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Rational Surfaces of Kodaira Type IV (*).

GI01A FAILLA - MUSTAPHA LAHYANE - GIOVANNI MOLICA BiscI

Sunto. — St studia la geometria di una superficie di tipo Kodaira IV descrivendo la
natura delle sue curve integre di auto-intersezione minore di zero, in particolare si
prova che esse sono regolari e razionali. Sotto un’opportuna ipotest si dimostra che il
monoide delle classt di divisori effettivi ad essa associato ¢ finitamente generato e che
m quast tutti i casi il suo sistema lineare completo anticanonico ¢ di dimensione
proiettiva zero e auto-intersezione strettamente negativa. Infine st evidenzia che se
tale condizione non ¢ soddisfatta, il monoide puo non essere finitamente generato.

Summary. — We study the geometry of a rational surface of Kodaira type IV by giving the
nature of its integral curves of self-intersection less than zero, in particular we show
that they are smooth and rational. Hence, under a reasonable assumption, we prove
the finite generation of its monoid of effective divisor classes and in almost all cases
its anticanonical complete linear system is of projective dimension zero and of self-
ntersection strictly negative. Furthermore, we show that if this condition is not
Sulfilled, the monoid may fail to be finitely generated.

1. — Introduction.

For a given three nonnegative integers p, ¢ and r, consider (p + q + r) points
Pi,...,P,,Q1,...,Q4 Ry, ..., R, inthe projective plane Pﬁ with k an algebraically
closed field of arbitrary characteristic such that the points Py, . . ., P, (respectively
Q1,...,Qq, respectively Ry,...,R,) are on a line L, (respectively on a line L,
respectively on a line L,) and such that the plane elliptic curve L, + L, + L, has a
triple point 7'not belonging totheset {P1, ..., Py, Q1,...,Qq, R1, ..., R, }. Hereby
a plane elliptic curve, we mean any nonzero effective divisor on P of arithmetic
genus equals one and we allow P; (respectively @);, respectively R;) to be infinitely
near P; (respectively @, respectively ;) if 7 is greater than j. Now consider the
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surface obtained by blowing up the projective plane at the zero dimensional closed
subscheme {Pi,...,Pp,Q1,...,Qq, R1,...,R,.}. Such surface will be called
throughout this paper a rational surface of Kodaira type IV associated to the in-
tegers p, q and r and will be denoted by X, , ) or simply by X if there is no need to
stress on the integers p, ¢ and r and we refer to it as a surface of Kodaira type IV.

One may ask the following question: Is the monoid M(X(, ) of effective
divisor classes on X, ,, finitely generated? The answer is that the finite
generation of M(X,,,) need not to hold. Indeed, it depends not only on the
concrete values of p, ¢ and » but also on the positions of the points
Pl,...,Pp,Ql,...,Qq,Rl,...,andRT.

For ¢ = » = 0 (respectively » = 0), we obtain the classical examples of the
blow up the projective plane at collinear points (respectively at smooth points of a
degenerate conic) and for these the finite generation of the monoids of effective
divisor classes is achieved. For p, ¢ and r big enough, the anticanonical complete
linear system | — Ky, | is reduced to a singleton, where Ky, denotes a ca-
nonical divisor on X, 4. It then follows that —Ky,  is neither ample nor nu-
merically effective. Hence one can not use the Mori theory in the first case and
the recent obtained results in the second case in order to ensure the finite
generation of the monoid. Here a divisor D on a smooth projective surface S is
said to be ample (respectively numerically effective) if the integers D? and D.C
(respectively D.C) are larger than zero (respectively larger than or equal to zero)
for every nonzero effective divisor on S. The finite generation of the monoid of
effective divisor classes of a smooth projective rational surface Z with an an-
ticanonical divisor —K such that K% > 0is completely understood, see [15], [16],
[13], [14], [7], [5], [9], [10], [11], and [12]. If K% < 0, only some few cases are
known, and in these cases there are only some sufficient conditions which are
given in order to ensure the finite generation of the monoid. See also [2] and [3].

