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On sonie problems posed by Karl in and Szego 
concerning orthogonal polynomials 

by R I C H A R D A S K E Y (a Madison, Wiscons in) 

Summary. - Tivo results are obtaiwed for Turàn déterminants of the 
classical polynomials. 

I n a ve ry in tè res t ing paper [3] K A R L I N and SZEGO h â v e g iven 

a n u m b e r of genera l iza t ions of an inequa l i ty of T U R A N . They 
also pose a n u m b e r of ques t ions and formulate some conjec tures . 
W e hâve two commenta to make on thèse ques t ions . 

T u r a n ' s inequa l i ty is 

(1) A (*): <o 

for — 1 < x < 1, w h e r e Pn{x) is the L E G E N D R E po lynomia l of 
degree n Avith the usua l normal iza t ion , P„( l) = 1. SZEGO [5] has 
shown tha t (1) holds for 

(a) u l t r a spher ica l polynomials , P^ (x ) /P^ i l ) , À > — 1,2, 

(b) L A G U E R R E polynomials , L^(ar)/L»(0), a > — 1, x > 0, 

(c) H E R M I T E polynomials , Hn(x), oo < x < oo. 

W e use the same nota t ion as in SZEGO" [4]. 
F o r u l t raspher ica l polynomials P^ix) w i t h the usua l no rma l i 

zat ion we h â v e (1) for — 1 < # < 1 only for X;>À/2, see [3, p. 131]. 
K A R L I N and SZEGO' ask the quest ion as to Avhat n o r m a l i z a t i o n s 
of the classical polynomials g ive ri se to an i n e q u a l i t y of the 
form (1) for ail x in the in te r io r of the in t e rva l of suppor t of the 
measu re for w h i c h they are or thogonal . They g ive the fo l lowing 
condi t ion as a sufficient condi t ion and w e not ice t ha t it is also 
necessary . 

T H E O R E M 1. - Le t Qn{x) be one of the po lynomia ls g i v e n in 
(a), (a), or (c). Then Rn (x) = cHQn{x) satisfies (1) for at leas t as 
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large a set of x, if and oui y if 

(*) c„ • c l i + î > 0, n = 0, 1, ... 

(ii) c„ c n 4 . 2 ~ c s „ + 1 < 0 . 

The sufficiency of thèse conditions follows from 

(2| Rn . Rn„ - R\„ = c„ • cH+t[Qn . Q„+ î - Q*II+1] + 

The necessity of (i) follows from (2) if w e choose a; as a zéro 
of Q l | - M . For QJx)=-Py

ft(x)/P^(l) w e hâve A(l) = 0 and Q„(l) = l. 
But Afx) is continuons and so to hâve (1| for x close to 1 w e 
must hâve (ii). The saine argument Works for polynomials (6). 
For H„{x) w e notice that H'2

n^l is a polynomial of degree 2« + 2 
and #, , (^)- if l l + ï(a;) — [/?„_,(«)]* is a polynomial of degree 2«. 
Thus for large x w e must hâve (ii). 

One of the conjectures of K A R L I N and SZEGO is that the 
déterminants 

Dnih, k, *) = 
P„+*(aO P«+/(+*(tf) 

hâve h — 1 + k — 1 zéros in the iuterior of the iuterval of sup
port of the measures for which the polynomials Pn\x) are 
orthogonal. 

Turan's inequal i ty and the generalizations in [5] are just the 
case h = k = l. For h — 1 and k arbitrary this resuit was 
s h o w n by KARLIST and SZEGO [3] . They also hâve a few other 
spécial cases of this conjecture. For ultraspherical polynomials 
w i t h n odd. h = k=2, this resuit is due to F O R S V T H E [2] for 
X = 1/2, D A N E S E fl] for 1/2 < À < 1 and SZEGO [6] for 0 < X < l / 2 . 

H o w e v e r it turns out that this conjecture is false for n odd. 
h — k — 2, X > 1 and also for KÉRATITE polynomials Hn{x). 
D%n+\\2i 2, x) has a double zéro at x = 0. For x a zéro of 
P^ix) or of Hu(x) ive bave Z*îw+1(2, 2, a ; ) < 0 . If we show that 
£ " Î H + I ( 2 - 2 0 ) > 0 , then i)2lj4_,(2, 2, as) is positive for small x 
and so Dln+l(2, 2, x\ has at least four zéros instead of two. A 
s imple computation shows that 

J > V M ( 2 , 2, 0 ) = 1 6 
(2n) ! 2|2n + l) 
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for Hn {x) and 
2»X*(X— 1) 

^ ,„+i l - - vj - {2n + 21 + 3) (2n + 3) 

' V{n + X + 2) T(2X) (2n + H) ! 

_ T(2n + 2X + 3) T(X + 1) (w + 1) ! 

for PÏ(x)IP'n(\\. 
So many interesting and deep results are true for determi-

liants of T U R A N type that it is hard to believe that some nice 
results are not true for the déterminants DH(h, k, x). H o w e v e r 
we are lacking enough spécial cases to formulate a reasonable 
conjecture. 
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