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On the Variance Associated to a Family of Ovaloids in the
Euclidean Space E;.

GIUSEPPE CARISTI - GIOVANNI MoLicA Biscl

Sunto. — In questo lavoro si cosidera una variabile aleatoria n associata a un sistema di
ovaloidi indipendenti e uniformemente distribuiti nello spazio Euclideo tridi-
menstonale ed a un fissato corpo convesso K.

Summary. — In this paper we consider a random variable n arising from an intersection
problem between a fixed convex body Ky and a system of random independent and
uniformly distributed ovaloids in Es.

1. — Introduction.

Let us consider E3 be the Euclidean three dimensional space of coordinates
21,22, 23. The elementary Kinematic measure in E3 is given by the following
formula

) dK = dP A dQ Ady,

where dP = dx; A dxe A dag, dQ = |sinf|dp A df is the elementary measure on
the unit sphere and y is an angle of rotation. We consider a fixed ovaloid K, of
area Sy, volume V and such that the integral of the mean curvature is Hy. Let
now Kj,...,K,, be a family of aleatory (respect to position) independent and
uniformly distributed ovaloids in E3. We assume that K; =K, Vi=1,...,m,
where K is an ovaloid of volume V, area S and such that the integral of the mean
curvature is Hy. We denote by #(r, m) the random volume obtained intersecting »
ovaloids (r < m) in the family {Kj,... ,K,,} and K.
Santal6 show that the mean value of this random variable is given by

m> (8m2V) (872Vy + 2n(SoH + SHy))" "V
r [872(Vo + V) + 2n(SoH + SHy)"

@  EGr.m) - (

When r = m, of course
82V)"V,
[872(Vo + V) + 2n(SoH + SHo)"

®3) E(n(m)) =
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Fig. 1. — A case when (m,r) = (4,3).

In this note we give the expression of the variance (that we denote ¢?) of
n(r,m). When m = » we have the result of Stoka in [6]. We also compute the
mean value E(n(f;,m)n(fs,m)) when ff; < f,. An application is obtained for a
family of cubes of side a and considering as fixed convex body K a sphere X2 of
constant radius Jy.

2. — Main Results.

In all this paper u denotes the Lebesgue measure. With the same notations in
Introduction we can give the Santal6 results

(4) wKN Ko # 0) = 87%(Vy + V) + 21n(SoH + SHy),
(5) wWEKnNKy #0,P e K) =8V,
(6) w(KNKy #£ 0, P¢K) =87V, + 2n(SoH + SHy),

where P € Int(Kj).

If we denote by u(K,7) the measure of the set of segments of length [ entirely
contained in K, using the expression of the elementary Kinematic measure (1) we
have

(7) /u(KmKO#®7P1P2CK):N(KaPIPZ)a

with Pl,Pz S Int(K())
We want to show the following

THEOREM 1. — Let Ky be a fixed ovaloid in Eg of volume Vi, area Sy and with
integral of mean curvature Hy. We denote with F = {Ky, ..., K,,} a family of m
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ndependent, uniformly distributed ovaloids of volume V, area S, such that
KiNnKy#OandK; =Kjfori=1,...,m Weassume that K has integral of mean
curvature H. If n(r,m) is the random volume Vol(Ky N ... N K; ) obtained inter-
secting r < m ovaloids in F, the expression of the variance of this random
variable is

0Ky, K;r,m)

8 2 ) _ <m> ) ARy 1y 7 _ —
®) oG, m) r [SHZ(V() +V)+ Zn(SoH + SHO)}
with

r m—-r Iy
Q(KOaKj;/rvm) :220(.7>< 7,,_]' ) f ¢j(K7maT;A)dG
J= {GNKy#0}

)

B <m ) B2V (872Vy + 2r(SoH + SHy)*" 2" V2
r [872(Vy — V) + 21(SoH + SHy)|"

where dG is the elementary measure of the lines in the Euclidean Space Eg and

2r—2j

&K m.7;2) = [ [ ) [$2V — (K 0)]
00
X [872(Vo + V) + 2n(SoH + SHy) + (K, w)]" ™ u2dudv.

