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Bollettino U. M. 1.
(8) 7-B (2004), 469-481

On Existence and Uniqueness of Solutions for Ordinary
Differential Equations with Nonlinear Boundary Conditions.

ALESSANDRO CALAMAI

Sunto. — St prova un teorema di esistenza e unicita per un «problema ai limiti funzio-
nale non lineare», ossia un'equazione differenziale ordinaria con condizione al
bordo non lineare. La dimostrazione di questo risultato si basa su un teorema di
mwersione globale di Ambrosetti e Prodi: tale teorema viene applicato all’'operatore
al bordo ristretto alla varieta delle soluzioni globali dell’equazione differenziale or-
dinaria data. Questo risultato generalizza un analogo teorema di G. Vidossich.
Inoltre vengono forniti esempi che mostrano come tale generalizzazione sia
effettiva.

Summary. — We prove an existence and uniqueness theorem for a nonlinear functional
boundary value problem, that is, an ordinary differential equation with a nonlin-
ear boundary condition. The proof is based on a Global Inversion Theorem of Am-
brosetti and Prodi, which is applied to the boundary operator restricted to the ma-
nifold of the global solutions to the equation. Our result is a generalization of an
analogous existence and uniqueness theorem of G. Vidossich, as it is shown with
some examples.

1. - Introduction and preliminaries.

We consider a functional boundary value problem (in short, BVP) of the
form

@ a' =ft, ), L =r,

where f :[a, b] X R*—R" is a continuous map with continuous partial deriva-
tive with respect to the second variable, and L is a nonlinear map from the
space C([a, b], R") into R" of class C?, i.e. Fréchet-differentiable with continu-
ous derivative

L': C((a, b], R") = £(C([a, b], R"), R").

Our aim is to prove an existence and uniqueness theorem for the function-
al BVP (1), generalizing an analogous result of Vidossich [4, Theorem 3].
For this purpose, we will use the following Global Inversion Theorem of
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Ambrosetti and Prodi[1, Theorem 1.8, p. 47]. We recall that if X and Y are
metric spaces and F: X—Y is a continuous map, F' is said to be proper if
F "1(K) is compact for any compact set K ¢ Y; furthermore, F is said to be lo-
cally invertible at a point x € X if there exist neighborhoods U of x in X and V'
of y = F'(x) in Y such that F is a homeomorphism of U onto V, and F' is said to
be locally invertible on X if it is locally invertible at every point of X.

THEOREM 1.1 (Global Inversion). — Let X and Y be metric spaces, and let
F: X—Y be proper. Suppose that the map F is locally invertible on X, the
space X is arcwise connected, and the space Y is simply connected. Then F is
a homeomorphism of X onto Y.

Let us briefly set the notations which will be used in this paper. As usual,
R™ denotes the euclidean n-dimensional space, and if « = (%, ..., a,) is in R"

we set |¢| = X |a;|. By M, (R) we will denote the space of n X n real-valued
i=1
matrices, and if A = (a;;) belongs to M, (R) we set |A| = |aL,| Moreover,

C([a, b], R™) is the Banach space of the continuous maps from the closed and
bounded real interval [, b] into R, with the supremum norm |-||,,. For brevi-
ty, except in the statements, we will often write C° instead of
C([a, b], R™).

Let us recall that, if f :[a, b] X R*—R" is a continuous map, a solution x to
the ordinary differential equation

x' = f(t, )

is said to be maximal if it is not a proper restriction of another solution, and it
is said to be global if it is defined on the whole interval [a, b].

We will make use of some properties of Fredholm maps between Banach
spaces (see e.g. Smale [3]). We recall that, if 7: X— Y is a linear and continu-
ous operator between Banach spaces, T is said to be a Fredholm operator if
both Ker T and CoKer T = Y/Im T are of finite dimension. If 7 is a Fredholm
operator, its index is defined by

ind T = dim Ker 7' — dim CoKer T'.

Let F : X—Y be a map of class C! between Banach spaces. We say that F is a
Fredholm map if its Fréchet-derivative F'' (x): X—Y is a Fredholm operator
for any fixed x € X. Moreover, a Fredholm map F : X— Y is said to have index
m if for every x € X the derivative F'' (x) is a Fredholm operator of index m. In
particular, since the index is locally constant, if the space X is connected and F’
is a Fredholm map we may define the index of F' (and still denote it by ind F)
as the index of /' (x) for any given xeX.
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2. — Existence and uniqueness theorem.
The following is the main result of this paper.

