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Bollettino U. M. I.
(8) 2-B (1999), 517-536

On Nonhomogeneous Reinforcements of Varying Shape
and Different Exponents.

MOHAMED BOUTKRIDA - JACQUELINE MOSSINO - GONOKO MOUSSA

Sunto. — Studiamo un problema ellittico quasilineare concernente un dominio civcon-
dato da un rinforzo sottile di spessore variabile, in cui il coefficiente dell’equazione
¢ (localmente) non costante. Esso concerne due diversi esponenti, uno nel dominio
e Ualtro nel rinforzo, una condizione di Dirichlelet sulla frontiera esterna e una
condizione di trasmissione. Prediciamo il comportamento asintotico della soluzio-
ne quando lo spessore, insieme con il coefficiente nel rinforzo, tende a zero perché
esst stano convenientemente riferiti fra di loro.

1. - Introduction.

Let Q2 be a bounded domain of RY and let I" be the union of certain con-
nected components of 922. We assume that £ is surrounded along I" by a thin
reinforcement

S*={o+tvo),oel,0<t<h®(o)<e)}

where v(0) denotes the outer normal to 2 at the point ceI'. Let Qf=Q U X*¢
be the reinforced domain. We study the limit behaviour (when ¢ tends to zero)
of some quasilinear problems with two exponents p, ge (1, ) of the

type

—div(|Vu® |P72Vus) + |u|P " Puf=f° in Q,
—div(u® |Vu® |7 2Vu) =g° in 3¢,

u®=0 on 9Q°¢,

(+transmission conditions on 7).

(@

For I'=0Q, p=q, u® constant in ¢ and all the >* having the same shape (i.e.
h¢(o) = eh(0)), such problems have been studied by E. Acerbi and G. Buttaz-
zo [1], who generalized the results obtained by H. Brezis, L. A. Caffarelli and
A. Friedman [7] for the linear case (see also the inspiring works of E. Sanchez-
Palencia [13], [14]). In [1] it is proved that the limit problem depends on the li-
mit of the sequence of numbers u® /e? .
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The present paper is inspired by [1]; however the shape of the reinforce-
ment may depend on &, that is we consider «general» functions % ° and the
reinforcement material may be inhomogeneous along I', but «° is constant
along each normal to I': in other words u®(x) = u®(o(x)) where o(x) denotes
the projection of x € X on I'. We define a*: '—>R by a®=u*(h*)' 9. We as-
sume essentially that a®e L *(I') with 1/a° bounded in L *(I') and that I is
divided into two parts:

- I'; such that 1/a° tends to zero in LY~ 1(I'y), (1/¢+1/q'=1),

— I'y such that a° tends to a in weak *-L *(I') and such that #° does not
oscillate too much on I', (if N=2 and I', is a closed curve, we can allow as in [8],
hi(o) =n "H(ny(o)) for cel'y, e =n"", y(o) = arc length (o), H periodic of
period Y where Y is the length of 'y, 0 <H <1, HeC(R") and r=¢q’).

We prove that the limit problem has the form
—div(|Vu|P 2 Vu) + |u|? Pu=fin Q,

ou
|Vu|”‘2a— +alu|??u=0 on I,.
v

As E. Acerbi and G. Buttazzo did in [1], we use the I'-convergence theory in-
troduced by E. De Giorgi[11] (see also H. Attouch [2] and G. Dal Maso [10])
and we actually are able to predict the explicit limit in more general minimiza-
tion problems than those associated to (1)°: in the energy functional, the
term

1 1 1
—f|v|”doc+— f|Vv|pdac+—fﬂ“"oo|Vv|qu
P o P o qs:

can be generalized to

afoo
héoo

F(v|9)+f G(h*oo|Vv|) d

It
where (e.g.) (u®co)(x) = u*(o(x)). The present results were announced in [3]
and extensions will be considered in [4], [5] and [12].