In this work we give a sufficient arithmetical condition which ensures the
finite generation of a rational surface of Kodaira type IV. This condition depends
only on the number of points to be blown up. Our result is the following:

THEOREM 1.1. — The monoid of effective divisor classes modulo algebraic
equivalence on a rational surface of Kodaira type IV associated to the integers p,
q and r 1s finitely generated if pgr — pq — pr — qr < 0.

As a consequence, the following result holds:

COROLLARY 1.2. — With notation as above. For the integers p > 4, ¢ > 3 and

1 1 1 . . ..
r > 2 such that —+ -+ o > 1, the monoid M(X,4.) of effective divisor classes

modulo algebraic equivalence on X, 4, 1s finitely generated by the set of ( — 1)-
curves, ( — 2)-curves and the three fixed components of the anticanonical divisor

of Xp.q.-
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As another corollary, we get the well known and classical result:

COROLLARY 1.3. — The monoid of effective divisor classes on the surface
obtained by the blow up the projective plane either at the smooth points a
degenerate conic or at collinear points is finitely generated.

Here we give an example in which the 3-tuple (p, q, ) satisfies the equality

1+ ! —i—1 = 1. This example provides also a surface of Kodaira type IV with a

p q
minimum Picard number, that is ten, for which the finite generation of the

monoid fails.

EXAMPLE 1.4. — Consider the rational surface X333 of Kodaira type IV
such that the three ordinary points are sufficiently in general position. In this
case one may observe that — K3 3 3 is numerically effective (i.e., the intersection
number of K333 with any effective divisor on X3 33) is larger than or equal to
zero) and there are three smooth rational curves of self-intersection —2 on
X .33 Henceforth by [7] there are an infinite number of smooth rational curves
of self-intersection —1 on X(333). It then follows that the monoid of effective
divisor classes on X334 is not finitely generated.

The paper is organized as follows: section 2 gives some standard facts about
smooth projective rational surfaces and fix our notation. Section 3 sates some
general results about the integral curves of strictly negative self-intersection
on anticanonical rational surfaces, i.e., those smooth projective rational sur-
faces carrying an effective anticanonical divisor. Section 4 contains a proof of
Theorem 1.1.

2. — Preliminaries.

Let S be a smooth projective rational surface defined over an algebraically
closed field of arbitrary characteristic. A canonical divisor on S, respectively the
Picard group Pic(S) of S will be denoted by Kg and Pic(S) respectively. There is
an intersection form on Pic(S) induced by the intersection of divisors on S, it will
be denoted by a dot, that is, for x and ¥ in Pic(S), .y is the intersection number
of x and y (see [8]).

The following result known as the Riemann-Roch theorem for smooth pro-
jective rational surfaces is stated using the Serre duality.

LEMMA 2.1. — Let D be a divisor on a smooth projective rational surface S
having an algebraically closed field of arbitrary characteristic as a ground field.
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Then the following equality holds:
B(S, 05(D)) — h(S,05(D)) + h*(S,05(Ks — D)) =1 + %(D2 — D .Ky),

Os(D) being an invertible sheaf associated to the divisor D.

Here we recall some standard results, see for instance [6], [8], and [1]. A
divisor class  modulo algebraic equivalence on a smooth projective rational
surface Z is effective respectively numerically effective, nef in short, if an ele-
ment of & is an effective, respectively numerically effective, divisor on Z. Here a
divisor D on Z is nef if D.C > 0 for every integral curve C on Z. Now, we start
with some properties which follow from a successive iterations of blowing up
closed points of a smooth projective rational surface.

LEMMA 2.2, — Let * : Pic(S) — Pic(S") be the natural group homomorphism
on Picard groups induced by a given birational morphism n : S' — S of smooth
projective rational surfaces. Then n* 1s an njective intersection-form preser-
ving map of free abelian groups of finite rank. Furthermore, it preserves the
dimensions of cohomology groups, the effective divisor classes and the nu-
merically effective divisor classes.

