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Gradient Regularity for Minimizers
of Functionals Under p2q Subquadratic Growth (*).

F. LEONETTI - E. MASCOLO - F. SIEPE

Sunto. – Si prova la maggior sommabilità del gradiente dei minimi locali di funziona-
li integrali della forma

s
V

f (Du) dx ,

dove f soddisfa l’ipotesi di crescita

NjNp2c1G f (j)Gc(11NjNq ) ,

con 1EpEqG2. L’integrando f è C 2 e DDf ha crescita p22 dal basso e q22
dall’alto.

1. – Introduction.

Let us consider the functional

F (u , V)4s
V

f(Du(x) ) dx(1.1)

where V is a bounded open set in Rn , nF2, Du is the gradient of a vector
valued function u : VKRN , NF1, and f : RnNKR .

In this paper we study the local regularity of minimizers of F. In particular,
we consider the case in which the integrand function f satisfies the p2q
growth condition

NjNp2c1G f (j)Gc(11NjNq )(1.2)

with pEq .
The regularity properties of minimizers, under assumption (1.2), has been

intensely studied in the last years.
In the scalar case, i.e. when N41, Marcellini in [M2] and [M3], proved the

W 1, Q regularity, provided p and q are not too far apart.

(*) We acknowledge the support of MURST (40%, 60%) and GNAFA-CNR.
Mathematics subjects classification (Amer. Math. Soc.): 49 N 60, 35 J 60.
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In the setting of p2q growth, minimizers may be unbounded in general, if
no restriction on p and q is assumed (see [G2], [M1], [H]).

In the vectorial case there are recent results in [ELM1] and [ELM2],
about higher integrability for the gradient of minimizers, in the case of
2GpEq .

Moreover, Marcellini in [M4] gives the local Lipschitz continuity of the lo-
cal minimizers, when f (j)4g(NjN) and g satisfies some general conditions
which imply, if (1.2) holds, that 2GpEq .

Our aim is to study the case when (1.2) holds with 1EpEqG2.
We will prove a higher integrability result for the gradient Du of local min-

imizers u of F. More precisely there exists x4x(n , p)D1 such that

Du�L px
loc (V , RnN ) .(1.3)

This result will be obtained under the restrictions

2n

n12
EpEqG2 ,(1.4)

f�C 2 , DDf has p22 growth from below and q22 growth from above. The
idea of the proof is the following. We consider a family of perturbed function-
als of (1.1), defining, for s� (0 , 1 )

Fs (w , BR )4s
BR

f (Dw) dx1ss
BR

[ (11NDwN2 )q/221] dx ,

where BR is a ball such that B4R%%V .
Now Fs has the same q growth from above and below. For local minimizers

v�W 1, q (BR , RN ) of Fs , the following estimate holds

VDvVL px (BaR )Gc k11s
BR

f (Dv) dxl2/p 2

(1.5)

for a� (0 , 1 ) and a constant c that does not depend on s .
As in [ELM2], if u is a local minimizer of F, we mollify u and we get ue .

Then we consider the Dirichlet problems

min ]Fs (w , BR ) : w�ue1W 1, q
0 (BR , RN )( .

If ve , s is the solution of such a problem, we write (1.5) for v4ve , s . We will
prove that letting first sK0 and then eK0, Dve , s converges weakly to Du
and we can pass to the limit in (1.5), thus obtaining (1.3).

In the case of f (j)4g(NjN) where g : [0 , 1Q)K [0 , 1Q) is convex,
g(0)40, gF0 and g�D 2 , we apply a recent result about local boundedness of
minimizers of F, contained in [DM]. This result allows us to get (1.3) without
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the restriction

2n

n12
Ep ,

contained in (1.4). Related results can be found in [FS], [Ch], [BL], [Li], and
[CF].

2. – Statements and notations.

As we have seen in section 1, we deal with the local regularity properties
for minimizers of functionals of type (1.1). Moreover we assume that f�
C 2 (RnN ), fF0 satisfies the following growth conditions

NjNp2c1G f (j)GL(11NjN2 )
q

2(2.1)

NDf (j)NGL(11NjN2 )
q21

2(2.2)

ND 2 f (j)NGL(11NjN2 )
q22

2(2.3)

aD 2 f (j) l , lbFn(11NjN2 )
p22

2 NlN2(2.4)

for every j , l�RnN and some LD1, nD0, c1F0. p , q are such that 1EpE
qG2. Note that growth condition (2.2) for Df can be derived by growth condi-
tion (2.1) for f and convexity (2.4).

