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Bollettino U. M. 1.
(8) 7-B (2004), 731-744

A Note of Uniqueness on the Cauchy Problem
for Schrodinger or Heat Equations
with Degenerate Elliptic Principal Parts.

HipEkT TAKUWA

Sunto. — In questo articolo studiamo la locale unicita nel problema di Cauchy per
equazioni di Schrodinger o del calore con parte principale non negativa. Ottenia-
mo lunicita compatta sotto la condizione di una forma debole di pseudo convessi-
ta. Questo si collega ai risultati noti in ipotesi di pseudo convessita conormale otte-
nutt da Tataru, Hormander, Robbiano-Zuily e L. T'Joen. Il nostro metodo si basa
su di un tipo di trasformazione integrale ed una forma debole di stime di Carle-
man per operatori ellittici degeneri.

Summary. — We study the local uniqueness in the Cauchy problem for Schrédinger or
heat equations whose principal parts are nonnegative. We show the compact
uniqueness under a weak form of pseudo convexity. This makes up for the known
results under the conormal pseudo convexity given by Tataru, Hérmander, Rob-
biano-Zuily and L. T'Joen. Our method is based on a kind of integral transform
and a weak form of Carleman estimate for degenerate elliptic operators.

1. — Introduction and the main results.

In this paper we consider the local uniqueness in the Cauchy problem for
Schrodinger or heat type operators. We consider the following type opera-
tors

1) P, x,3,3,)=D - 2 8@ @) 8,) + 2 bi@) 3y, + clt, @),
where D, is —i3, or 3,, a’* are real valued C' functions with a’* = a", b, are
real valued L, functions, and ¢ is a complex valued L, function.

Let S be an oriented C? hypersurface S = {(t, ) e R X R"; () = () }
(V,¢(xy) = 0) which is noncharacteristic for P(t, x, J;, d,). Since the problem
is of local nature, we may assume x,=0.

We shall denote by p, the principal symbol of P(t, x, J;, 9,), pa(x, &) =
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o’ () E;&;, and by H,, its Hamiltonian, H, = >, (ai ° o 9 )
J, k =1

1 36, ow,  ow 3,

7Let us introduce now the main assumptions.
2 pe(w, §) =20, for £eR", ve{reR"; ¢x) <¢(0)},

(t, ) —c(t, x) is C* function in V),
3) and there exists a positive 7, such that ¢ can be extended

as the function c(z, ¥) holomorphic in |z| <,

One can find positive constants C;, C, such that

) H} ¢, &)+ Cips(, &) = C;

n 2
Suwel,
for £eR", xe {xeR"; ¢(x) <@(0)}.

The assumption (4) is essentially a weak form of pseudo convexity. Our
uniqueness result is the following one (compact uniqueness).

THEOREM 1. — Let P(t, x, 3;, 9,) be a differential operator of type (1) m a
neighborhood Q of the origin in R"*1 satisfying (2), (3) and (4). Asswme that
Vis a sufficiently small neighborhood of the origin in R"*! and u e Hy\.(V)
satisfies Pu =0 in V and ¢(x) < ¢(0) in suppu. Moreover suppu N {(t, x) €
Vi ¢(x) = ¢p(0)} is compact in {(t, x) e V; ¢p(x) = ¢(0)}. Then there exists a
neighborhood W of 0 e R"*! where u = 0.

Let us remark that, using the result of [10] on estimation of some commu-
tator, it would be possible to weaken the analyticity assumption (3) to some
Gevrey class. However we will not pursue this idea here.

As usual, Theorem 1 will be proved by means of a Carleman estimate that
we describe now. From the fact that S is noncharacteristic, we may assume
¢,,(0) =0, where x=(x',x,)e R""1x R. We introduce new variables
(s,y', yu) given by

s=t, y' =x', Y,=¢0)— ).

Next we make another change of variables to get rid of cross terms between
. jk .
y’ and y,,. Since X a’*(x, y) ;& = 0, we have ‘ > <CXa’§;&;. Un-

o
o, éj
der these transformations, our hypothesis (2), (3) and (4) remain invariant (see
L. Nirenberg [6], p. 215).
Therefore we have only to consider the problem for the following operator
and assumptions.
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Let P(t, x, y, 9, 9., 9,) be the operator on R, x R, x R} ! given by

n—1

1 ~ )
() P(t,x,y, 8,8, 8,) = ——Di— 85— 2 9,(a(x,y)3,)+
’ alx, y) k=1 "

)

n—1
12_11 b, 1) 8, + b, (x, ) 8, + c(t, @, ),

where a(x, ¥) and a’(x, y) are real valued C! functions with a(0, 0) =0,
a’*=a", b(x,y) are real valued L% functions, and c(t, x, y) is a complex
valued L, function.

