 1

0 -

0
1

0

1

0
1

0
1

1
0

1

0

—1

0

—1

0

0
1

0

1

0

1

0

—1

1
0

—1

0

— l

0

1

0

0
1

0

- 1

0
—1

0
1

~ ^8^8 —77^
1

V~8

1 1 1 1 1 1 1 1
1—1 1—1 1—1 1—1
1 1—1—1 1 1 - 1 - 1
1—1—1 1 1—1—1 1
1 1 1 i~i—i-i_i
1—1 î — l — l î - i 1
1-4-1—1-1—1—1 1 1
1 — 1 - 1 1—1 1 1—1

I t is easily verified that ES^=BS~
1 and that

nal matrix.

1 is a diago-
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CASE II

If the matrix in question is of the type B., — , , L Ez^B2~
l

as defined in Oase I, will transform B2 into R^B%Bfl — J ,
\&—o UJ

which is a desired form to find the c. n., a -+• 6, 0.

[ R D n

n " p1* where B^ is a 2 X 2 matrix of type B2 and

Bn=Blt; 3iX = Btt so that B4=

x -+- y ~i- z •+• u 0 0 0 "

X - Î / + 3 - M 0 0 0

x -k- y — z — u 0 0 0

x — y — z-+-u 0 0 0

" X

z
__ u

X

z
u

y v
Z Z

U U

, then

CASE III

THEOREM 2.2

If C, is a matrix of the form
a b b
b a b , then a an S9 =
b b a

such that S3CzS3~
l is a matrix whose non-zero éléments are ail

beloAV the diagonal éléments.

PROOF: Let S* =

1 1 1
0 2 1
0-3-2

One can verify that *S3 =
a -+- 26 0 0

36 a 6 0
— 56 0 a — 6

COBOLLARY 2.2

Let Cq=r
'X Y Y'
Y X Y
Y Y X

x y y

where X = | y x y
Ly y x

and Y= U B U

U U B
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then ÏK an S9 — Sg~
l such that S9C0S^~l is a matrix whose non-zero

éléments are below the diagonal éléments.

PROOF: Let

1 1 1 0 0 0 0 0 0
0 2 1 0 0 0 0 0 0
0-3—2 0 0 0 0 0 0

0 0 0 1 1 1 0 0 0
0 0 0 0 2 1 0 0 0
0 o 0 0-3-20 0 0

0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 2 1
0 0 00 0 00-3—2

and T9 =

1
0

0

0

0

0

0

0

0

0
1

0

0

0

0

0

0
0

0
0
1

0
0
0

0
0
0

1
0
0

2

0
0

- 3
0
0

0
1
0

0
2
0

0
—3

0

0
0
1

0
0
2

0
0

—3

1
0
0

1
0
0

- 2
0
0

0
1

0

0
1
0

0
—2

0

0
0
1

0
0
1

0
0

- 2

Now compute Sq= QÔT9 —

0 2 1 0 2 1 0 2 1
0 -3—2 0—3-2 0—3-2
0 0 0 2 2 2 1 1 1
0 0 0 0 4 2 0 2 1
0 0 0 0-6—4 0-3-2
0 0 0-3-3—3—2—2-2
0 0 0 0-6-3 0-4-2
0 0 0 0 9 6 0 6 4

It is easily verified that S<> = S9~
l and that S0C^Sf~x is a

matrix in onr desired form.
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CASE IY

COROLLARY 2.3

]f D, is a matrix of the form
ï a a a l

c c c

then S3 — S^1

will transform into

" an

26

— 36

h 6 - h

-+- c

— 2c

c 0

0

0

0

0

0

The c. n. hère are obviously a -+- 6 -t- c, 0, 0.

3. Symmetry withiu a symmetry.

CASE I-II

TïïEOREM 3.1

If A*z=

X

y
X

y

z
u

z
u

X

y

z
u

X

y-

(Note the partition ing indicates a sym-

metry of type II within a symmetry of type I), then
will transform A4* into

x-^-y-k-z-^-u

x — y -h z — u

0

0

0

0

0

0

0

0

0

0

0

? — u 0

0

The reader will easily verify this.

CASE II-I

THEOREM 3.2

I f JB4* =

x y x y'
y x.y x

Z U ; Z U

u z ,u z

(Note a symmetry of type I within a
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symmetry of

B4B4*R4~
l =

THEOREM

type

" x -4- y +

SC 4-

-

3.3

0

y -
0

then

Z-hU

X'

z — u
x-

-y

~y

CASE

0
-4-0 — U

0
— 0 — U

III-I

0
0

0
0

0
0

0
0

If (Note the partifcioning indicates a

x y z ti z u
y x u z u %

z u x y z u
u z y ce u 0

z u z n x y
n z u z y x _

symmetry of type I withm a symmetry of type III), then
with

1
1

0
0

0
0

1

—1

0
0

0
0

1
1

2
2

- 3
— 3

1

- 1

2
—2

- 3
3

1
1

1
1

- 2
— 2

1

—1

1

—}

—2
2

be a matrix

whose c. n. are the diagonal éléments.

PROOF: Left to reader.

CASE IŒ-II
THEOREM 3.4

If C6** = (Note the partitiomng indicates a

X X Z Z Z Z

y y u u u u

z z x x z z
u u y y u u

z 0 0 z x x
_u u u u y y_

symmetry of type II within a symmetry of type III) S6CG**Sô~
l

will be a matrix in our desired form.
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PROOP: Left to readei.

CASE I-III
COROIiLARY 2 4

y x

y v

y & u u
y u z u
X U U Z

z n u x y y
u z u y x x

_u u z y y x_
Rf?A**R*-1 is a matrix m our desired foi m

E an = B«*-x such that

PROOF: Set Q6 =

~ 1
0
0

0
0

_0

and T6 =

1
2

- 3

0
0
0

1

1
1

—2

0
0
0

1

0
0

1

0
0

0
0
0

1
0
0 —

0
1

0

0
1

0

0

0

0

1
2

3

0 "
0
0

1
1

- 2 _

0
0
1

0 -
0
1

1
0
0

- 1

0

0

0

1

0

0

—1

0

0
0
1

0
0

— 1

C o m p u t e R * = QQT6.

The reader can easily verify that RQ* = RQ*~* and that
R^AQ^RQ*—1 is a matrix whose non-zero éléments are below the
diagonal éléments, and hence whose c. n. are the diagonal éléments.

CASE IV-I

If D* =

y x y x y
x y

u z
x y

u z
z u
s r
r s

s r
r s

x
u
z
s

r

~1 will also be a matrix

in our desired form.
It seems quite likely that the results obtained in this paper

this far can be extended to matrices of higher dimensions*


