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Iterative Differentiations in Rings
of Unequal Characteristic.

MARILENA CRUPI - GAETANA RESTUCCIA

Sunto. — Sia R un anello di caratteristica diseguale. St stabiliscono formule generali
per gli endomorfismi di una differenziazione F', o F -iterativa di R, con ¢ non zero-
diwvisore di R. Tali formule sono note nel caso della caratteristica eguale.

1. — Introduction.

It is known that if % is a ring and R a k-algebra a differentiation D of R is
nothing else that a family of endomorphisms D;: R— R, i1 N, which satisfy
the following conditions:

i) D; is a k-linear map, for every i;

i) D,(ab) = > D;(a) D;(b), for every n.
i+ji=mn

IfDisaF, (F,, F,) - iterative differentiation in the sense of [7] and char
k =0, it is possible to express every D; in terms of D; which is a derivation ([7],
(1], [2D.

In characteristic p>0 are freely present the endomorphisms D,-, re N, i.e.
Dy, D,, ..., and it is possible to express D; in terms of a finite number of such
endomorphisms. This number depends on the p-adic expression of ¢, for every
t ([8D.

No result is known in unequal characteristic.

In this paper, we state these unknown formulas and we consequently com-
plete the topic: characteristic zero, characteristic p >0, unequal characteristic.

In section 2, there are some general remarks on the integrability of deriva-
tions in unequal characteristic.

1991 Mathematics Subject Classification: 13 B 10, 13 B 35, 13 B 99.
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2. — Statements.

All rings are assumed to be commutative with a unit element. A local ring
is assumed to be noetherian.

Let R be a ring. The set of all derivations of R into itself is denoted by
Der (R). If k is a subring of R, the set of all derivations of R which vanish on k
is denoted by Der;,(R).

We can easly prove that Der (R) (resp. Der,(R)) is the Lie algebra of all
derivations d: R— R (resp. of all k-derivations d: R—R) with [d,d'] =
dd' —d'd.

DEFINITION 1. — A differentiation D of R is a sequence D= {Dy=1,
Dy, ..., D,, ...} of additive endomorphisms D;: R— R such that

D,(ab)= 2> Di(a)Dy(b), for every n.

i+tj=mn

DEFINITION 2. — Let k be a subring of R. A differentiation D of R is called a
differentiation of R over k if D;(a) =0 for all i >0 and for all aek.

Let D be a differentiation of R, the subring {a e R: D;(a) =0, for every i}
in R is called the ring of invariants of R and is denoted by RZ

DEFINITION 3. — A differentiation D= {Dy=1,D,, ..., D,, ...} of R is
said to be F -iterative (or stmply iterative) if

1+ ..
D;oD;= ( ) )Di+j, for all 1, j.
7
Let ¢ be not a zero-divisor in R.

DEFINITION 4. — A differentiation D ={D,=1, Dy, ..., D,, ...} of R,
ceR2 is said to be F -iterative if

Dioujzz(“ﬁ)( ! )CHMDW for all i, j .

i/ \i+g—7r

REMARK 1. — A differentiation D of a K-algebra R is said to be F,-iterative
(resp. F-iterative) because it is linked with the action of the additive formal
group F,=X+Y, over K (resp. F,=X+Y+cXY) over the K-algebra R ([4], [5],
[1], [2]). Note that if ¢ =1, F, is the wellknown multiplicative formal group F,,.

Now we study the F -iterativity and the F'-iterativity of a differentiation of
a ring of unequal characteristic.
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Let R be a ring and p a prime number. Assume i) p is neither zero or unit in
R, and ii) all prime numbers other than p are units in R.

(The most important example is the case where R is a local ring of charac-
teristic zero with residue field of characteristic p > 0). Such a ring is called a
ring of unequal characteristic.

Let R be a ring of unequal characteristic and p a prime number. Put
R = R/pR. Since every derivation (resp. every differentiation) D of R is trivial
on the prime subring, it induces a derivation (resp. a differentiation) D of R.