THEOREM 2.1. — Let f :[a, b] X R*—=R" be continuous with continuous
partial derivative Dof :[a, b] X R*—>M,(R), and let L: C([a, b], R*) > R"
be of class CL. Consider the ordinary differential equation in R"

2 x' =f(t, x),

and assume that the following hypotheses hold:
(H1) For any global solution x to (2), the linearized functional BVP

y' =Dyf(t, o)y, L'(x)y=0

has only the trivial solution.
(H2) For every M >0, the solution set of the problem

x' =f(t, x), |L(x)| <M

1s bounded in C([a, b], R™).
Assume that the set of the nitial points of the global solutions to (2) is
connected. Then, for every reR" the functional BVP

@) x' =ft,x), L) =r

has a unique solution.

Proor. — Let
S={xeC’ x' —f(t,x)=0}

be the set of the global solutions to the equation (2), and let A ¢ R" be the open
set consisting of the initial points of the global solutions to (2). We observe
that, since the map f is locally Lipschitz with respect to x, the solutions to (2)
enjoy local uniqueness. Thus, by the continuous dependence of solutions with
respect to initial values, the set A is homeomorphic to S. Moreover, as we will
show later (see Lemma 3.1), the set S is closed in the space C° and it is also a
differentiable manifold of class C' and dimension n. Note that, consequently,
S is an unbounded subset of C?; indeed, if we suppose S bounded, then it must
be compact because of Ascoli’s Theorem, but this is impossible since S is home-
omorphic to an open subset of R".

Now, consider the restriction L|g: S—R" of the map L to S. We want to
show that L|g is locally invertible on S and proper.

(i) L|s is locally invertible on S.

By assumption, the map L is of class C'. Moreover, by Lemma 3.1 below, S
is a C'-manifold of dimension n. Hence, by the (local) Inverse Function Theo-
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rem, it is enough to show that the Fréchet-derivative
L,(.')C) |TxS: TxS_)Rn7

where T, S cC? is the tangent space to the manifold S at x, is a linear isomor-
phism for every xeS. Let xS be given, and let ve C° be such that ve T, S
and L'(x)v=0. These two conditions imply that v is a solution to the lin-
earized problem

v' =Dy f(t, x(t)) v, L'(x)v=0.

By hypothesis (H1), this problem has only the trivial solution. Therefore v = 0
and 7, S N Ker L' (x) = {0} for every x e S. Since L' (x) | 7,5 is a linear map be-
tween two linear spaces of dimension n, then, being injective, it is surjective as
well. Hence we conclude that such an operator is an isomorphism for every x e
S. Consequently, L|g is locally invertible on S.

(ii) L|s is proper.

Let KcR" be compact; in particular K is bounded, i.e. there is a constant
M >0 such that for any re K we have |r| <M. Let x, be an element of
(L|S)*1(K), ie. xpeS and L(x,) = ry, with e K (we may assume that such a
set is not empty). These two conditions imply that x, is a solution to the
problem

x' =f(t, x), |L(x)| <M.

By hypothesis (H2), there is a constant 6 > 0, independent of x,, such that
|[2o |- < 0. Consequently the set (L|s) *(K) is bounded in C°. We claim that
this set is equicontinuous as well. Indeed, if we denote by D, the closed ball
centered at the origin with radius 6 in R", we have

(t, %(1)) € [a, b] X D,

for any te[a, b] and xye (L|s) ' (K). By the compactness of [a, b] X D, and
the continuity of f, there exists a constant y >0 such that

|25 () | = |ft, 2| <y,

for any te [a, b] and xye (L|g) "' (K). Hence, the elements of (L|g) ' (K) are
equi-Lipschitz and in particular the set (L|g) *(K) is equicontinuous. By As-
coli’s Theorem, this set is relatively compact in C°. Now we observe that, by
Lemma 3.1 below, S is closed; consequently the set (L | s) 1(K), being closed in
S by continuity, is closed in the space C° as well. Thus, being closed and rela-
tively eompact, (L|S)‘1(K) is compact. Since this fact holds for any KcR"
compact, we conclude that L|g is proper.