This introduction would not be complete without quoting the very general
paper of G. Buttazzo, G. Dal Maso and U. Mosco [9], where the limit problem
involves a measure which is given in terms of suitable asymptotic capacities
associated with ¥¢. Here the aim is to get a simple explicit limit problem but
it seems to us that our hypothesis could be weakened and that connected
problems could be considered. In particular, the torsional rigidity problem is
treated in [4], where the term |Vv| is replaced by an anisotropic one.
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2. — Statement of the problem and of the result.

Consider a bounded domain £ in RY with boundary 82. Let us denote by I
the union of certain connected components of 922. (Of course I' = 99 is allow-
ed.) Let Q'>Q be the domain having boundary (9Q\I') UT" where I'' is at
given distance ¢’ to I'. We assume that ¢’ is small enough so that ' = Q' \ Q is
e!-diffeomorphic to I'x (0, t') by the mapping

xeX —(o(x), x) e x (0,1,
t(x) =min{|x—o|, 0el},
o(x) =arg min {|x —o|, cel}

(t(x) is the distance from x € X' to I" and o(x) the projection of 2 on I'). One has
"=QUX,

'={o+tvo),oel,0<t<t'}.

Let € <t' be a small parameter (hereafter ¢ will represent a sequence of posi-
tive numbers tending to zero) and let h*: '—=R" \{0} be a positive ¢'-fun-
ction such that

2.1) Yoel, hi(o)<e¢;
h¢ defines the reinforcement >¢ of Q:
X*={o+tvo),oel,0<t<h®(o)}

and consequently the reinforced domain Q¢=Q U X¢. We define I'* = 9X°\I.
Note that QcQ°cQ’.

With the above geometrical data and given p, ge (1, «), we consider the
functional space

Ve= {v: Q°—R, U\QEWI’p(Q), U\ZNEWI’(I(ZS), Visge = 0,(U|Q)|r: (vp:f)\r}-
We are given data f¢, g%, F', G, a® such that
- ffeL? (Q), gte L9 (Z%), 1/p+1/p'=1/q+1/q'=1,

- F: WHP(Q)—R" is a lower semi-continuous strictly convex functional
such that

2.2) 1>0, WweW'?(Q), F@)=Avlg,

- G: R*—R" is a monotone nondecreasing, continuous, strictly convex
function and

(2.3) Juy, >0, VEeR", uE7<G(E) <ut?,
-a‘eL”(I),a*>0 ae. and 1/a*eL ™).
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Now we are able to define J*: V:—R" by

o0

J*‘(v)=F(v|Q)+f G(h“"oo|Vv|)dx—ffsvdx—fg“'vdx
3¢ Q :

aE
htoo >
where (e.g.) (a®o0)(x) =a‘(o(x)) and where the integral over X° is mean-
ingful since by (2.1), (2.3) the nonnegative integrand is bounded by
o | Vo] llat (|- rye? "

Our aim is to study the limit, as ¢ tends to zero, of the sequence of minimi-
zation problems

() Inf {J*(v), veV*}.

For fixed ¢, we have
PRrOPOSITION 1. — (%) has a unique solution u®eV*.

ProoF. - In this proof, as well as in the whole paper, ¢ denotes various con-
stants. The functional J* is strictly convex. Moreover v—G(h* 0| Vv|) is con-
tinuous from W' 4(X¢) into L'(Z¢) (use the Theorem IV. 9, p. 58 in[6], (2.3)
and the Lebesgue dominated convergence Theorem), so that the integral on
3¢ is a continuous function on W' 9(X¢). It is easy to check (using Poincaré
inequality on X¢) that

lollye = llellw. 2@y + [V ellzacss

is a norm on V¢ which is equivalent to the usual one induced by W' ?(Q) x
Wb 4(3¢) and that J¢ is a lower semi-continuous strictly convex function on
V¢. Moreover J ¢ is coercive since by (2.2), (2.3), Holder inequality and Poinca-
ré inequality on X¢, one has with a® such that a®<a®(o)h(0)! ! ae.
oel

Je(v) = /1”1)”}5{/1'17(9) +#1asf |Vo|? dw — ”fE”L”'(Q)”v”WL”(Q) - ||98||L‘1'<25> WHLQ(Z*)
Z‘I
u”””ﬁ/lvnsz) - ||f'5 ||LP’<Q> ”'UHWI'P(Q)) + (ulaflleHZq(zs) - CE”.QEHL‘?'(Z&) VvHL‘?(Z‘))

and since when [[v]y:— + % at least one of |[v|ly1.0) or [[Vo|es:) tends to

infinity.