The assumption (2) is equivalent to

n—1 .
(6) > a* e,y nin,=0, for x=0, neR"" L
Jy k=1

The assumption (3) is not changed (c(t, x, y) is analytic in ¢) and suppucC
{(t, x, y); ®=0}. The assumption (4) becomes

HS ( A(a’(x, ¥))

Jyk=1

n—1 2

) ,:Elbl@c, Nl

+ Cya(, y)) nine=Cy

ox
for x=0, neR" 1.

Then we can state the following result.

THEOREM 2. — Let P(t, x, y, J;, 0., 9,) be a differential operator of type (5)
satisfying (3), (6) and (7). Then there exist a small k >0, a large T, and a po-
sitive constant C such that with y(x) = (x — 6k)* — (6K)* we have

1 ~Lp,2 ~Lp,2
®) femm(ETSKﬂe z,lDt‘u|2+§|e 2 1] ux|2)dtdacdyS

1 g w2
Cfe””(”) |e_3|D‘|ZPu|2dtdxdy+Ce_7f|u|2dtdxdy,
for all ©>1 and all weCy* (Bx) with suppue {(t, x, y); x=0}.
4

Let us now compare our result with the other works on this subject. First
of all, the weak pseudo-convexity condition (4) has been considered by Niren-
berg [6] in his work on degenerate elliptic operators with C'” coefficients (see
also Colombini-Del Santo-Zuily [1]). When the coefficients are smooth and
moreover analytic with respect to some variables, Tataru introduced new
pseudo-convexity and principal normality conditions taking in accounts the
partial analyticity and he proved uniqueness results assuming these condi-
tions in [11]. He developed the idea given by Robbiano in [7]. However his ana-
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Iyticity assumption was of global nature and his work has been extended by
Hoérmander and Robbiano-Zuily under local analyticity assumptions. Later on,
L. T’Joen [5] extended the above results to quasi-homogeneous operators.

In the case of Schrodinger operator, of type (1), if the coefficients are ana-
Iytic with respect to x, then true uniqueness follows from the work of L.
T’Joen [5]. For operators of type (1) (heat or Schrodinger), if p, is elliptic and ¢
is analytie in ¢, then true uniqueness follows from Hérmander’s or Robbiano-
Zuily’s work.

Therefore our aim is to weaken the ellipticity of p, to a degenerate elliptic
condition, assuming a Levi type condition on the lower order terms.

Our plan in this paper is as follows. In Section 2 we give a Carleman-type
estimate for a degenerate elliptic operator proved by Nirenberg in [6]. In Sec-
tion 3 we review the properties of FBI transform as Hormander in [4] in order
to make use of the analyticity of coefficients. Finally in Section 4 we can prove
Theorem 1 and Theorem 2 by using the estimates given in Section 2 and Sec-
tion 3.

The author would like to express his sincere gratitude to Professors Yujiro
Ohya and Shigeo Tarama for their valuable advice and conversation. The au-
thor also express his sincere gratitude to Professors Claude Zuily and Yoshi-
nori Morimoto for their precious comments and advice for this paper. The au-
thor also would like to thank Professor Ferruccio Colombini who helped in
preparing the Italian summary.

2. — Carleman estimate for a degenerate elliptic second order operator.

In this section we shall prove a Carleman-type estimate for a degenerate ellip-
tic second order operator following Nirenberg [6]. Before stating the lemma
we introduce some notations. We set

n-—1 .
) A(x,y, 3, 0,) =95+ kE 1<5?y7.(cﬂk(ac, ¥)3,,),
j k=1 "

n—1
(10) Ry(x,y, 9,, 9,)) = 12'1 b(x, y) 3, +0b,(x, y) 9,.

The Carleman estimate for a degenerate elliptic second order operator is the
following one (see Theorem and Section 3 in [6]).

THEOREM 3 [6]. — Let Q be a neighborhood of the origin in R"*1. One can
find C>0, ,> 0 such that for all 6 € (0, d,) there exists ©(d) > 0 such that,
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with y(x) = (x — 0)? — 0%, and du = dtdxdy we have

(11) fe“/’“”)(t?’(x— 0% 0|2+ % |vx|2) du <

Cfenp(x) |(—A(.%', Y, Oy, ay) + Ry (x, Y, O au))1)|2d,u ’

for all T>1(5) and ve C*(R) such that suppvc {(t, x, y) e R"*1; |t]| <0,
, |ly| <0}

Osx<

Y%

For the sake of completeness we give the proof of this results.