As we already pointed out, S is homeomorphic to the set A; in particular,
since by hypothesis A is connected, so is S. Hence the manifold S is arcwise
connected, being connected and locally arcwise connected. All the assump-
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tions of Global Inversion Theorem 1.1 are verified: consequently L | is a bijec-
tion, and this fact implies that the functional BVP (3) has a unique solution for
every reR", thus proving Theorem 2.1. =

3. — A geometrical lemma.

As we observed in the proof of the previous theorem, we now have to show
that the set S of the global solutions to

x' = f(t, )

is an n-dimensional differentiable manifold of class C!, which is closed in the
space C°. To this end, we will apply the following known result about the regu-
larity of the set of solutions (see e.g. Smale [3]).

THEOREM 3.1. — Let @ : X—Y be a Fredholm map between Banach spaces.
If y e Y is a reqular value for @, then S = @ ~(y) is a differentiable manifold
of class C' and dimension equal to the index of ®.

We will also denote by C the linear space consisting of the continuous
maps « :[a, b] —R" such that (a) = 0. We note that C{ is a subspace of C° of
codimension 7, since it is the kernel of the linear operator from C° onto R” de-
fined by x~ a(a).

LEmMmA 3.1. — Let f:[a, b] X R*"—=R" be continuous with continuous par-
tial derivative with respect to the second variable. Then, the set

S={xeC’ x' —f(t,x)=0}
of the global solutions to the equation
x' =f(t, x)

18 closed in the space C([a, b], R™) and it is also a differentiable manifold of
class C! and dimension n.

PRrROOF Define F: C°—C¢ by

t
F(a)(t) = a(t) — x(a) — ff(f, wr)dr, tela,b].

Clearly F is continuous and S =F ~1(0); consequently, S is closed.
Let us show that S is also a C'-manifold of dimension 7. To apply the above
Theorem 3.1, we have to prove that F' is a Fredholm map. The Fréchet-deriva-
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tive F''(x): C'—Cy of F at xeC’ is given by

t
(£ (%) R)(E) = W(t) — h(a) — fD2f(r, () Mr)dr, tela,d].

In particular, F': C°— £(C°, C) is continuous. Now let x e C° be fixed; we
claim that F'(x) is surjective and that Ker /"' (x) is isomorphic to R".

(i) F'(x) is surjective.

We need to show that the equation

t
h(t) — Ka) — szf(T, (1)) Mt) dr =g(t), tela, b]

has a solution in C° for any given g € C{. Searching for a particular solution &
to this equation, which verifies the additional condition Z(a) =0, we get the
following Volterra equation:

t
h(t)—szf(t, (7)) i(7) dt =g(t), tela, b].

It is well-known that this equation has a unique solution in C° for any g € C{;
consequently, the operator F''(x) is surjective.

(ii) Ker F''(x) is isomorphic to R".

Let h e Ker F' (x); this means that # € C° is a solution to the linear integral
equation

t
h(t) — h(a) — ngf(r, x(7)) h(t) dr =0, tela, b].

In particular % is a C'-map and verifies
h' =Dof(t, x(t) h.

Since the solutions to a homogeneous linear differential equation are in bijec-
tive correspondence with their initial values, the kernel of F'' (x) is isomorphie
to R™.

From properties (i) and (ii) it follows that F''(«x) is a Fredholm operator of
index n for any given x € C°. Hence, F is a Fredholm map of index #. Finally,
since F''(x) is surjective for any x e C’ there are neither critical points nor
critical values. We then apply the above Theorem 3.1, and we conclude that
S=F"Y0) is a C'manifold of dimension » =indF. =

4. — Existence and uniqueness theorem of Vidossich.

In this section we state the following existence and uniqueness theorem
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of Vidossich [4, Theorem 3], and then we show that Theorem 2.1 is a
generalization of this result.

THEOREM 4.1. — Let f:[a, b] X R"—=R" be continuous with continuous
partial derivative Dsf:[a, b] X R*—=M, (R), and let L: C([a, b], R") —=R"
be of class CL. Consider the ordinary differential equation in R"

) x' =ft, x),

and assume that the following hypotheses hold:
(I1) Every maximal solution to (4) exists on [a, b].
(H1) For any global solution x to (4), the linearized functional BVP

y' =Dyf(t,xt)y, L'(x)y=0

has only the trivial solution.
(I2) The solutions z to the linearized functional BVPs

z'=Dyf(t,x(t))z, L'(x)z=c,

where ¢ belong to the sphere S™ 1 and x is any global solution to (4), are uni-
formly bounded with respect to the solutions x and ceS" L.
Then, for every reR" the functional BVP

v =ft,x), L) =r

has a unique solution.