We study the limit behaviour of () under the following additional assum-
ptions on a®, k¢, f ¢, g* valid when ¢ tends to zero. First {1 /a®}, is bounded in
L=(D):

(2.4) da >0, ae. oel', Ve a’(o)=a.
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Moreover, up to a set of (N — 1) dimensional measure zero, there exists a par-
tition of I" into two open regular subsets I'; and I's independent of &, (one of
the I'; being possibly empty, none of them being necessarily connected) such
that

(2.5) ry=¢ or —0 in L9 Y(TIy),

afrl
and

(2.6) Ty=@ or JaeL*(Ty), afr, —a in weak *-L*(I';),
1 , . .
2.7 {F |Vh® |‘7} is bounded in L *(I'y).

Finally we assume that
2.8)  {llg¢llLe =} is bounded and Ffe L (Q), f*—f in weak-L? (Q).

Let us comment (2.7). It means that & ¢ «does not oscillate too much» on I'y. Of
course it holds true if (e.g.) h¢(0) = eh(o) with he 1 (82), h > 0, but also if
(e.g.) N=2, I, is a closed curve, e=n"", h*(0) =n "H(ny(o)) for oerl,,
y(o) = arclength (0), H periodic of period Y where Y is the length of Iy,
0<H<1,HecC(R")and r=q’.

Under the above assumptions we have

THEOREM 1. — Let u® be the solution of

(Inf {J*(v), veV*},

Vi={v: Q° =R, v0e W"?(Q), vz: e WH1(Z9),

&) 3 Visoe =0, (V) r= Wz)r},

o0

a/é'
hg o0

LJ‘(?}) =F(vo) + f G(h*oo|Vv|) de — ffgvdx — fgsvdac.
¢ Q

e
Let us define (P) by

Inf {J(v), v,
@ {n {J(w), veV}

V= {/UEWLP(Q), /Ulgg\pz = 0, ?}leELq(rz)},

(the restriction vso\r, =0 being effective only if I'y# 92 and v|r,e L (I5)
only if Ty =@ and q > p),

J(v) =F(v)+faG(|v|)da— ffvdac.
Ty Q
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Then (P) has a unique solution ueV. Moreover when ¢—0,

1) ufo tends to u in weak-Wh?(Q) and in L?(Q);

2) the function n°: Z'—R given by u°=u*in 2 and 0 in 2'\2* tends
to zero in L1(Z'");

3) Ufso—=>Ujs0 tn LP(0RQ), ufp —ur in weak-L(I') (the weak conver-
gence is of interest only if q > p);

4) JE(u®)—J(u).

Except for an example given in the last section, the rest of the paper is devo-
ted to the proof of this theorem.

3. — Existence and uniqueness of the solution u.

This is very classical if I'y = or if ¢ < p: V'is a closed subspace of W' ?(Q),
J is strictly convex and lower semi-continuous on V equipped with the topology
induced by W' ?(Q), J is coercive since by (2.2)

J@) = Al vy = [FlLr @ lollwr o g -
If I'y =0 and if ¢>p, V is a Banach space for

[olly = [ollw. (o) + Hv|r2||Lq(r2) )
again J is coercive since by (2.2), (2.3), (2.4), (2.6)

J() = [l »0) = [1£]

L@ ol poy] + OW1||U|r2 e

and since, when |v]y,— + o, either the bracket or the last term tends to
infinity.

4. — A priori estimates and consequences for u°.
The a priori estimates are given in

LEMMA 1.

(1) >0, Ve, VoeW (S, vjp= 0:>f|v|qdx<cf(h*oo)q|Vv|qu
3¢

f|v|q dO<Cf(heoO)q 1 | Vo |9 da (which applws to u?),
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2) ufq is bounded in W7 (Q),

afo0
&

3) F(ufg) omdzf oo

G(h*oo|Vu®|) dr are bounded,
(4) ufr is bounded in L(I),
5) f |u®|? de—0.