We say that u�W 1, 1
loc (V , RN ) is a local minimizer of F if f (Du)�L 1

loc (V),
and

s
supp(W)

f (Du) dxG s
supp(W)

f (Du1DW) dx ,

for every W�W 1, 1 (V , RN ) such that supp(W)%%V .
By these assumptions, we observe immediately that u�W 1, p

loc (V , RN ). We
will prove the following higher integrability result for u

THEOREM 2.1. – Let u�W 1, 1
loc (V , RN ) be a local minimizer of functional

(1.1), satisfying conditions (2.1), (2.2), (2.3) and (2.4). Then, if pD2n/(n12),
we have

Du�L xp
loc (V , RnN )

for some x4x(n , p)D1.
Moreover, if x0�V and RD0 are such that B(x0 , 4R)%%V , and a� (0 , 1 ),
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there exists a positive constant cfc(n , N , p , q , L , n , a , R) such that

s
Ba3 R

NDuNpx dxGcg11s
BR

f (Du) dxh
2x

p
.(2.5)

This Theorem can be improved when we consider a particular structure for
the functional, that is when we suppose that f(j)4g(NjN), where g�C 2 ([0, 1Q))
is a convex, increasing N-function of class D 2 , that is, g : [0 , 1Q)K
[0 , 1Q) is such that g(t)40 if and only if t40 and for every tD0 and every
lD1

g(lt)Gl m g(t)

for some mD1 (to be more precise, if this property holds, we say that g�D 2
m ).

Moreover g satisfies the following limit conditions

lim
tK01

g(t)

t
40 lim

tK1Q

g(t)

t
41Q .

Under these assumptions we prove the following

THEOREM. – 2.2. – Let us suppose that u�W 1, 1
loc (V , RN ) is a local mini-

mizer of functional (1.1), satisfying conditions (2.1)-(2.4). Let us assume also
that f (j)4g(NjN), with g as above. Then

Du�L xp
loc (V , RnN )

for some x4x(n , p)D1, and the following estimate holds

s
Ba3 R

NDuNpx dxGcg11s
BR

g(NDuN) dx1s
BR

g(NuN) dxh2x(32p)

(2.6)

for some positive c4c(n , N , p , q , L , n , a , R , m) and every a� (0 , 1 ).

Let us recall some known and technical results that will be useful
later

LEMMA 2.1. – For every z , j�Rk and d� (2d, 0 )

1G

s
0

1

(11Nz1 t(j2z)N2 )d dt

(11NzN21NjN2 )d
Gc(d)(2.7)

0Ec1 (d)G
N(11NzN2 )d z2 (11NjN2 )d jN

(11NzN21NjN2 )d Nz2jN
Gc2 (d , k) .(2.8)

PROOF. – See [AF], [Gi, page 274].
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Fix hD0 and for s41, R , n a direction es in Rn . For every vector valued
function G : RnKRk we define

t s , h G(x)4G(x1hes )2G(x) .

We state some properties of this difference function in connection with
Sobolev spaces.

LEMMA 2.2. – Let 0ErER , NhNER2r , pF1, and G�W 1, p (BR , Rk ).
Then for every s41, R , n

s
Br

Nt s , h G(x)Np dxGNhNps
BR

NDs G(x)Np dx .

PROOF. – See [G1].

LEMMA 2.3. – Let 0ErER and G�L 2 (BR , Rk ). If for some a� (0 , 2 ),
MD0 and h�C0

1 (B R1r

2
) such that 0GhG1 and NDhNG4/(R2r) in Rn , h4

1 on Br ,

!
s41

n

s
BR

h 2 Nt s , h G(x)N2 dxGM 2 NhNa

for every h with NhNER2r , then G�W b , 2 (Br , Rk )OL
2n

n22b (Br , Rk ), for
every b� (0 , (a/2 ) ). Moreover

VGVL
2n

n22b (Br )Gc(M1VGVL 2 (BR ) ) ,

with cfc(n , k , b , a , R , r).

PROOF. – See [A].

3. – Preliminary results.

