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On the lengths of bases of a finitely generated abelian group

tNota di ALEXANDER ABI1AN (a Columbus, Ohio) (¥ (*¥)

Snmmary. - In this paper the lower and the upper bounds of ihe lengths
of the bases of a finitely generated abelian group are delermined.

A subset & of an abelian group & is called a basis of §if § is
the direct sum of oyclic groups generated by the elements of .
The cardinality of @ shall be called the length of the basis &.
Below we determine the lengths of a longest and of a shortest
basis of a finitely generated abhelian group.

In what follows (X) shall represent a eyclic group generated
by X and « the order of (X). Moreover, «, B, .. shall represent
integers. Furthermore, (X) @(Y) shall represent the direect sum
of the two cyclic groups (X) and (Y).

LeMMa 1. - Let A, B and C be three elements of a finite abelian
group. Then

(4)=(B)& (C)
¢f and only if (A)=(B + C) and (b, ¢)=1.

PROFE. - Suppose (4) == (B) @ (C). Clearly, B + C is an element
of the highest order bc of (4). Therefore, (4)={B+ C). Now
assume the contrary that (b, cj==«> 1 so that b =af and c=uwo.
Bat then

aBc(B + C)= 0 so that afc>bc=ux«'B¢

(*) Pervenuta alla Segreteria dell’U. M. I. il 22 ottobre 1963,
(**) Formely SMBAT ARIAN.
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Consequently, « =1 which contradicts the assumption o - 1.
Thus, indeed, (a, b) =1.

Next, suppose ¢4)={(B + C) and (b, ¢)=1. Clearly, (B+ C)C
(B) @ (C). Now, since (b, ¢) =1, there exist y and & .such that
vb + 3 =1 and hence

3¢(B+ C)=(L —yb)B=18B
and similarly,

1B(B + C)= (1 — 3¢)C = C.

Consequently, (B) @ (C) (B + C). Thus, indeed (4)=(B) @ (C),
. as desired.

From Lemma 1, by induction, we derive

COoROLLARY. — Let A, A,, A,, .., A, be elements -of a finite
abelian group. Then

A)=4)e (4, & .. (4,)

if and only if
(4)=(4,+ 4, +..+ 4) and (a, a)=1, for iy.

If & is a finite group then it is well known {1} that & admits
a primilive decomposition into a direct sum of (indecomposable)
cyclic groups of prime power orders. Such a primitive decompo-
sition of # is unique up to isomorphism. The lenght of a basis
corresponding to a primitive decomposition of & is an invariant
of 3 and shall be denoted by L, 3). Moreover, in a primitive
decomposition of ¥, the number of the direct summands whos¢
orders are powers of a given prime p shall be denoted by u(p)

LexMA 2. - Lei 3 be a finite abelian growp such that

1) 3= (Gl) ® (G:) D .0 (Gny

then n << L(3).
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Proor. - It is sufficient to observe [1] that a decomposition
of g such as (1), can be refined to a primitive decomposition of §.

Leuma 3. - Let (X) be a finite cyclic group and p a given prime
Then (X) has at most one direct summand whose order is a power
of p.

PRrooF. Assume the contrary that
(X)=(4) o (B) and (X)=(4)e(B)

with @ = p* and a’'=p* and (4)==(4’). Since a finite cyclic group
has at most one subgroup of a given order, hence, if o =a’
then (4) =(A4’) which contradicts our assumption. On the other
hand, if «<=o', say, ' > «, then clearly, (a, b)3=1, which contra-
dicts Lemma 1. Thus, aur assumption is false and the Lemma
is proved. ’

If & is a finite abelian group then it is well known [1] that
3 admits a canonical decomposition into a direct sum of cyclic
groups such that the order of one of every two direct summands
divides the order of the other. As it can be easily seen from
below (and as is well known) such a canonical decomposition of
g is unique up to isomorphism. The lenght of a basis correspon-
ding to a canonical decomposition of ¥ is an invariant of & and
shall be denoted by L.(3).

LEMMA 4. ~ Let 3 be a finite abelian group. Then
L.(3) = max n(p).
4
Proor. ~-It is enough to observe that if

I=(C)D(C)& .. ®(C)), Wwith ¢, =0 (mod Cip1)

is a canonical decomposition of § then (C,) is isomorphic to the
direct sum of those summands of a primitive decomposition of &
whose orders are of the form p» with x maximum and p a prime.
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LeMma 5. - Let 3 be a finite abelian ‘grotp such that

3=(4)D(4,)® ... ® (4.)
Then

L(3) <n < L,3).

ProoF. - The fact that #» << L,3) is secured by lemma 2. The
fact that L.(¥) < ».is secured by Lemmas 3 and 4.

Finaliy, let @ be a finitely generated abelian group. It is well
known (1] that & admits a finite basis and that the number r
(called the rank of €) of the elements of infinite order of a basis
of & is an invariant of &. Moreover, in an arbitrary decomposition
of @ into a direct sum of cyclic groups the direct sum of all the
finite summands is equal to the torsion subgroup of &. Conse-
quently, in view of Lemma 5 we have:

TaeoreM. Let & be a finitely generated abelian group of rank
r. Let L(4) and L, Q) denote respectively the lengths of a canonical
and of a primitive decomposition of the torsion subgroup of &. If
n denotes the length of a basis of € then

r+ L(A)<n<r + L(4).
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