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On the matrix summability of the derived Fourier series.

By O. P. YARSHNEY (a Sagar, India) (*)

Sa m mur y. - In this paper, a sufficient condition for the matrix summabt*
lity of the Fourier series of the symmetrie derivative of a fonction
f(x)L is prpved. The summability chosen tncludes harmonie summability
as a partfcular case.

1. Let /*(Ôj be a periodic fanction with period 2n and integrable
(L) over (—ir, w). Let the Fou UIER séries assooiated with /(Ô) be

1 °°
(1.1) ><*»-+- 2 (an cos wÖ -+- bn sin wÖ).

Then the differentiated series of (1.1) at 6 = a s is

oo oo

(1.2) 2 n(bnco& nx — ansin nx) =± 5 nBn\x).

We

(1.3) W) = /(x + t) - f(x - t) ; g[t) = ^ i ^ _ _ c ,

where C is a funótion of x.
Let A = ) dHik\, n. k = 0, l t 2, ..., and dw,<, = 1 T3e a triangular

matrix. Let &dn,ïc = dn,k — dnk+x- An infinité series 2un with
partial sums s(n) is said to be summable (A) to the value s if
c(n) —* s as w —* oo, where

(1.4) a ( » ) = 2
fc=o

,The conditions of the regularity of the method of summation are

(i) lim dn, k = 1 for every fixed fc, and

(1.5)
£ A dn,fc | S K" independently of w.

The object of this note is to prove the following theorem:

TEOREM. - If g(t) is of bounded variation in (0, ic) and

g(t) — 0 as t -~ 0, Me» the series 2nBn(x) is^ summable (A) to the
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value C, provided thaï (A) is reguïar and

(t.6) Hm I |A2dM ,*j=0.

This theorem includes as a pigrticular case a recent theorem
of RATH [1] on Harmonie summability of the series (1.2).

Our method of summability being regular, it is easy to see
that there 's no loss of generality in assuming C = Ö [1].

2. Proof of the theorem:
LTsing (1.2) we hare

n
kBk = i U(t)h sin Jctdt.

o

Hence by (1.3) we obtain

\ 2/ 2
6 2

7T

M w + s ) c o s
0

71

i ƒ 0(<) sin n̂ + | ) </tan tdt-
0

TT

-?ƒ«(<)(•+ J) oo. (»H-|) «f

(2.1) = 5,(n) -+- S,(M), say
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Hen ce, by (1.4) we have

TT

n, k sin f* -+• *=) *$(*) cot £ dt
TT

o

TT

- ; i . [ ƒAdB- * ( * + i )C 0 8 ( * + a ) W ) *
(2.2) = <Mn) + »,(*),

Since p(̂ ) is of bounded variation in (0, 7t) and g{t) —* 0 as
f —•- 0? 3,(11) = 0(1) as n -^ oo, the proof being similar to that of
JORDAN's convergence criterion for FOERIER series [2]. By regu*
larity of our method of su mm at ion it follows that

(2.3) Tj(n) = 0(1) as w -* oo.

Now integrating by parts and making use of (1.6) we have

, k (k + J) cos f fc f- Aj t) g{t) dt

O

Q, say,

v\ til IIH < |p f inod i n H m o t
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Siaco g[t) is ot bonnded variation ia (0, T) we eau alwayc find
a S in (0, TC) dopending on e previously chosen such that

(2.5) \

Since in sin Ik t- - j t ^ 1, we have by n^uig (2.5) and (1 5) (ü

(2.6) I P I < e .

Applying ABEL's transformation, we have

k

' . , 1 — COS (fc -+- 1 f

Henco we have for a fixed 8,

2 Ad«, fc sin ( k + i

fc=o V
2

2

<2.7) = 0(1) as «- 00.

Makinge use of (2A) and (2.7), we obtain

(2.8) Q = 0(l) as n — 00.

Oombining (2.2), (2.3), (2.4), (2.6) and (2.8) we see that

ff(n)<t 4-0(1).

JUnally choosing e first and tLen inîi\îng n —+• 00, <y(n) ~*- 0 as
n — 00. This complètes t!ie proof of the thoore^n.

I am îndebted to Prof. M L Mr a^ for his interest and
advice in the préparation of tnis nou

REFERENCES

{1] RATH P. O, The Barmon'c summnbUity of the denved Fourierseries,
«Duke Mathematical Journal», 2> (195S) pr 125-180.

£2J ZVGUJSO A, Trigonometncal series, Warsaw. 1935