In this section we consider a perturbation of the integrand of functional
(1.1), given by

fs (j)4 f (j)1s[ (11NjN2 )
q

2 21]

where s� (0 , 1 ) under (2.1),R, (2.4). The following Lemma contains some
properties of this function fs . The proof is rather easy
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LEMMA 3.1. – fs�C 2 (RnN ), fsF0 and satisfies the following condi-
tions

smNjNq1NjNp2c12sG fs (j)G (L11)(11NjN2 )
q

2(3.1)

NDfs (j)NG (L1q)(11NjN2 )
q21

2(3.2)

ND 2 fs (j)NG (L1nNq 2 )(11NjN2 )
q22

2(3.3)

aD 2 fs (j) l , lbF [sq(q21)(11NjN2 )
q22

2 1n(11NjN2 )
p22

2 ]NlN2(3.4)

for every j , l�RnN , where L , n and c1 are those of (2.1),R, (2.4) and
m4 ((2q/221) /2q/2 )� (0 , 1 ).

Moreover, if f satisfies the assumptions of Theorem 2.2, then

fs (j)4gs (NjN) ,

where

gs (t)4g(t)1s [ (11 t 2 )q/221] ,

gs : [0 , 1Q)K [0 , 1Q) is convex, increasing, gs (t)40 if and only if t40,
gs satisfies the D 2

s-condition, where s42Sm4max ]2, m(. We have also
gs�C 2 ( [0 , 1Q) ) and

lim
tK01

gs (t)

t
40 , lim

tK1Q

gs (t)

t
41Q .

Now we introduce for every s� (0 , 1 ) and RD0 such that B4R%%V , the
functional

Fs (w)4s
BR

fs (Dw) dx .

A local minimizer of functional Fs , will be a function v�W 1, q (BR , RN ) such
that Fs (v)G Fs (v1W), for every W�W 1, q

0 (BR , RN ). Let us prove the follow-
ing result.

LEMMA 3.2. – Let v�W 1, q (BR , RN ) be a local minimizer of functional Fs

with (2n/(n12))EpEqG2. Then for every a� (0 , 1 ), and for every b such
that

0EbE
n

2
2

n

p
11 ,
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we have that

Dv�L
np

n22b (Ba3 R , RnN ) .(3.5)

Moreover there exists a constant cfc(n , N , p , q , L , n , c1 , R , a , b) such
that

VDvVL
np

n22b (Ba3 R )Gc k11s
BR

f (Dv) dxl
2

p 2

.(3.6)

PROOF. – Since v is a local minimizer for Fs , under growth conditions (3.1)-
(3.4) we have that the Euler’s equation

s
BR

Dfs (Dv) DW dx40(3.7)

holds for every W�W 1, q (BR , RN ) such that supp (W)%%BR .
Let a� (0 , 1 ) and h�C0

Q (Rn ) be a cut-off function. More precisely we
assume that supp (h)%B a3 R1a2 R

2
, hf1 in Ba3 R , 0GhG1, NDhNG

4/(a 2 (12a) R) .
Now let NhNERa 2 (12a) and for s41, R , n put W4t s , 2h (h 2 t s , h v) as

test function in (3.7). We get

(I)4s
BR

h 2 t s , h (Dfs (Dv) ) t s , h Dv dx

42s
BR

t s , h (Dfs (Dv) ) 2h Dh7t s , h v dx4 (II) .(3.8)

Moreover, since

t s , h (Dfs (Dv) )4s
0

1

D 2 fs (Dv1 tt s , h (Dv) ) dtt s , h Dv ,

we have that

(I)4s
BR

s
0

1

D 2 fs (Dv1 tt s , h (Dv) ) ht s , h Dvht s , h Dv dt dx ,(3.9)

(II)42s
BR

s
0

1

2D 2 fs (Dv1 tt s , h (Dv) ) ht s , h Dv Dh7t s , h v dt dx .
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By the properties of fs we are in conditions to apply Cauchy-Schwartz
inequality:

(II)G
1

2
s

BR

s
0

1

D 2 fs (Dv1 tt s , h (Dv) ) ht s , h Dvht s , h Dv dt dx(3.10)

12 s
BR

s
0

1

D 2 fs (Dv1 tt s , h (Dv) ) Dh7t s , h vDh7t s , h v dt dx

4
1

2
(I)12(III).

Since the integrals (I) and (III) are finite, by (3.8) and (3.10) we get

(I)G4(III) .