ProoF. — See [6, Lemma II.1, page 1193].

LeEMMA 2.3. — Let x be an element of the Picard group Pic(S) of a smooth
projective rational surface S. The effectiveness or the the nefness of x implies the
noneffectiveness of Ks — x, where Kg denotes the element of Pic(S) which con-
tains a canonical divisor on S. Moreover, the nefness of x implies also that the
self-intersection of x is greater than or equal to zero.

PrOOF. — See [6, Lemma I1.2, page 1193].

3. — Integral Curves on Anticanonical Rational Surfaces.

In this section, we give some elementary properties of integral curves on a
fixed anticanonical rational surface (see below for the definition). Then apply
these to the case where Z is of Kodaira type IV.

DEFINITION 3.1. — Let Z be a smooth projective rational surface having Kz as
a canonical divisor. Z is anticanonical if the sheaf Oz( — Kz) has a nonzero
global section.
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Here are some standard kinds of curves on a surface.

DEFINITION 3.2. — Let Y be a smooth projective rational surface having Ky as
a canonical divisor and let I be an integral curve on Y. I' is a ( — 1)-curve
(respectively a ( — 2)-curve) if I is a smooth, rational and of self-intersection —1
(respectively of self-intersection —2).

The following describes the nature of integral curves on an anticanonical
rational surface.

PROPOSITION 3.3. — Let Z be a smooth projective anticanonical rational
surface having Kz as a canonical divisor and let I' be an integral curve of
strictly negative self-intersection on Z. Then except a finite number of cases, I'
1s either a ( — 1)-curve or a ( — 2)-curve.

ProoF. — Applying the adjunction formula to I” and taking into account that
there exists a nonzero effective divisor which is linearly equivalent to —K give
the inequality I".Kz < 0 except maybe for a finite number of integral curves.
Hence, I is either a ( — 2)-curve (in the case where I".K; = 0) or a ( — 1)-curve
(in the case where I".K; < 0).

As a consequence, the following result holds.

COROLLARY 3.4. — Except at most three number of exceptions, every integral
curve of strictly negative self-intersection on a surface of Kodaira type IV is
either a (— 1)-curve or a ( — 2)-curve.

We also need the following result:

LEMMA 3.5. — The monoid of effective divisor classes modulo algebraic
equivalence on an anticanonical smooth projective rational surface X is finitely
generated if and only if X has only a finite number of ( — 1)-curves and only a
finite number of ( — 2)-curves.

ProoF. — See [12, Corollary 4.2, page 109].

4. — Proof of Theorem 1.1.

In this section, we present a proof of the Theorem 1.1 stated in section one. To
do so, we need to give explicitly the lattice structure of Pic(X(, ). Firstly, the
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integral basis
(Eoi—Er ...,
is defined by:

L L
=& =&)Y, ..

Ly, _ oLy Ly
L —Ebn gl g,

e & is the class of a line on the projective plane which does not pass through

any of the assigned points Pq,...,Pp;Q1,...,Qq; Ry, ..., R, in consideration,
5 " is the class of the exceptlonal lelsor correspondmg to the i~ point
blown- up P; foreveryi=1,...,p,
o £ is the class of the exceptional divisor corresponding to the j~* point

blown-up Q; for everyj=1,...,q,

. 6’[}:" is the class of the exceptional divisor corresponding to the 2~ point

blown-up Rj, forevery h =1,...,r

The class of a divisor on X, ,,) will be represented by the (1 +p + q + 7)-

tuple
(a; bf

L, L Lo, 1L L,
by b by by, by

Secondly, the intersection form on Pic(X(, ,,)) is given by:

e &=1= —(5{7”)2 = —(8;")2 = —(5{;")2 foreveryti=1,...,p,j =1,...,qand
h=1,...,7;

. 51[7”.5{.7’” =0 for every i,7 = 1,...,p, with 7 # 7/;

o £ =0 for every j,j =1,...,q, with j # J’;