THEOREM 1. — Let R be a ring of characteristic zero satisfying the condi-
tions i), i) stated above. Assume that p is not a zero-divisor in R.
A differentiation D= {Dy=1, Dy, ..., D,, ...} is F,-iterative iff, putting
0o=Dy,6,=D,, ..., 0;,=D,i, ..., we have
a) 61(§j = (§j(§7j, fO?" all 2,]
b) 6% = (kp) 6.1, for all i
where k= ky---ks with k; integers such that (k;, p) =1 and

c) for every m>0
D,=0p 0.0 /MN
where n=ny+np+...+n.p " (0<n;<p) is the p-adic expansion of n and
”
M = H Mj
j=0

where M;=1 when n;=0,1 and

» n; (7’L —Z)p
M;= H(H( ,  when n;=2;
p’ ‘
r—1-t .
r=1|MDP "+ E Ny -1 - ]pT td
N= =0
t=0 ntpt

Proor Let D= {Dy=1, Dy, ..., D,, ...} be a F,iterative differentiation
of R and let 6;=D

a): It follows from the definition of F-iterativity.

b): By definition of F-iterativity we have that

lj ((p J)p ) L

P’
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Since
p—2 N
P-pp' - ;
I1 ( e BV (CDNG
Jj=0 p'
by direct calculation it follows that
0= (kp)d;,q, for all i

where k =k, -k, with k; integers such that (k;, p) = 1.
In particular

07/k=pdis1.

c): Let n=nyg+nmp+... +n,.p"(0 <n;<p) be the p-adic expansion of
n. We have that:

n;—2 . ;

7 (n; —1) p’

(3}1‘7. = 1_[ ( ! . ) Dnmj’
i=0 p-7 ’

when n; = 2.
Put

nj—2 . 1
1 ((n;— 1) p’
M]‘: l:[(] ( ! . ),

p]
it follows that

SpoT .. oM = (H Mi) D, oD, ,...D,
j=0

On the other hand, by direct calculations, we can prove that

r—1-t
DnopoDWl...Dn,‘p,::lj[: wpTE 2 P D,.
np'
r —n p’“+ri§1ftn‘ pr i
Finally, put M =jl:[0 M; and N = tl:[() r = Tl we get
the stated result. np'

Observe that for »;=0, 1, M;=1 and for r=0, N=1.

REMARK 2. — Under the same hypotheses of Theorem 1, let B = R/pR and
let us consider the induced differentiation D of R. It follows that @), b) become
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the followings in R:
@)’ 6;0; = 0;0;, for all i, j
b) 6’ =0, for all .
Let us consider ¢). In R it can be written as
D, =6yp0p... 5/MN .

We observe that since char (R) =p, N =1 and

eI (1" 77)-

j=0\1i=0 p]

nj—2

I1 (H (ni—w) =Tt =ngtmt. om0
j=0 j=0

i=0

Finally we obtain the necessary and sufficient conditions since a differentia-
tion of a ring of characteristic p is F-iterative ([8]).

Now we want to state necessary and sufficient conditions under which a
differentiation of a ring R of unequal characteristic is F-iterative.

Let D={Dy=1,Dy, ..., D,, ...} be a F -iterative differentiation of a ring
of characteristic zero satisfying the conditions i), ii) stated above and assume
that p is not 0-divisor in R.

Let n=ny+n;p+...+n,p" (0<n;<p) be the p-adic expansion of .
First of all by direct calculations we can prove that putting 6,=D,, 6;=
D,,...,0;,=D,, ..., we have

2pi s pi .
- J— g i
Ol = > . A e " TODG |,
; OB i f\opi g =2
10 =P p p 1

where 79 =1, if n;=2 and

p?

nj—2
TW = 1] T;
i=1
with
s, +p

i~ [€)) J ) ) .
T; = E (Sl ) ( . ?) (,)) ep’ st gp nj>2.
s=s@ \p? ) \p? + 871 — ;7
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It follows that

nj—1

Ol = -21 A+ BY
i=

where
i . ip-7+p-j—1 . . ny—1
) tp’ s p? O
A=TI(" ) 2 () © )er o 11 7,p9
t=1 p] sfj)zip-f p] ’Lp]-i-p]—si(]) w=i+1
and

’I’Lj*2 A_. ]
po- [T (%707 D,,.

i=0 p] !
nj—1

Hence, putting A = E AP,

OmWom .. 6" =(AV+B®) oAV +BD) o (AT +BW).

Denote by Py, ..., P, (v =4(r — 1)) the terms that we obtain from the pre-

vious identity applying the distributive property and let P,= [ BY. We
have =0

P - H (H ((n —1) p’ )) DnopODﬂml“'Dﬂ»-P“
j=o\i=

p]
Put
1 r—1-—t
r— P r—1-—
1_[ nrp + E nr—l—]p /
N: ]:
t=0 ¢
wp
Let us consider D, ,0D,, ... D, ,. We write
r—1 r—1
DnopODnlpl "'Dn,,p" = '20 Qz + ND17/0p0+n1p1+4..+n,7.p“' = 'EOQi + NDn)
i= i=
where

nrpr+nr71pr7171 d n p”r‘*l L
_ 1 r—1 np"+n,_p"1—d
Q= [( )( )c P 17’_1_[221.0%"]