Moreover, by (3.4) and Lemma 2.1

(I)Fcs
BR

h 2 Nt s , h ((11NDvN2 )
p22

4 Dv)N2 dx(3.11)

for some positive constant cfc(n , p , n , N). Now by growth conditions (3.3)
and the properties of h we have

(III)Gc s
Ba2 R

s
0

1

NDhN2 (11NDv1 tt s , h DvN2 )
q22

2 Nt s , h vN2 dt dx ,

where cfc(n , N , L , q). Since we suppose that 1EpEqG2 we can drop (11
NDv1 tt s , h DvN2 )

q22

2 since it is less than 1. Then we have

(III)Gc(n , N , L , q , a , R) s
Ba2 R

Nt s , h vN2 dx4 (IV) .(3.12)

Let a� (0 , p). Then

(IV)4c s
Ba2 R

Nt s , h vNa Nt s , h vN22a dx(3.13)

Gcg s
Ba2 R

Nt s , h vNp dxh
a

p g s
Ba2 R

Nt s , h vN
22a

p2a
p dxh

p2a

p
.

Since v�W 1, p (BR , RN ), Ba2 R%BaR%BR and NhNEa 2 R2a 3 REaR2a 2 R ,
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by Lemma 2.2 we have

(IV)GcNhNag s
BaR

NDvNp dxh
a

p g s
Ba2 R

Nt s , h vN
22a

p2a
p dxh

p2a

p
.(3.14)

Now we use the assumption pD2n/(n12): let us choose a in such a way
that

22a

p2a
p4p *4

np

n2p
that is a4n1222

n

p
.

We remark that a satisfies the required properties since we suppose that

pD
2n

n12
.

With these assumptions and applying Sobolev inequality in (3.14) we ob-
tain

(IV)GcNhNag s
BaR

NDvNp dxh
a

p g s
BaR

NDvNp dxh
22a

p
(3.15)

and finally, by (2.1) and (3.11)

(3.16) s
BR

h 2 Nt s , h ((11NDvN2 )
p22

4 Dv)N2 dxG4 cANhNag11s
BR

f (Dv) dxh
2

p

for some positive constant cA f cA(n , N , p , q , L , n , c1 , a , R). By this estimate
and Lemma 2.3 it follows that

(11NDvN2 )
p22

4 Dv�W b , 2 (Ba3 R , RnN )OL
2n

n22b (Ba3 R , RnN ) ,

for every b� (0 , (a/2 ) ) . In particular, if we set

M42 kcA ng11s
BR

f (Dv) dxh
1

p
(3.17)

we have

!
s41

n

s
BR

h 2 Nt s , h ((11NDvN2 )
p22

4 Dv)N2 dxGM 2 NhNa(3.18)
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from which it follows that

V(11NDvN2 )
p22

4 DvVL
2n

n22b (Ba3 R )G c× (M1V(11NDvN2 )
p22

4 DvVL 2 (BR ) )

for some c×f c×(n , N , b , p , R , a).
It is easy to show that for every z�Rk , wD0 and p� (1 , 2 ) we have

NzNpwG112
(22p)w

2 [ (11NzN2 )
p22

2 NzN2 ]w .

By this fact, since (n/(n22b) )D1 and pE2, it follows that

s
Ba3 R

NDvN
np

n22b dxGc(n, p, b, R, a)g11 s
Ba3R

((11NDvN2)
p22

2 NDvN2)
n

n22b dxh
Gc(n, N, p, b, R, a)k11(M1V(11NDvN2)

p22

4 DvVL 2(BR))
2n

n22b l

Gcy11g11s
BR

f (Dv) dxh
1

p
1g11s

BR

f (Dv) dxh
1

2 z
2n

n22b

Gc(n , N , p , q , L , n , c1 , R , a , b)g11s
BR

f (Dv) dxh
2n

p(n22b)

that is just estimate (3.6). Then the proof is concluded. r

4. – Proof of Theorem 2.1.

Our next goal is to prove that Lemma 3.2 holds also for the minimizer u of
our original functional (1.1). We use an approximation argument.

Let 0EeEmin ]1, R( and consider a sequence of smooth functions ue ,
obtained by u by mean of standard mollifiers. We have that ue�W 1, q(BR , RN)
and ueKu in W 1, p .