Proor. — We have the following relation
(9) {K/KnKy#0} ={K/KNnKy#0,P; €K, Py € K}
U{K/KNKy #0,P; € K, Py, € K}
U{K/KNKy #0,P1¢K, P, e KFU{K/KNK, #0,P1¢ K, P,¢ K}
Taking the measures we write
uEnNKy #0)=puKnKy#0,P1 € K, Py € K)
+u(KnKy#0,P; € K, Py € K)
+uKnKy#0,P1¢K,Ps € K)+ un(KNKy # 0, P1 ¢ K, Po¢ K)
Now K is a convex body, hence
wEKnKy #0,P €K, P €K) = pu(KNKg #0,P1P; C K).
We have
{K/KNnKy #0,P; e K} ={K/KNnKy #0,P, € K, Py € K}
U{K/KNKy #0,.P; € K,Py¢ K}
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Then
(10) u(KNKo#0,P, e K Pa¢K) = u(KnKy # 0, P; € K)
—u(KnKo # 0,PP; C K);
We can write
w(EKNKy#0,Pr¢ K Pyt K) = u(KNKy #0) — u(KNKo # 0, P; € K)
—uw(KNKy #0,P; € K) + u(KNKg # 0, P1P; C K).

In order to compute the variance we consider the following integral

(11) 1= f dP,dPydK;...dK,,
{K:nKo#0,P1eK(r,m),P2eK(r,m)}

where K(r,m) .= KoNK;,... N K;,.
We have

(12) f dK...dK,, f P, f P, = f 2 (r,m)dK ...dK,,.

(KK 40} (PreK(rm)}  {P2eK(rm)} (K:nKo#0)
That means
(13) 1= f dP,dP; f K, ...dK,,
(PP} D

where
D={{Ky,....K,})K,nNK#0,P €K;,... K;,P1¢K; .,... K, ,
Py c Khla ~~~Kh¢.7P2¢Kh,.+17 L. ,Khm},

with {j1,...,Jm} and {hy,..., h,} permutations of {1,...,m}.
By hypothesis Kj, ..., K,, are independent and equal to an ovaloid K, hence

! iKy...K, = (") JZ_; (;") (ff _D

J

r—j r—j m—2r+j
x f dK ( f dK) ( f dK) ( f dK) ,
{P1P:cK} {P1eK P ¢ K} {P1¢ K PyeK} {P,¢K Py¢ K}
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(’fjj?”) 0.

Taking into account the previous calculations we write

l[ dKy...dK,, = (") ;C) <7:_;> R

[872V — u(K, PiPy)]™ 7 x[87 (Vo = V') + 2n(SoH + SH) + (K, PiPy) ">

where if 2r — 7 > m we put

This means that

=)0 [ PP s - a(k PP

r J r—j

70 {PPack,}
X [872(Vy — V) + 22 (SoH + SHy) + u(K, PrP;)|" Y aP,aps.
But [1]
(14) [dP1dPs) = |ty — t1 P[dGdtydts],

where G is the line for P; and Py, dG is the elementary measure of the lines in the
Euclidean Space, t; (respectively t) the distance between P; (respectively Ps)
and the projection O* of the origin of coordinates O on the line G. We denote with
a and ff the distances between the intersection of G with Ky and O* (as in figure)

Fig. 2.
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1= (" "”O(;T)(”;jj?”) I de f WK, [tz — )}

J= {GnKo£0} @ @
X [822V — u(K, |tz — ta])] "
[872(Vo — V) + 2n(SoH + SHy) + u(K, [tz — )] |ta — t1 Pty dts.

We compute

B
J = [, |tz = 1) [87V — (K, }t2 — ta])]

to

2r-2j

m—2r+j

X [877:2(V0 — V) + zn(Soﬁ + Sﬁo) + ,U(K, t1 — tg)] (tl — tg)zdtl

to |
b [ Kt — 1) 82V — (Kot — 1))

’

X [87752(V0 +V)+ 2n(80ﬁ + Sﬁo) + (K, 4 — tz)]m_zrﬂ(tz — tl)zdtl

t2

/}7 .
_ f (K, )Y [822V — (K, u)]* 7
0

x [872(Vo — V) + 2r(SoH + SHy) + u(K, w)]" ™ udu

tz—(l
[ W& W 87V — (K w)
0

2r-2j

x [872(Vl — V) + 2n(SoH + SHo) + (K, w)]" ™ u2du.