. EL" 85]’ =0foreveryj,j/=1,...,r,with h £ I/;

o EEN =EN =gl g =0 for every i=1..p, j=1...q,
h=1,..

o &. 5 "= 0.8 = &L = 0foreveryi=1,...pj=1,....,qh =17

. L, L, oL L

REMARK 4.1. — we observe that if the class (a;0)",...,b,";b",...,b,";
bf’, ..., bk is effective, then it represents the class of a projective plane curve of
d . RTI Lp LP . q Lq

egree a and having at least multiplicity b,", ..., b," (respectively, b,", ..., b," and

df", ..., dE7) at the points Py, ..., P, (respectlve Q1,...,Qqand Ry, ..., R,). Also we

note by assumption that the classes &o, E r
smooth rational curves on X, 4 ).

,Sfl‘" need not to be the classes of

From the above Lemma (3.5), to prove the finite generation of M (X, ), it
is sufficient to prove that the set of (— 1)-curves and the set of ( — 2)-curves
are both finite. To do so we first show that the set of ( — 1)-curves on X, , )
is finite. Indeed, let E be a general (—D-curve on Xg,, and let
(a; bf”, .. .,bf,”; bf’?, .. bq",lflL e ) be the (1 + p + g + r)-tuple associated
to the class of £ in the Picard group Pic(Xy q.) relative to the integral basis
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(Eo; —Ef”, ceey —Eﬁ”; —8%", ey —85’7; —é‘[f”, ceey —57[:"). Since E is general, it fol-
lows that the degree a>1. From the two equalities E? = —1 and

E Ky,,, = —1, one may obtain the following two equalities:

41) G2+ O+ O+ G+ G O = 1,
42) @—b" — ... —b)+@—b = byt @—b— . b =1.
Hence either the following case which we refer to as the case 1,

43) B2+ O+ I+ G+ G O = a1,

and

(44) B b =a—1,

and

(4.5) b bl =0l b=,

or the following case which we refer to as the case 2

(4.6) B2+ .+ O+ @+ G+ G O = a1,

and

(47) bt b 4B —a—1,

and

(4.8) B b b = b b =,

or the following case which we refer to as the case 3

(4.9) B 4.+ O P + G o+ G+ OEP 4+ O =a? 41,

and

(4.10) by + ...+ b =a—1,

and

(4.11) B 4+ b =B+ b =
holds.

It follows that if either p, ¢ or r vanishes, then a also vanishes. So we may
consider the integers p, ¢ and 7 to be all not equal to zero. Assume that we are
in the case 1, and consider the new scalars (af[))ie{l,,.up}’ (/)}L jeq1,...qy and



748 GIOIA FAILLA - MUSTAPHA LAHYANE - GIOVANNI MOLICA BISCI

a—1

(Vi”‘)he{l,u.m} defined by af” = biL’” — foreveryi=1,...,p, ﬁjL" = bf" —gfor
everyj=1,...,q, and yﬁ = bﬁ” —%for every h =1,... 7.
Then the equations (4.3), (4.4) and (4.5) give

(412) @+ 4 @G+ B+ 4 G+ OFF L+ GF)

—1+a2—7—?—77
and
(4.13) W ay =0,
and
(4.14) VBl =0,
and
(4.15) Pyl =0,

It follows then from the equation (4.12) that a is bounded. With the same method,
we prove that a is bounded in the case 2 and in the case 3.