By the growth conditions about Fs , we are able to define the solution ve , s�
ue1W 1, q

0 (BR , RN ) of the Dirichlet problem

minm s
BR

fs (Dw) dx : w�ue1W0
1, q (BR , RN )n(4.1)

according to direct methods of the calculus of variations.
Let us fix a� (0 , 1 ). We are going to apply estimate (3.6) for ve , s . There

exists a constant cfc(n , N , p , q , R , a , n , c1 , L , b) not depending neither on
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e nor s , such that

(4.2) g s
Ba3 R

NDve , s N
np

n22b dxh
p(n22b)

2n
Gcg11s

BR

f (Dve , s ) dxh
Gcg11s

BR

fs (Due ) dxh
Gcg11 s

BR1e

f (Du) dx1ss
BR

(11NDueN2)
q

2 dxh
by the minimality of ve , s and Jensen inequality.

Moreover we have also

s
BR

NDve , s Np dxGs
BR

f (Dve , s ) dx1c1 NBRN(4.3)

and

s
BR

f (Dve , s ) dxGs
BR

fs (Dve , s ) dxGs
BR

fs (Due ) dx

Gs
BR

f (Due ) dx1ss
BR

(11NDue N2 )
q

2 dx(4.4)

G s
BR1e

f (Du) dx1ss
BR

(11NDueN2 )
q

2 dx .

Since sE1, by (4.3) and (4.4) we deduce that Dve , s is uniformly bounded in
L p (BR , RnN ) with respect to s . Then up to a subsequence

Dve , s �Dwe weakly in L p (BR ) as sK0 ,

for some we�ue1W 1, p
0 (BR , RN ). By lower semicontinuity we can let sK0 in

(4.2) and (4.4) obtaining

g s
Ba3 R

NDweN
np

n22b dxh
p(n22b)

2n
Gcg11 s

BR1e

f (Du) dxh ,(4.5)

and

s
BR

f (Dwe ) dxG s
BR1e

f (Du) dx(4.6)
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so that

s
BR

NDweNp dxG s
BR1e

f (Du) dx1c1 NBRN .(4.7)

Now, since we�ue1W 1, p
0 (BR , RN ) and Due converges to Du strongly in L p ,

by (4.7) we deduce that up to a subsequence

Dwe �Dw weakly in L p (BR ) as eK0 ,

for some w�u1W 1, p
0 (BR , RN ). Finally, letting eK0 in (4.5) and (4.6), by

semicontinuity we have

s
Ba3 R

NDwN
np

n22b dxGcg11s
BR

f (Du) dxh
2n

p(n22b)

and

s
BR

f (Dw) dxG lim inf
eK0

s
BR

f (Dwe ) dxGs
BR

f (Du) dx .(4.8)

Inequality (4.8) and the strict convexity of f implies that Dw4Du a.e. in BR .
Moreover, since w4u on ¯BR , Poincaré inequality gives u4w . This con-
cludes the proof of Theorem 2.1. r

5. – Proof of Theorem 2.2.

Before we prove Theorem 2.2, we give a precise statement of the bounded-
ness result contained in [DM].

THEOREM 5.1. – Let u�W 1, p (V , RN ) be a minimizer of the functional

F (u)4s
V

g(NDuN) dx ,

where g is a N-function, g�D 2
m . Then u is locally bounded in V and the fol-

lowing estimate holds

sup
BaR

NuNGc(m , a , R) g11s
V

g(NuN) dxh(5.1)

for every RD0 such that BR%V and every a� (0 , 1 ).
It is remarkable that since g�D 2 , from g(NDuN)�Lloc

1 (V) it follows that
also g(NuN)�L 1

loc (V).
Let us go on with the proof of Theorem 2.2. We proceed as in the proof of
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Lemma 3.2. So, let v be a minimizer of

Fs (w)4s
BR

g(NDwN) dx1ss
BR

[ (11NDwN2 )
q

2 21] dx .

By (3.12) and Lemma 2.2 we have

(III )Gc(n , N , L , q , a , R) s
Ba2 R

Nt s , h vN2 dx

Gc(n , N , L , p , q , a , R) gsup
BaR

NvNh22p

s
Ba2 R

Nt s , h vNp dx

Gc(n , N , L , p , q , a , R) gsup
BaR

NvNh22p

NhNp s
BaR

NDvNp dx .