We recall that the proof of this result is based on the following Hadamard’s
Global Inversion Theorem (see Schwartz [2, Theorem 1.22]).

THEOREM 4.2 (Hadamard). — Let X and Y be Banach spaces and let
F: X—Y be of class CL. Suppose that the linear operator F'(x) is invertible
for any xeX, and that there is a constant a >0 such that

[(F'@x)t<a< o, VreX.

Then, F is a homeomorphism of X onto Y.

We also observe that, by the Local Inverse Function Theorem, F' is actually
a C'-diffeomorphism of X onto Y.

Let us show that Theorem 4.1 is a particular case of the above Theorem 2.1.
We consider the functional BVP

) {% =f(t, x)
L(x)=17r.

Assume that all the hypotheses of Theorem 4.1 hold; then, we want to prove
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that problem (5) satisfies all the assumptions of Theorem 2.1 as well. In partic-
ular, we have to show that (/1) and (/2) imply (H2) of Theorem 2.1.
Let u e R" be given, and consider the Cauchy problem

x' =f{, x), x(a)=u.

By (I1), and by the fact that fis locally Lipschitz with respect to x, this prob-
lem has a unique solution existing on [a, b], which we will denote by ¢(-, u).
Now, define 7': R"—R" by

T(u) = L(g(-, u)).

If all the assumptions of Theorem 4.1 hold, one can prove (see [4]) that the
map T verifies the hypotheses of Global Inversion Theorem 4.2. Consequently
T is globally invertible and its inverse 7 ~!: R*— R" is of class C. For any re
R", if we set u =T ~1(r), we get (T 1) (r) = (T’ (u))"!. Thus, by the proper-
ties of T, even the derivative of its inverse is uniformly bounded with respect
to r. Hence T ! is Lipschitz, and in particular it sends bounded sets into
bounded sets.

Now, fix M >0 and consider the open ball U centered at the origin with
radius M in R”. We have seen that 7 "1 (U) is a bounded subset of R". By defi-
nition, the boundedness of 7 ~'(U) is equivalent to the fact that the initial
values u = x(a) of the solutions & to the problem

(6) x' =f(t,x), |L(x)| <M

are contained in a compact subset of R". By assumption (/1) of global exis-
tence, and by continuity with respect to initial values, even the solutions to the
problem (6) are contained in a compact subset of C°; in particular they are
bounded. Hence, we have shown that (/1) and (/2) imply the boundedness of
the solutions to (6).

Finally, from hypothesis (11) of global existence it follows that the open set
of the initial points of the global solutions to the equation (4) coincides with R".
In particular such a set is connected, and consequently all the assumptions of
Theorem 2.1 hold. This shows that Theorem 4.1 of Vidossich is a particular
case of Theorem 2.1.

5. — Remarks and examples.

In this section we will make some considerations about the above existence
and uniqueness results. In particular, we will see two examples showing that
Theorem 2.1 is actually more general than Theorem 4.1.

First, we observe that in Theorem 2.1 the assumption of connectedness of
the set A, consisting of the initial points of the global solutions, could be re-



ON EXISTENCE AND UNIQUENESS OF SOLUTIONS ETC. 477

moved. In fact, with only minor changes in the proof, one can prove that if &
denotes the number of connected components of A, the functional BVP

x' =ft,x), Lx)=r

has exactly k solutions for every r € R". The reason why we preferred to state
our result assuming A connected, is that we were not able to find an example
of a problem which satisfies the assumptions (H1), (H2) and such that
k>1.

In fact, the following example shows that there are equations for which the
open set A may have an arbitrary (even infinite) number of connected
components.

ExampPLE 1. — Consider the following system:

, 1+a®
x =
(7 1+y2
y' =0.

First, we study the behaviour of the solutions to (7) on the half-line [0, + o).
Setting the initial condition

2(0) = x,
y(0) =1y,,

we find that the unique solution to (7) is given by

x(t)ztan(l t 5

+ arctan 900)
+ Yo

y(t) = y,.