T

PROOF OF THEOREM 3. — Let us set w=ez""v.
Then
v, = 9,(e ﬁwmw) =e ém(ax - %wx(x)) w
—e "8, — t(x—0) w.
V=€ ‘5"’“)(3% —21(x—0) 9, + (@ — 0P -1 w.
Thus

Zy(x)
ez A(x,y, 9y 9)v=
n—1

Wy — 27 = O) w, + (P =P —Dw+ X 3, (a3, w)=Qw.
j k=1 "

We write Q = @, + @, where

n—1
Q=032+~ 0rP+ 2 9,(a%3,),
k=1 "

j
Q:=-21(x—9)9,—T.
Then
lQuIF = (@ + 1) w+ (Q = 1) w,(Q + 1) w + (Q; — 7) w) =
(@ + ) wl? +2 Re ((Q + 1) w, (@ — 1) w) + (@ — 1) wl =
4 Re((Q1 + 1) w,(Q — 7) w).
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On the other hand
2 Re{w,, (x — 0) w) = —(w, w),
2 Re(wy,, (x — 0) w,) = —(w,, w,),

2Re((x — 6w, (x—95) w,) = — 3((x — 6w, w),
and
n—1
2 Re< > 9, (aw,), (@~ o) w> =
e o .

n—1

da’*

((aﬂ‘wyk, w,,) + <(ac —0) —w,,, w%>) )

=~

Jik=1 ox

By combining above inequalities, we have
||Q7/U||2 = —87 Re <wxxv (90 - 6) wac) —87 Re <wxfc9 w>

—873Re (& — 0w, (x — ) w,) — 8TRe ((x — 6w, w)

n—1 n—1
—87 Re < j7;18yj(a-ikwyk), (x—0) ww> — 87 Re < jy;law(ajkwyk), w>

—87*Re(w, (x — ) w,) — 8t*(w, w)

=127¢(w,, w,) + 4 (r*(x — 8)* — %) w, w)

n—1 ) aajk
+4r( kz ((afkwyk, Wy,) = <(x —0) —w,, w,h>))

k=1 ox
= 10w, w,) + {w, — (€ — 3) w, w, — t(x — ) w)

+{(273(x — 0)* — 41%) w, w)
n—1 ' aa-ik
+47 (j ;;1<a-7kwyk, w?/j - <(90 - 5) %wyk’ w%>)
> ferw(ac)[r|vx|2+ 13(90_ 6)2 |7)|2

n—1 ‘ 8(1]7“
+47 X, (a-7’“vykv_y].—(x—é)a—v v_)]dﬂ.
X

ik=1
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In above calculation we use the triangle inequality
20wy, W) = {w, — t(x — 8) w, w, — t(x — ) w) — 2(r(x — d) w, ©(x — I) w),

and the fact that 3(x — 6)? — 47* = 0 if 7 large enough, since |x| < g on the
support of v.
It follows that

n—1

| da "
fe“/’(“) 23— OF |02 + t|v, |2 + 4T D) o — (2 —0) ) du <
k=1 ox Uy

fen/;({c)l _A(x’ y, ax, 3y)v|2dﬂ .

On the other hand
fe“”(’” | —Ax, y, 8., 8,) v|*du <

2 [em® | - A, y, 8,, 3,) v+ Ri(x, ¢, 8,, 8,) v|>du +

4 fezw(x)(

n-—1 2
121 bz, ) v, | +|b,(x, y) vx|2) du

Then

fenp(x)[Ta(x_ OF [v]2+ (1’—4 sup | b, (x, ¥) |2) v |+
€,y

n—1

ik
4t > (aak (w—0) 24 ) o

]d,us

2 ferw(%)l _A(QC7 y) axa ay)U+R1(9€, ?/; ax’ ay)v|2dp¢ :

2 b(x, y) v,

Jyk=1

By the assumption (7), for large 7

n—1

3 ik n—1 2
4r2 a’* — (x — 6) ¢ 0, —4 Zbl(m,y)vyl =
! =1

j k=1
n—1 ”
A 1\ da’
Z[ﬁl(r—&)a]k—i—él(—r(x 0)— — )L]W;—_ 0.
j k=1 C, Cy, /) Ox

The proof of Lemma 1 is completed by making 7 large enough and 6 >0
small enough. =
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3. — Fundamental properties for an integral transform.