do=mnp" N \mp"Hn,_p" T —d,



ITERATIVE DIFFERENTIATIONS IN RINGS ETC. 641

with

dj—1+mp" d; n,_;p" I .
Z] = 2 ’ r—j 'rijj C/'l?‘—jpr'7]+¢7l.j-1*dj,
di=dj_4 NP Wy i P +dj_1—dj

i—1 i
and for i >0, put w= > n,_,p" "and g= X n,_p ' -1
t=0 t=0

i r ¢ r—s q . Tt T
] [T B G B 1
i=w\N

t=1 .’ w—d.: i=i+2
r—t r—iP 1
(Y

n; —2 . :
r—1 r 7 (nA_Z)p]
Finally, put Q = >, Q; and M = H (H ( ! ; )), we have
=0 j=o\i=o D

D,=[0106™"...0" — (Py+ ...+ P, , + QM)]/MN .

Hence we state the following result:

THEOREM 2. — Let R be a ring of characteristic zero satisfying the condi-
tions 1), i) stated above. Assume that p is not a zero-divisor in R.
A differentiation D = {Dy=1, Dy, ..., D,, ...} is F iterative iff, putting
0o=Dy,6,=D,,...,0;,=D,i, ..., we have
a) (SLCSJ = 6]'(32', fO?" all Z,]

p—1

b) 6= X A;+c? 1oy, for all i, where
=1

2p’ . pi Cop=lopiarna ” pi .
20BN
m=p 1 \P"/ \2p" =17 ALV VA A S

c) for every n>0
D,=[0pop...0—(Pi+...+P,_; + QM)]/MN ,

where @, M, N, P;, for i=1, ..., v —1 are the integers defined above.

ProOF. — a): It follows from the definition of F-iterativity.
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b) It sufficies to observe that

Z]Ji i
(3);: 2 l(rl)( p )Czpi_rl
n=p'L\p') \2p" —m

p=1 (pi+r,y i

7’5 p Cpi'*""sfl_"'sD

; i s ||
s=2 \"%=%-\p*) \p'+1r,_1— 7

3. — Integrable derivations in unequal characteristic.

In this section we want to state some constructive theorems related to the
problem of extending a system of derivations to differentiations in the unequal
characteristic case. The formulation of these theorems are the same of those in
[7]. Nevertheless we want to construct exactly the differentiations. Our con-
siderations concern liftings to differentiations which are not necessarily F, or
Fiterative (in this case a differentiation is an action of formal group). This
situation was partially studied in [3].

DEFINITION 5. — We say that a derivation D e Der (R) is integrable if there
exists a differentiation D={Dy,=1, Dy, ..., D,, ...} of R with Dy=D. We
also say that D lifts D.

If k is a subring of R we say that a derivation D e Der (R) s integrable
over k if there exists a differentiation D = {Dy=1, Dy, ..., D,, ...} of R over
k with D, =D.

We will denote the set of all integrable derivations of R over k with
Ider, (R).

REMARK 4. - It is obvious that if R is a ring of unequal characteristic and p
a prime number, if D is an integrable derivation of R the induced derivation D
of R = R/pR is integrable too.

DEFINITION 6. — Let (A, m) be a local ring of characteristic zero with
residue field of characteristic p > 0. A subring C of A is called a coefficient
ring if it satisfies the following conditions:

(i) C is a complete DVR with maximal ideal generated by p;
(i) C/pC = A/m by the canonical map.
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REMARK 5. — Let (A, m) be a local k-algebra and let (4, m)™ = A the m-
adic completion of A. Then

Ider,(4) = Ider,(4) ® A,

i.e. every differentiation of A over k can be extended to a differentiation of A
over k.

Infact, if D = {1, Dy, ..., D,, ...} is a differentiation of A over k, we have
D,(m”)cm” ™", for v > n, and so each D,, is uniformly continous in the m-adic
topology and can be unequely extended to the completion A.

PROPOSITION 1. — Let (A, m) be a local ring and let I be a subring which is
a DVR with prime element p such that m NI = pl. Assume moreover that
A/m is separably finite over I/pl. Then A contains a coefficient ring C which
1s finite over the pl-adic completion of I, I.

ProoF. — See [9], Proposition 2.

PRrROPOSITION 2. — Let (A,m) be a local ring of characteristic zero with
residue field of characteristic p. Let I be a subring which is a DVR with
prime element p such that m N I = pl. Assume moreover that A/m is separa-
bly finite over I/pl. Then

Der;(C) = Ider;(C),

where C is a coefficient ring of A which s finite over I.

Proor. - C is a regular complete local ring of maximal ideal pC and p is not
an element of p2C. Moreover A/m = C/pC is separable over I/pI =1/pl.
Hence, by ([8], Lemma 1), C is formally smooth over the subring T and the as-
sertion follows from ([7], Theorem 8).