These solutions have a maximal interval of existence depending on the initial
value, i.e. of the form [0, w(xy, ¥y)) Where

(g, Yo) = (% - arctanxo) (1+y).
Restricting the variable ¢ to an interval [0, 2], that is, considering the system

(7) in the strip [0, 2] X R? the set A is given by the pairs (w, ¥,) such that
w(xy, Yo) > h. Setting for example h =4, we get

A= {(ac, y): (g —arctanoc) (1+y? >4},

a set which has two connected components (to see that A is not connected, ob-
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serve that the x-axis does not intersect it). More generally, considering a sys-
tem of the form
1+af
9y)
y' =0,

!

we get

A= {(m, Y): (g - arctanac) 9(y) >4},

and with a suitable choice of the function g(y), one can make the set A have an
arbitrary (even infinite) number of connected components. ®

We conclude this paper with two examples showing that Theorem 2.1 actu-
ally extends Theorem 4.1. First, in the following Example 2 we see a problem
which does not satisfy hypothesis (/1) of global existence, while (H1) and (H2)
of Theorem 2.1 still hold.

ExAMPLE 2. — Consider the following equation in the strip [0, 1] X R:
8) x =2,

There exist maximal solutions to (8) which are not global, that is, they are not
defined on [0, 1]. Indeed, if we set the initial condition x(0) = a € R, the sol-
utions to (8) are given by

a
9) x(t) = I )

—at

and these functions are defined on [0, 1] if and only if (0) = a < 1; in other
words, we have A = (— =, 1). Hence, hypothesis (/1) of Theorem 4.1 does not
hold.

Now, consider the linear integral operator L defined by

1
Lac=fac(r)dr,

0
and the corresponding problem

r 2
10) {x = on [0, 1]

Lx=r,

where r € R. Let us show that this problem verifies all the assumptions of The-
orem 2.1.
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First, we have to prove that the linearized problems

y'=2x(t)y on[0,1]
1

[y dr=o0,

0

where « is any solution to (8) on [0, 1], have only the trivial solution. The sol-
utions to the linear equation ¢’ =2x(f) y are of the form

y(t) _ Cerf)x(r) dr,

1
and the further condition [%(z) dr = 0 implies ¢ = 0, thus % = 0 and hypothesis
(H1) holds. ‘
Moreover, we have to consider the solution set of the problem

x'=x% on [0,1]
1

fac(r) dr

0

(11)
=M,

where M > 0 is fixed. By replacing the global solutions x to (8) with their ex-
plicit expression (9), depending on the initial value a <1, one can easily check
that the condition of boundedness of the integral implies that the solutions to
(11) are bounded in the supremum norm on [0, 1]. Hence the functional BVP
(10) also verifies hypothesis (H2), as it was to prove. ®

Finally, in Example 3 below we see a problem such that hypothesis (/2) of
Theorem 4.1 does not hold, but again (H1) and (H2) are satisfied. Hence, Ex-
amples 2 and 3 show that we have weakened both assumptions (/1) and (I2) of
Theorem 4.1.

ExAMPLE 3. — Consider the nonlinear integral operator L from C([0, 1], R)
into R defined by

1
L(x) = flog (x(2) + V1+ 2%(1)) dr,
0

and the following problem:

[2'=0 on [0, 1]

12
12 | L@ =,

where e R. We claim that this problem verifies all the assumptions of Theo-
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rem 2.1. Indeed, for any « in C([0, 1], R) we have

1
L’(ac)y=der.

V1+x%(7)

Since the solutions to &' = 0 are the constants x = x,, the linearized problems
are given by

y' =0 on [0, 1]
f S dtr=0,
].+-%'0

and clearly these problem shave only the trivial solution. Hence, hypothesis
(H1) holds.
Moreover, for any M > 0 the solutions to

x' =0 on [0, 1]

1 —
Jrog (e + Vi+ai)dr | <M
0

are given by the constants x,e R such that

|log(x0+ \/1+9002)| <M.

These points are contained in a bounded interval, thus (H2) is verified as
well.

Finally, let us show that problem (12) does not satisfy assumption (/2) of
Theorem 4.1. We have to study the behaviour of the solutions z to the lin-
earized problems

z'=0 on [0, 1]

1

f 2(1)

——dr=c,

0 v 1+ 9002

where ceR with |c| =1. These solutions are the constants z=z, such
that

20 = i\/rxoz.

Since these solutions are not uniformly bounded with respect to x,e R, hy-
pothesis (I12) of Theorem 4.1 does not hold as it was to prove. ®
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