In this section we review the properties of an integral transform studied by
L. Héormander [4] and D. Tataru [11]. We consider the following operator act-
ing on L%(R),

1 2 2 _z *82
Q*wa' u(t):f(i) e 2" )u(s)ds, teR.
s 21

A simple computation yields

!
_1p, 2 D _ L p,2
e =P (tlu)=(t+z—t)e 1Py
T

We introduce the new operator associated with ¢ + ¢D,/r. We fix a cutoff
function y e Cy”(R) such that 0 <y <1, x(t) =1 when |t| <1, and x(¢) =0
when |t| =2. For x>0 we set
D, ) D,

Xk(t,Dt)=x(£)t+ix(—

KT T

In what follows L? will mean L2(R) and S(R) will denotes the Schwartz

space
Thanks to the next lemma we can regard D, as a lower order term.

LEMMA 1. — (2) For any k>0, t>0, we have
D,\ D
()5
KT ) T

(12) For any x>0 there exists to(k) >0 such that for ©>1,(k) we
have

o [foer{2)) 2t

KT T

<2 W, Wesr).

TKZ
LZSe_THwHLz, we S(R).

ProOF OF LEMMA. — 1. — We denote by &, the dual variable of ¢ in this
section.
By the definition of ¥ we have

J[2) el e

KT kt

Then the estimate (12) follows from Parseval’s formula.
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Let us prove (13). We have only to prove

2 ‘!K2
(1= 2)) Lo 2o,
KT T

On the support of 1 —y (é> we have |&,|= k. This implies
KT

2
- 2__>_ — K ;ti_
|§o| 5 150l |§o| 1 1601=

Then there exists a positive constant 7,(kx) > 0 such that we have

o) 5t e el 3 e
KT T T

for 7= 14(x).
The proof is completed. =
This lemma implies

1D

~ _1 :
A0 |De 7wl <2xtle TP Pl ve T folle, we S(R).

The next lemma Wlll be fundamental in estimating the commutator bet-

\rl

ween the operator e and the coefficients of our operator.

LEMMA 2. — (7) For k>0 and le N we have
t
aw el(5) ] s wes.
K
(12) For k>0, there exists a 7((k) >0 such that for T > 7y(kx) we have

t EERYAD _
(16) H(l—x(—))t‘e zr'Dt'wH <Ce 7|l weCy(Bx).
K L2 1

ProoF oF LEMMA 2. — The proof of (15) is straightforward. Let us prove
(16). On the support of 1 — ( ) we have |t| = k. For weCy” (Bx)
4

17 e lD’|2 f e 75(#3)2@0(8) ds .

K
|s|<Z

For |t|= K and |s|s§ we have |t—s|2|t|—|s|2|t|—§2%|t|.
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Therefore

1
2

w| < fe’”(t’s)zds lloo|,2 <

3 1

9 9 1,2 z
o [ olh<e (Yl

[s] <=
1

It follows that

1 1 1

t e |2\ z etz \®
(f|(1—x(—))te zrD"Zw‘ dt) s(f) Ilele( ft”e w't'zdt) <
K 2 |t] = K
1
(")En ||
— w7 2
2 L

The proof of Lemma 2 is complete. =

R R i
t?e W dt] e T <Cee T |wle.

|t] =K

The following lemma is due to L. Hérmander (see [4] Lemma 3.5.).

LEMMA 3. — (?) Let f(z) be an analytic function in A= {zeC; |z| <5k},
and L =5 sup |f(z)|. Then
A

(18) f(X(t, Dy)) can be defined by the power series expansion of f(t).

(12) For k>0, there exists a ty(k) >0 such that for v>1,(kx) we
have

a9) [l =" (fwyw - X, Dy e =P u2de <
L2 = [|ul*dt, wueCy (B,
and

(20) [1f&utt, DY wizdt<L? [ |w]?dt, we SR).
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4. — Proof of the main theorems.

The lemmas of Section 3 will be applied to the function t+— u(t, x, y).

Let B, denote the ball of radius  in R *!. We shall first cut off the support
of functions. .

If ueCy(Byy), and v = e =Py then suppv; € {(t, x, y) e R"*;
|(x, y)| <x/A4}. We introduce V(¢, x, y) by

t
'U(t, X, y) :X(;) vl(t7 X, Z/)-

Then the support of v is contained in By,y.
Since

- |Dy|?
v —v=(1—yt/k)e = u,

it follows from Lemma 2 that for v e B, and large t,

@) [ [er ([ n2dt) dedy<z [ [er([ |v]2dt) dedy +
eiéffe“”(‘”)(f |u|2dt> daedy .