P

ProOF OF (1). — Let v e G (Z?), v =0. One has

L (o)

(o + tv(o)) = — f Vo(o + 6v(o))-v(o) db,
t

so that by Hoélder inequality

ht (o)

|[v(o + tv(0)) |1 < (h°(0) - 1)1 f |Vo(o + 0v(0)) |7 do,
0

h¥(o) (o)

f f |v(o+tv(o))|thdoslf f(hs(o))"|Vv(a+0v(0))|"d0d0
r o qr o

and using the C!-diffeomorphism of X' onto I' x (0, t') one gets (since {(a, 1),
oel, 0<t<h®(o)} is diffeomorphic to X*, the diffeomorphism being inde-
pendent of &)

f|’v|qdocScf(h*’oo)‘1 |Vo|? da
Ji Ji

for any ve C'(Z?), v« =0. Then the first result in (1) follows by continuity

(with respect to v and for the W' 9(Z¢)-topology) of the two members of the

last inequality and by density of {ve (Z?), v =0} in {veWh1(Z9), v re=0}.
As for the second inequality in (1), the same proof gives

ht(o)

f|v(0)|qda$f f (hé(o))?! |Vv(a+t91/(o))|’1cl@olaScf(h‘?oo)q*1 |Vo|?da ,
r r 0 ¢

first for ve @ (X¢), v = 0 and then for ve W" 9(Z¢), v - = 0, since v— v is
continuous from W 9(Z?) into L9(I).
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ProoF oF (2). — Let a be as in (24). For small e(e <1) one has by (2.1)

(4.1) af(hfoo)q |Vt |7 dac$af(hfoo)"’1 |Vu | da <
3¢ 3¢

fm o) (b o)1~} oo|Vut ) de (by 2.3)),

ﬂl}:\g

so that by (2.2)

42 At | p(g)-i-,ulaf(h*oa)un |7 dow <

oo|Vu* |)dx<F(0)+ff8u dx+fg u® dy

(as u* solves ({PS) and as G(0) =0)
< F(0) + cll [l + el Loy (by 28)).
Using (1) it follows that

“ra

2l By — el lyoncon + [ o e, — c||us||me>] < F(0).

As the first (resp. second) bracket tends to infinity when |ju®||y1.»o) (resp.
[[os € ||Lq(28)) tends to infinity, it follows that u [ is bounded in W ?(Q) and that
[ ¢|le(ze) is bounded.

ProOF OF (3). — From the lines following (4.2)

F<u|g>+ oo|Vut ) de (SF)+ cut [y + el o)
is bounded since, as just proved, ||u£||W1,p<9) and ||u£||Lq(Z[) are bounded.

ProOOF OF (4). — From (1), (3) and the lines following (4.1)

Jrusppdose oot vucprars < [ 2% g covur | du<e.
r 3¢

Uit se hfoo
Proor oF (5). — From (1) and (2.3)
f|u€ |9 do < cf(h‘g o0)! |Vu® |1 dx < < fG(he oo|Vut|) de =
Z‘E 2(‘ j«lz‘é
¢ [a‘o0 hoo ce f a’

. - G(h‘goo|Vu‘9|)dx<
A’IZ‘ h&OO afoo 10( 3 hF

G(hfoo|Vu®|) do
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(using (2.1) and (2.4))
< ce by (3).

From the a-priori estimates we are going to deduce.

LEMMA 2. — There exists a subsequence €' of € and an element uw of V such
that

ufo —u in weak-Wh?(Q),
ufg—>u in LP(RQ),
ufég—>u|m in LP(082) (hence in L1(3Q) if ¢<p),
uf}éu‘r m weak-L (I
(and w°=(u® in 2°,0 in 2'\X°)—0 in L1UZ')). Moreover

o0

G(h* oo|Vu®'|) dx = faG(|u|)da.
(o2 Iy

at
he o

4.3) lim inf f
=

PRrOOF. — We remember that the injection mapping: W ?(Q2) s LP(Q) is
compact and that the trace mapping ve W1 ?(Q) — V30 € L7 (992) also is com-
pact. Hence all the convergences follow from Lemma 1 and from compactness
and we know that w e W ?(Q), u = 0 on 3Q2\I" and u|re L(I). Tt just remains
to prove (4.3) and to prove that u, =0 if I'; # 0.