Putting
¢

[, )P [V — ()]

0

2r-2j

X [872(Vo — V) + 21 (SoH + SHy) + u(K, )" > P u2du = f;,(K, m; &).

we write

(15) J=fi(K,m,r;f—tz) + f;(K,m,r t2 — a),
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Hence

B B B
16) [ Jdts = [HKm, i~ t)dta + [ 0K 75ty — )ty =

P
(17) = 2[ (K, m, r;v)d,
0

where 4 = f§ — a is the length of the chord obtained as intersection between K
and G. We denote

(18) &, (K, m, 7 1) = f £(K,m, 7 v)dv.
0

Using this positions we have that

(19) I= 2(“?) Z (;") (ff :;) f 8,(K, m,; 7)dG.

J=0 {GNKy#0}
Then
m\ ~ (7\ (M —7r
@ [ prmak.ak,=2(7)S () (00 [ s
{KinKo#0} =0 {GNKo#0}

where

¢;(K,m,r; ) ff 8n2V u(K u)]%_z‘j

00
x [87%(Vo — V) + 27 (SoH + SHy) + u(K, u)]”1727‘+ju2dudv.
Taking into account that the convex sets Ky, ..., K,, are independents,

@) [ dK.dK,= ( i dK) = [872(Vy + V) + 2n(SoH + SHy) |
{KinKo#0} {KnKo#0}

Definitively the expression of the mean value of #(r, m) is:

17 (r,m)dK;...dK,,

Ki (Z)
(22) B[P, m)] = B2 -
dK;...dK,,
{K;nNKo#0}
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50)(57) [ prenea

=0 {GNKo#0}
[872(Vo + V) + 27(SoH + SHy )™

(23) =
And so we have the assertion. O
In the sequel, we consider the case of two random variables.

THEOREM 2. — Let Ky be a fixed ovaloid in Eg of volume Vy, area Sy and with
integral of mean curvature Hy. We denote with F = {Ky, ..., K,,} a family of m
mdependent, uniformly distributed ovaloids of volume V, area S such that
K;NKy #0andK; = Kfori=1,...,m Weassume that K has integral of mean
curvature H, that n(By,m) is the random volume Vol(KoN ... N Kiﬂl) obtained
wmtersecting f; < m ovaloids in F and that n(fy, m) is the random volume
Vol(K;, n...N Kiﬁz) obtained intersecting fo < m ovaloids in F, with f; < fo.
Then

By

2<Z> Z( ll) (722__%) f ¢ (K;m, 2)dG

=0 {GNKo#0}
[877.’2V0 +V+ 27Z(SOH + Sﬁo)]m

)

24)  E(By,m)n(By,m)) =
with
Ao
(25) ¢Z(K; m, )) :ff(K7 u) [87T2V 7/1(K, u)]ﬁ1+ﬂ2—21
00

X [872(Vl — V) + 2n(SoH + SHy) + p(K, w)]" " " 2 dud,

and where dG 1is the elementary measure of the lines in the 3-dimensional
FEuclidean space.

ProoF. — After a simple calculation

(26) l[ dK,...dK,, — (Z) g@) (W/f;z—_ ﬂ;)

! Bl
x( f dK) ( f dK)
{KNKy£0,P; PyeK} (KnKo#£0,P1 P; ¢ K}
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m—p—Po+l

fo-tl
x( f dK) ( f dK) ,
{KNK,#0.P, ¢ K,PyeK) {KNK,#0,P, ¢ K.Py ¢ K}

()0

if m — f; < By —l and D is union of sets (disjoint sets) of type

where

{{K17'"’KWL}/Kh?""KfﬁBPl;

P1¢Kj ..,Kj 'PQ EKhla---7Kh,. ;Pz ¢Kh7'1+15"'7Khm}7
2

rit1? " m?

where {j1,...,jn} and {h,..., h,} are permutations of the indexes {[,...,m}.
Using Santald’s formulas and the fact that

(27) f dK = /M(K7P1P2)7
{KonK+£0; Py, PoeK}

we obtain
@) [ ik, - () f:(ffl) (") b )

% [872V — (K, PyP3)]| " . [872Vy + V7 + 22(SoH + SHy)

+u(K, PPy )"

then
o - ()Rl G, ]
= PA=ANVAN {Pl,szeKo}ﬂ( )

x 872V — u(K, P1Pz )] (872 (Vy + V)