We shall prove Theorem 2.
Let ueCy°(Bx). By choosing 6 =6k, we can apply Theorem 3 for
4

t _L t —Lip,
X(_)e =10y, 8x(x(_)e ZTIthu)
K K

£\ _Lipp
(A, y, 8,, 8,) + Ry (x, y, 3, ay))x(}) o T,

_ipe
v =yx(t/K) e =Py,

2

fe (@) [r3 (x—6K)?

Cfenp(x)

Since y(t/x) and e
Ry(x, y, 9,, 9,), we have

T 2
+ T dus<
2 ]”

2

du .

_1 2
- 1Dl

are commutable with -A(wx,y, 9,,9,)+

fe““”(ﬁ(x—(izc)z |v|%+ % |vx|2) du <

¢ [ e e 5P (A, y, 8., 9, + RuCe, g, 8, 8,))ul2d
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On the other hand

e =" (~Ale, y, 8,0 8,) + Ry, 4, 8,, 8, ul*<

1

_b 2 _ 2 o _ 1 2
2l = PTD,—A+Ri+ o) ul+4ale = D2+ e = eu)?).

We get

fe“/’(”)(ﬁ(ac—GK)Z |v|%+ % |vx|2) du <

1 2 _1 2 o _1 2
C[fer1/,v(x)|e;Dt| Pu|2dﬂ+fem/z(.r)|e > | D4l Dtu|2dﬂ+ferz/)(x)|e o |Di] Cu|2dﬂ:| .
By (14) we have

@ |, 1DEF e ) —IDi? o
fe’”|e e Dy du=fe‘”/|Dte w7 | du =
_Lip2 _1ip2
ffe“”(““)(fwte 2 |01 u|2dt) dacdySC(ZKT)sze“”(”)(fw 2 1 u|2dt) da dy +
TKZ
Cee 7 [ [ [ |u|?dtdedy,
and by Lemma 3 we have,

-Lip,2 2
Jer@ e =" ett, 2, ) u|?du <

w2

[ [e ] [ 1t D, o,y e =" upde+ 1205 [ ul?dt] dwdy <

Lfoewm[f|e*%")f'2u|2dt+e*§f|u|2dt] dady .

By combining these inequalities, we get

T -Lip?
fe“/’(“’)(rg(oc—GK)2|v|2+§|vx|2) dy$CfeW('”>|e = P P2 du +

1 2 712
(C(2m)2+L2)fef¢<x>|e*Z'Df‘ w|du+ C(L, k) e Zfe“/’(”)|u|2dy.

Then, since we have |x — 6k| = ;K on the support of v, using the inequali-
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ty (21) between v; and v, and taking 7 large enough, we get

T
ferw(x)(lﬁKZ |1)1|2+ E |le|2) d//t$

w2

_1 2 —
Cfe“”(x)|e 7 |2l Pu|?du+Cee fe“”(”)|u|2d/,t.
Therefore Theorem 2 is proved. =

In order to prove our uniqueness result, Theorem 1, we shall make use of
the following lemma.

LEMMA 4. — Let w e L2(R"*') with compact support, and ¢ € C*. If there
exist To>0 and C >0 such that

1
|

(22) Jle =
then w=0 on {(t,x,y)eR" "1 ¢(t, x, y) >0}.

2
Dil e?u|tdtdedy<C, 1>1,,

The proof of Lemma 4 can be seen in [11] and [4] (see Proposition 2.1 in [11]
and Proposition 4.1 in [4]).

By approximation the estimate in Theorem 2 is extended to all u € H' with
PueL?, and suppuC Bg.

Let 2 bein C*(R) with 0 <k <1 such that 2(x) =1 when x < ¢, and i(x) =
0 when x =2¢, where ¢ is a small enough positive constant.

Since suppu N {(t, x, ); x =0} is compact, we have hue H?, supp (hu)
B,s.

So we can apply Theorem 2.

[ee e = Py 12 dtdedy < [e® | P |*dt dedy <

Cferzp(x) I[P, h]u|2dtdxdy+0few(”) |(hPu) |*dt dx dy .

On the support of [P, &] u, there exists a & >0 such that Plx) < — d<0.
The second term in the above inequality is equal to zero by using Pu = 0 near
the origin. Therefore there exist 6 >0 and 7, such that

23) fef<W>+°‘> le =P () Pdtdedy<C, >,

By Lemma 4, hu =0 on {(¢, %, y) e R"*!; w(x)+6>0}.
This implies # =0 near the origin. Therefore the proof of Theorem 1 is
completed. =
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