— For any ve € (9, v =0 we have, using the diffeomorphism of X' on
02 x (0,t"), and refining an argument already used above

(o)

a‘oo a‘(o)
— G(htoo|Vv|) dax = — G(ht(o) | V(o + tv(0))|) y(o, t) dtdo
2! héoo l | de hé(o) l | v
i—’f(a, (o, )t =1+ (o, t)t with & bounded

where y(o,t) =y(o, 0) +
(|®|<M). Hence

(4.4) fza G(h* 00| Vo)) da =

e to0
h(0)

r o

0)

98 bt (0) |To(o + t9(0)|) dtdo + A
k(o)
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with
h¥(o)

IA*'ISf @) G(hé(0) | Vo(o + tv(0))|) | P(o, t) | tdt do <
r o hi(o)

hs(a)

(as |®@|<M and 0 <t<h‘(0) <¢)

oo |VU) du

we get from (4.4)

asn

ht (0)

ro h ( )
o0 |Vo|) dx .
As already used
hé(o)
(o) = — f Vo(o + tv(o))-v(o) dt
0
and as G is nondecreasing
e (o)
G(|v(o)|) < G( f | Vo(o + tv(0)) | dt) =
0
e (o) h(o)
G ( ) ! f G(h* (o) |Vo(o + tv(0))|) dt
hi(o) ¢ he(o) ¢
(by Jensen inequality). It follows
fas(o)G(|v(o)|)d0=f a’(o )h “(0) G(|v(o) |) do <
r r hi(o)
h¢(0)
f a’(0) G(h*(0) |Vo(o + tv(0))|) dt do <
r hi(o) ¢

oo|Vou|)de  (by (4.5)).
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This is also true by density for any v e W' 9(2¢) such that v - = 0 and in parti-
cular for u°:

(4.6) faf(o)G(|uf|)dos(1+ceM)f% G(h* o0 |Vut|) de<e( +ceM)<c
r e o0

(by Lemma 1)

which gives from (2.3), (2.5)

f|u*(o) | do = f(a*(o))*l/q(ae(o)))l/q |u(o)| do<
r r

1/q’ 1/q
(f(a““(a))_q'/qdo) (fa5(0)|u“"(0)|qda) <

Iy I

) 1/q 1/q
(f[(a“‘"(a))_l]q -1 da) (ﬂl)_l/q( fa*"(o) G(|u(o) |)d0) <
Al

I
1/q’
C(f[(a‘(a))l]q'1 do) ' —0.
I

As uf}1—>u|r1 in (strong) L?(I';), we get ur, = 0.

— Now we prove (4.3). This is trivial if I', is empty and is easy to prove from
(4.6) if g<p since then u|8r'—>u| r in (strong-) L%(I'), which implies that
G(|ufr|)—G(|ur|) in (strong-) L'(I), so that as a®—a in weak*-
L*=(I')

faG(|u|)da= limfae’G(wg’ |) do <
Iy

Iy

imint [ <% G oo Vus ) de by @46).
e he oo

If Iy is not empty and q > p, the proof (also valid otherwise) goes as follows.
By convexity and monotonicity
G(lu®|) = G(|u|)+D(u®|—|u|) =G(|u|) —D|u® —u|

for any D in dG(|u|) (the subdifferential of G at the point |u|). We notice that
(2.3) implies

Ju>0, VEeR', VdedG(E), 0<d<ug’ !
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and hence DeL? (I,
faf'G(|uf' |) do = fas'G(|u£' |) do = fag'G(|u|)d0—faf'D|uf’ —u|do.
r I Iy I's
Now
fae’G(|u|)d0%faG(|u|)do.
Iy Iy
Moreover
fas'D|u£'—u|da—>0
I

since D belongs to L (I';) and a* |u® —u|—0 in weak-L(I'y) (because
a® |u® —wu| is bounded in L9I3) and of |u® —u|—0 in (strong)
L (I'y)).