COROLLARY 1. — Under the same hypotheses of Proposition 2. Let p ¢ m?2.
Then

Ider;(A) = Iderg(A) = Derc(A).

Proor. — First of all we observe that due to ([6], Lemma 1), A is formally
smooth over C and so Iderc(?l) = Derc(fl) ([10], Theorem 8). Since Iderc(?l) is
a submodule of Ider;(A), we have only to prove that Ider;(A) gIderC(Z).

Let D € Ider;(A) and let D' = D/I be the restriction of D to I. If D is its ex-
tension to I ,De IdAeerZ () = Ider (I). But Ider (I) = 0 and so since C is an inte-
gral extension of I, Ider(C) =0 too. Infact if kcAcB are integral domains
and B is an integral extension of A with Der,(A) =0 it is easy to prove that
Der,(B) = 0. Finally D e Ider.(A).
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In what follows, given a k-algebra A, a subset I' of A, and a function
f: I'—AlX, ..., X,,], we will denote by f,: '=A, ae N™, the functions de-
termined by the equality > f,(y) X =f(y), y e I', where X“= X{1... X% for

a=(ay,...,a,)eN™ Notethatif D: A—A[[X;, ..., X,,]1] is a morphism of
k-algebras with Dy =id,, then D,: A— A is a k-derivation for any a € N™ with
la| =a;+...+a,=1.

THEOREM 3. — Let (A, m) be a complete reqular local ring of characteristic
zero and of krull dimension n with residue field of characteristic p. Let I be a
subring which is a DVR with prime element p such that m NI =pl and p ¢
m?2. Assume moreover that A/m is separably finite over I/pl and that
(p, x3, ..., x,) s a regular system of parameters of A.

Then for any I-derivations dy, ..., d,,: A— A there is a morphism of I-al-
gebras D : A— A[X] such that Dy=1id, and D =d;, for j=1, ..., m, where
(1)D=(0,...,0,1,0,...,0) e N™ with 1 on the j-th position.

PRrooF. — Let us consider a function
s {ag, ..., x, } = AX] = AlX,, ..., X,,]

with sy(x;) =u; for i=2, ..., n and m=1.

Then there exists a unique morphism of k-algebras D : A — A[X] such that
Dy,=1idy and D(x;) = s(x;), for 1 =2, ..., n.

Infact, by I. S. Cohen’s Theorem and Proposition 1, A has a coefficient ring
C which contains [ and is finite over /. Moreover if (p, x5, ..., x,) is a system
of parameters of A we have

A=Clas, ..., x,].

We define [-linear maps D,:A—A, aeN™, such that D(a)=
> D,(a) X% aecA, will be the desired morphism of I-algebras.
“ For every ceClxs, ..., x,]

C=EC€2_Henx262..-x,f", Cez.uenecy
we define D, over x5 ...x = x* as the coefficient at X* in s(x,)%...s(x,)™ e
A[X].
Finally for ze C and x* as above we set

D, (zx") =2zD, (x").

This formula determines a I-linear map D,: Clay, ..., x,] —Cl[xy, ..., x,]. Since
A =CCxs, ..., x,] = (Clas, ..., x,])", for the (p, x,, ..., x,)-adic topology and
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any differentiation can be extended to the completion (Theorem 4), we
have

D,:A—A, aeN™,

such that Dy =1id, and D,(«;) = s,(x;), for every 1.

This means that D : A—A[X], with D(a) = >, D,(a) X%, a€A, is a I-lin-
ear map with D, =1id, and D(x;) = s(x;), for evgry 7.

By direct calculations we can prove that D, is a morphism of rings.Finally
the uniqueness of D is a simple consequence of the definition D, (x;) =
Sa (xl)

, Now let us define the function s:{wy, ..., x,} —A[X] by s(x;) =
E d;(x;) X;, for every 7. Then there exists a morphism of /-algebras D : AH

A[[X]] such that D, =id, and D(x;) = s(x; ) Hence D;,(x;) = d;(x;) for every 1,
which implies that D ;= d; for j =1,

COROLLARY 2. — Under the assumptions of Theorem 3 we have:

Der;(A) = Ider;(A).

Proor. — It sufficies to consider m =1 and to apply Corollary 1.

REMARK 6. — We recall that if k is a ring and A a k-algebra. A n-dimensional
differentiation D of A is a set of linear maps {D,: A—A, ae N"} such that
D,=id, and

D,(ab) = > D,(a) Dg(b), for every y.
atpf=y

Hence we can easly verify that the derivations d, ..., d,, can be extended to a
n-dimensional differentiation.
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