This estimate is similar to (3.15) of the previous proof. Then by Lemma 2.3 we
have, as in conclusion of Lemma 3.2

(5.2) g s
Ba3R

NDvN
np

n22b dxh
n22b

2n
Gcu11gsup

BaR

NvNh
22p

2 vg11s
BR

g(NDvN) dxh
1

2

for every b� (0 , (p/2 ) ) .
Let now u be a local minimizer of F. We mollify u as in section 4, in order to

have ue�W 1, q (BR , RN ) and ueKu in W 1, p . Moreover we consider the Dirich-
let problem

minm s
BR

gs (NDwN) dx : w�ue1W0
1, q (BR )n .(5.3)

Let ve , s�ue1W 1, q
0 (BR , RN ) be the solution of (5.3). Then (5.2) implies

(5.4) g s
Ba3 R

NDve , s N
np

n22b dxh
n22b

2n
G

cu11gsup
BaR

Nve , s Nh
22p

2 vg11s
BR

g(NDve , s N) dxh
1

2
.

Now we use Theorem 5.1 obtaining

sup
BaR

Nve , sNG cA g11s
BR

gs (Nve , sN) dxh(5.5)

where cA is a positive constant, independent of e and s . We use D 2 condition and
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convexity of gs :

s
BR

gs (Nve , s N) dxGcg s
BR

gsg Nve , s2 (ve , s )RN

2R
h dx1s

BR

gs (N(ve , s )RN) dxh ,

where (ve , s )R4NBRN21s
BR

ve , s dx .

Then we apply Poincaré inequality (see [BL]):

s
BR

gsg Nve , s2 (ve , s )R N

2R
h dxGcs

BR

gs (NDve , s N) dx .

Moreover

N(ve , s )RNG
1

NBRN
g s

BR

Nve , s2ueNdx1s
BR

NueNdxh
G

c

NBRN
g s

BR

NDve , sNdx1s
BR

NDueNdx1s
BR

NueNdxh ,

thus, using Jensen inequality and integrating over BR ,

s
BR

gs (N(ve , s )BR
N) dxGcg s

BR

gs (NDve , sN) dx1s
BR

gs (NDueN) dx1s
BR

gs (NueN) dxh .

Eventually we put together the previous inequalities and we use the minimali-
ty of ve , s with respect to ue :

(5.6) s
BR

gs(Nve, sN) dxGcg s
BR

gs(NDve, sN) dx1s
BR

gs(NDueN) dx1s
BR

gs(NueN) dxh
Gcg2 s

BR

gs (NDue N) dx1s
BR

gs (Nue N) dxh
Gcg s

BR

g(NDueN) dx1ss
BR

(11NDueN2 )
q

2 dx

1s
BR

g(Nue N) dx1ss
BR

(11NueN2 )
q

2 dxh .

(5.4), (5.5), (5.6) and Jensen merge into

(5.7) g s
Ba3 R

NDve , sN
np

n22b dxh
n22b

2n
G

cg11 s
BR1e

g(NDuN)dx1 s
BR1e

g(NuN) dx1ss
BR

(11NDueN2)
q

2 dx1ss
BR

(11NueN2)
q

2 dxh32p

.
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Moreover, as in (4.3) and (4.4),

s
BR

NDve , sNp dxGs
BR

g(NDve , sN) dx1c1 NBRN(5.8)

s
BR

g(NDve , sN) dxG s
BR1e

g(NDuN) dx1ss
BR

(11NDueN2 )
q

2 dx .(5.9)

Since sE1, these estimates are uniform with respect to s . Thus there exists
we�ue1W0

1, p (BR , RN ) such that, up to a subsequence,

Dve , s �Dwe weakly in L p (BR ), as sK0 ,

then, by semicontinuity and (5.7), (5.8), (5.9) we get

g s
Ba3 R

NDwe N
np

n22b dxh
n22b

2n
Gcg11 s

BR1e

g(NDuN) dx1 s
BR1e

g(NuN) dxh32p

and

s
BR

NDweNp dxG s
BR1e

g(NDuN) dx1c1 NBRN

Therefore, since DueKDu strongly in L p , there exists w�u1W 1, p
0 (BR , RN )

such that

Dwe �Dw as eK0 ,

weakly in L p (BR ). Again we use semicontinuity:

g s
Ba3 R

NDwN
np

n22b dxh
n22b

2n
Gcg11s

BR

g(NDuN) dx1s
BR

g(NuN) dxh32p

,

and

s
BR

g(NDwN) dxG lim inf
eK0

s
BR

g(NDweN) dxGs
BR

g(NDuN) dx .

As in Theorem 2.1 we conclude that u4w . r
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