Therefore by (4.6)

o0

lim inff Zs, G(h* oo|Vu®'|) de = lim inffae'G(|uf' |) do= faG(|u|)da.
¢ r Iy

eX02
5. — Proof of the convergence of (%) to ().
We first prove it from Lemma 3, whose proof is postponed.

LEMMA 3. — For any v e C'(Q) such that v|r, = 0, there exists a sequence of
elements v e V* such that

vig—v in L"(2),  |[v*lLuz—0,

o]

lim sup{F(vf9)+f Zs g G(hfoo|Vv8|)dac] SF(v)+faG(|v|)da.
3¢ °0 Iy

ProOF OF THEOREM 1 ASSUMING LEMMA 3. — Let % ¢ be the solution of ().
From Lemma 1,

f|fif |7 dx = f |u®|? de—0,

, e
so that 2) is proved. Let u e V and ¢’ be as in Lemma 2. As the solution of () is
unique it just remains to prove that u solves (&) and that J¢ (u¢)—J(u).
(Then a classical argument gives ¢’ = ¢: one has the convergences for the who-
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le sequence ¢.) Let ve ' (Q) such that v, =0 and let v° be as in Lemma 3.
A)  liminfJ¢ (u®) <limsupJ¢ (u¢) <limsupJ¢ (v¢) =

a®

=

h

lim sup[F(vf{;)—l—f 0 G(hf’oo|w€’|)dx—fff’vf’ dac—fgs’vf’ dx].
> 00 Q ¢

)
But ff"vs' dx—>ffvdac since f* —f in weak-L?'(Q) and v{o—v in L”(Q).
Q Q

Moreover

fgg,vg, de | <llg* ool Loz <cllo Loy by @.8)—0,

>

so that

lim inf J¢ (w¢") < lim sup J ¢ (u®') <

o0

lim sup F(vf}))Jrf 0 G o Vo ) de| — [ fode <
Zs' hf Yo} Q

F(v)+faG(|v|)do—ffvdx (by Lemma 3) =J(v).
Is Q

o0

G(hs'oo|Vu€'|)dx—ff€’ue'dx—fge'ue'dx.
o e’

oo , a®
B) Je(u£)=F(ufg)+f ,
z¢ h* z

o0
From Lemma 2 and (2.8) we get

at
e

Q

lim inf J ¢ (%¢") = lim inf{F(u‘}}) + f °9 G(h* oo |Vu*e |)dx} - ffudx =
e’ o0

lim ian(uf!';) + lim inff Ze, °9 G(h® oa|Vu£’ |)dm—ffud962
Zs’ o0 Q

F(u)+faG(|u|)da—ffudac=J(u)
s Q

(by using the lower semi-continuity of F and the convergence qu — in
weak-Wl ?(Q) and by using (4.3)).

C) From A) and B): For any ve €'(Q) such that v, =0

Ju) <liminfJ¢ (ué) < limsup J¢ (u¢) <J(v).
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By density and by continuity this is also true for any v e V, that is u solves (&)
and J¢ (u¢') tends to J(u). This completes the proof of Theorem 1, except that
we have to prove Lemma 3.

ProoF oF LEMMA 3. — Let v e @' (Q) such that v, =0. We are going to de-
fine v¢ on Q¢ having the desired properties.
Let us introduce

Si={o+tvo),0el;,0<t<t'}, i=1,2

and let we W 9(Z}) be such that Wir, = V|r, and w)sz5\r, = 0. Now we define
v: Q'—=R by

v in 2,
=40 in X%,
w

in 2.