+27(SoH + SHy) + u(K, PrPy) " " apydpy,
or

oM a B\ (m— By .

oS, L s

=0 {GNKy#0}
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where

(31)  &(K;mA) f f u(K, ) [872V — (K, u)]"
00
x [87* (Vo — V) +27(SoH + SHy) + (K, u)}mfﬂlfﬁﬁluzdudv. O

The struecture of the correlation coefficient is

Em(By, mn(Be, m)) — Em(By, m)Em(By, m))

pn(By, m), n(Bs, m)) := DB ) DBy 1) ,

where

D(n(By,m)) == \/a*((By,m)) and DBy, m)) := /By, m)).

3. — Application.

We assume now that the convex body Ky is a sphere X of constat radius dy
and we take the following integral

Jo= [ G,
{GNZo 20}
where /is the length of the chord obtained as intersection between the line G and

K, and where n € N.
Then

J B n2(250)7l+2
n = n+2) s

see Stoka’s result in [6]. We take a family 7 = {C;,...,C,,} of m independent,
uniformly distributed cubes and C; = C, where C is a cube of side a and such that
CinZo#Dfori=1,...,m

We want to compute

¢j(C, m,r; ) dG.
{GNZo#0}

By Buffon’s problem we have that

W(Zo, 1) = 4n2a? — 6n2al + Smal? — glg.
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Putting l:= (ll, lz, l3, l4, l5),j = (jl,jz,jg,j4) and k := (kl,kz,kg,k4,k5, k@) and
fixing a positive integer » < m we have

¢(J, LK, a,r, oo, m)v*

J=> , :

= N|=20r—)) |k|=m—2r+j

where s = j2 + 2j3 + 3j4 + I3 + 20y + 315 + ks + 2k5 + 3k + 3,

JUR — )m — 2r +j)!

0 Lk a 0. = e ol T Vo Tl Ve s

Y(a, dy),
and

ky
ol 4
¥(a, dp) := 2°8"w'a® <3 ndh — a3> (4ndoa(Brdy + a®)",

obtained putting
a = —(s+ 5 +ke) + 3J3 +J2 + 2j1 + 3l + 2y
+ 13 +3ly + 3k1 + ko + 2k3 + k4 + 3ks,
B =7z + 13+ ka,
V=251 + 2j2 +J3 +Ja + 2l + 20> + 203+
ly + Us + 2k1 + kg + 2ks + 2kg + k5 + ke,
® = 251 + 2jo +j3 + 3l + 2lg + 2l3 + Uy + 2k3 + 2ky + k5.
Then

8(j7 17 k7 a,r, m) s+1

?i(c;ma/ra j~) = Z S(S n 1)

lil= W=20r—)) |k|=m—2r+j

)

Finally we have the following

8(j7 17 ka a,r, m) « 7T2(260)S+3
s(s+1) (s+3)

[ s@mrnic=3

(GNZ£0) =7 M=20—) k|=m—2r+j

From this computation we get, using the same notation of before, the fol-
lowing result

THEOREM 3. — Let Xy be a fixed sphere in Es of constant radius dyg. We
denote with F ={Cy,...,Cp} a fomily of m independent, uniformly dis-
tributed cubes such that C; N Xy £ 0, fori=1,...,m and where C is a cube of
side a. If n(r,m) is the random volume Vol(C N ... N C;,) obtained intersecting
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r < m cubes in F, the variance of this random variable is

(32)

2 _(m 02, C;r,m)
a“(n(r,m)) = (T>

m’
8 [nz (g oy + a3> + 37200 (dom + Za)a}

with

O(Zo, Gy, m) = 22(?) (”:_‘]?”)
7=0

e(3, 1k, a,r,m) n2(230)°
X<ZZ 2. T srD 649

=7 M=20r—)) [k|=m—2r+j

()

2m—2r
82’y (% 20y + 247 (ndy + 2a)50a> <4 ) 2
3
0

8 [nz (g oy + a3> + 3720 (Jor + Za)a} "

Other results about random variables arising from intersection problems be-

tween convex bodies in the 3-dimensional Euclidean Space are investigated in [3].

(1]
(2]
(3]

(4]
(5]

(6]
(7]
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