<

It is easy to check that ve V' where
Vi={v: Q'>R, e W' (Q), v)5: e W UZ"), v)50: =0, (W)= (V)51 } -

Finaly let v* = (v¢®) o- Where ¢° is the continuous function defined on Q7
by

1 if xeQ,
if xte Q'\Q°,
pf(x) = \
t(x) . _
1-— ifred®.
(h*oo)(x)

We notice that ¢isce C'(2°), ¢ir=1, ¢jr=0 and 0 <¢°<1. One has
vf9=veW1’p(Q), vfgs=17|zs(p£|2seW1’q(Zf)

since ¥zee Wh9(Z%) (as 9eV’) and g@is.eC (Z°). Clearly v{s0:=0 and
(Wf9)|r= (17|Q)|r= (5\2')|r (since veV')= (17|zf)\r (§0£|28)|r: ((?7§0£)|28)|r:
(vfze)|r- Hence v*e V*. The convergence of v, to v in LP(L) is trivial since
vfo =v. Moreover

lv¢ Zf/(zf>=f|w|q((/)£)q dﬁch|w|qu—>0
5 %
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since |w|?e L'(Z}) and since

ht(o)

|Z§|=fdx$cf f dtdaScefdo%O.
=% I's 0 Is

It just remains to prove the last inequality in Lemma 3. One has
(5.1) F(vfo) = F(v)

and one writes for simplicity

&

He(w, &) = —— (@) G(h* c0)@) &),
htoo
so that
(52) [92% G oot |y de = [ HeG, |90 ]) de
e h/}'OO- Z%

where H ¢ is a nondecreasing convex function of &, which implies that H *(x, |-
|) is convex. Using a classical convexity argument valid for any 6e

(0, 1),
)dxs

Vo
1-0

Vw Vo
0 — +(1-0)w
= ( ) I

fH*‘(x, |Vv*’|)dw=fH“(m,
% 3

OfH*'(ac,
>

By definition of H¢ and by (2.1), (2.3), (2.6)

\Y £y v
OfH*' x, (p*‘—w dx=0fa OG(hsoaM)dacs
=5 0 s IF 0

. hfoo
at f(afoo)(haoo)q’lupg)q|Vw|qu$
9171

gDSV?w ‘)dw+(1—0)fH“‘(m,

5

&

w

Jar

¢
LZI eq’1f|Vw|” de—0,
5

09~

so that

V &
lim suprf(x, V¢ |) dee < (1 — 6) lim suprE(ac, M) da

=5 5 1-6
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for any 6 e (0, 1), and letting 0 tend to zero

(6.3)  lim suprs(x, |Vo©]|) de < lim suprs(x, |w| |Ve©|) da .

p 5
Now on X5,
Vit tV(htoo Vi t V(héoo
Voo |=| — + ( ) \l |+ Al )ls
htoo (hfo0)? htoo htoo htoo

1 IV(h* o) |
+

htoo htoo
which implies, by the same convexity argument, that
st(gc, 00) |)da <
Y
a‘oo |w] 00 |w| |V(ho0)| )
0 de+(1-0 do .
f héoo ( ) ( )f fo0 ( 1-6

Using (2.3), (2.6), (2.7), the last integral is bounded by

V(heo q
Us fagoo |V( o) |
(1-0yy h oo

f| w]¢ do

and therefore it tends to zero with e: one obtains by letting 6 tend to
one

|w|qu<
9)‘7

(5.4) hmsupr “(x, |w||Ve* |)dx<11msupf

G( |w]|) de .
5 o0
Finally thanks to the usual diffeomorphism argument
a‘o0
2! x G(|w|)dac =
h¥(0)
[ 29 Guto + monDa + (o, 0 ydtdo = [ a*(o) b(0) do
r, o h'(o) Iy
where
he(o)
bé(o) = 1 G(|w(o + tv(0))])A + D(o, t) t)dt .

he(o) ¢
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Assume for a moment (this will be shortly proved) that
(5.5) be—G(|w|) in LN(Iy).

Then, as a® —a in weak*-L “(I'y) (see (2.6)), one obtains

[ 2229 ) de— [aGw)y do= [ac(o]) do
Iy

P htoo Ty

and by means of (5.2) to (5.4) this implies

(5.6) timsup | 7 Ghe oo Vot |) de < [ aG(|0]) do,
b htoo Ty

so that using (5.1)

afo

e o

lim sup | Foi) + | 222 Ghe oo |Vor |) del < Fo) + | aG(|v|) do
| T K

and the proof is complete, except for (5.5). But (5.5) follows from Lebesgue
theorem. Actually b°(0) —>G(|w(o)|) for a.e. o of I'; and we are going to
bound above b¢ by an L!(I"y) function independent of e. This goes as follows.
Since w vanishes on 925N 9Q’

q
<

<

"
|w(o + tv(o))|? = ‘ - wa(o-l— 0v(0))-v(o) dO
t

t' L
=t [ |Vuto + ovton| do < @y [ wae
: 0

where we denote for simplicity
W=W(0, o) =|Vw(o + 0v(0))|?.

Hence

wdo,

o + (o)1 < L
o (0} =
o) | OIS S50y s

he () ¢
1 f |w(o+tv(a))|th$(t’)q_ldeO
(o) ¢ 0

hé;“
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and then, by definition of ¢ and by (2.1), (2.3)
ht(o)

b°0)| < —— [ G(wio+ tm())])dt <
0

k(o)
ht(o)
h‘”éz) [ o + twio)) |7 de < ety ldee
0

and f Wd6 is independent of & and belongs to L'(I'y) since

fdode9= fdaf|Vw(0+o9v(0))|qd0$cf|Vw|qdoc< + o,
Iy 0 Iy 0 P

This completes the proof of (5.5) and the proof of Lemma 3.

6. — Example.

We apply the general result stated above to
1 1 1
F(v)=—f|Vv|”dm+—f|v|”dx, G(&)=—¢&1.
P e P e q

Using more current notations, we set a®(h)? ' =u® and we assume that h°
and u® are given functions defined on I such that

— Ve, h®eC(I') and YoeT, 0 <h®(o) <e¢;

- Ve, u*eL* (D),

- 3a>0, ae. oel, Ve, u(o) = alh(o))’1;

— there exists a partition 'y, I's of I" such that

[ 1@y do—o0,
Iy

daecL *(,), /f(hg)lqua in weak®-L * (I'y),
IH>0, VYoels,, VYe, |VA*(0)|'<HA (o).
(The data f*, g° satisfy as in general f* —f in weak-L”(Q) and {|lg¢||l,+ =)}

bounded.) Then with F, G chosen as above, the functionals J¢ reduce to

1 1 1
Je(v)=—f|Vv|7’dx+— f|v|pdx+— fﬂgoo|Vv|qdac—ff€vdx—fg€vdac
Do y2pe qs: Q

3¢



ON NONHOMOGENEOUS REINFORCEMENTS OF VARYING SHAPE ETC. 535
and the solution %° of (¥°) is characterized by the variational formulation:
(u®eV?® and for every v eV?®,

f|Vu8 |p’2Vu8-Vvdx+f|ug |P~2ufvde +
61 <0 Q

fy"'anus |‘1‘2Vus-Vvdac—ffsvdx—fgsvdx=O
> Q

ZE
that is #° is a weak solution of

(—div(|Vu® |P2Vus) + |u® [P 2uf=f*in Q,
—div(u®oo|Vu® |‘1‘2Vu€) =g°in X°,

(6.2) 1% =0 on oQ°,

3 0
[0 |72 - (o) =" o V42 - () on T

L

(having no «discontinuity» on I).
The application of Theorem 1 gives as limit problem

€ Inf{J(v), veV},

where as before

V= {ver’p(Q),v‘ag\rz=0,v|rzeLq(F2)},
and where
1 1 1
J(v) = — f|Vv|” de + — f|v|” de + — fa|v|qd0—ffvdoc.
P e P e qr, Q

Its solution % is characterized by the variationnal formulation:

ueV and for every veV,

6.3
©.3) f|Vu|”*2Vu-Vvdx+f|u|”’2uvdx +fa|u|q’2uvd0—ffvdx=0
Q Q Iy Q

that is » is a weak solution of

—div(|Vu|?"2Vu) + |u|P Pu=fin 2,

6.4) u=0 on 9Q\I,,

ou
|Vu|”’2a— +alu|'"?u=0 on I',.
v
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