Now we proceed to prove that the set of (—2)-curves on X .y is
finite. Indeed, let N be a general (—2)-curve on Xg,,. Let
(@; b7, .. bbb ke blr bEr) be the (1+ p + ¢ + 7)-tuple associated to
the class of N in the Picard group Pic(X(, ) relative to the integral basis
(Eo;—Er, .. —Ebrs—gl gk gl _gln). Since N2=-2, it fol-
lows that the degree a>1. From the two equalities N?>= —2 and
N.Ky,,, =0, one may obtain the following equalities:

(4.16) B2+ O+ G B+ G O =R+ 2,
and
(4.17) Ry R R R )

It follows that if either p, ¢ or r vanishes, then a also vanishes. Consequently,
we assume that p, ¢ and » do not vanish. From the two equalities (4.16) and (4.17),
one may obtain the following three equalities:

(418) BV 4.+ O + OF P .+ O+ O .+ O = a® +2,
and

(4.19) b 4. by =,
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and
(4.20) b+ b =a,
and
(4.21) b b =
We claim that the integer a is bounded. To see this, we argue as follows.
Define xiLP, ijq and z#‘ foreveryi=1,...,p,foreveryj =1,...,q and for every
h=1,...,r as follows.
Ly L, _ g
(4.22) xi = (b} p),
and
L L, @
= - -2)
and
L _ (3L, @
(4.24) g = (o ).
Then the equations (4.19) and (4.21) become respectively:
(4.25) w4 =0,
and
(4.26) Y4+ yh =0,
and
(4.27) i | )

Whereas the equation (4.18) gives the following equation:
(4.28) @+ . @ G G G 4 G
P N
p q r’

which implies by our assumption that the nonnegative integer a is bounded.

REFERENCES

[1] W. BarTH - C. PETERS - A. VAN DE VEN, Compact Complex Surfaces, Berlin,
Springer (1984).
[2] G. FAILLA - M. LAHYANE - G. MOLICA BiscI, On the finite generation of the monoid of



750 GIOIA FAILLA - MUSTAPHA LAHYANE - GIOVANNI MOLICA BISCI

effective divisor classes on rational surfaces of type (n,m), Atti dell’ Accademia
Peloritana dei Pericolanti Classe di Scienze Fisiche, Matematiche e Naturali Vol.
LXXXIV, C1A0601001 (2005) Adunanza del 28 novembre 2005, 1-9.

[3] G. FAILLA - M. LAHYANE - G. MoLICA Biscl, The finite generation of the monoid of
effective divisor classes on Platonic rational surfaces, Proceedings of the 2005
Marseille Singularity School and Conference, 565-576, CIRM, Marseille, France.
World Seientific Publishing Co. 2007.

[4] B. HARBOURNE, Blowings-up of P? and their blowings-down, Duke Mathematical
Journal, 52, No. 1 (1985), 129-148.

[6] B. HARBOURNE, Rational surfaces with K2 >0, Proceedings of the American
Mathematical Society, Vol. 124, No. 3 (1996).

[6] B. HARBOURNE, Anticanonical rational surfaces, Transactions of the American
Mathematical Society, Vol. 349, No. 3 (1997), 1191-1208.

[7] B. HARBOURNE - R. MIRANDA, Exceptional curves on rational numerically elliptic
surfaces, Journal of Algebra, 128 (1990), 405-433.

[8] R. HARTSHORNE, Algebraic Geometry, Graduate Texts in Mathematies, Springer
Verlag (1977).

[9] M. LAHYANE, Exceptional curves on rational suvfaces having K? > 0, Comptes
Rendus Mathematique, Vol. 338, Issue 11, 1 (2004), 873-878.

[10] M. LAHYANE, Rational surfaces having only a finite number of exceptional curves,
Mathematische Zeitschrift, Vol. 247, No. 1 (2004), 213-221.

[11] M. LAHYANE, Exceptional curves on smooth rational surfaces with —K not nef and
of self-intersection zero, Proceedings of the American Mathematical Society, 133
(2005) 1593-1599.

[12] M. LAHYANE - B. HARBOURNE, Irreducibility of —1-classes on anticanonical rational
surfaces and finite generation of the effective monoid, Pacific Journal of Mathe-
matics, Vol. 218, No. 1 (2005), 101-114.

[13] E. LoowENGA, Rational surfaces with an anticanonical cycle, Annals of Mathe-
matics, 114, No. 2 (1981), 267-322.

[14] R. MIRANDA - U. PERSSON, On Extremal rational elliptic surfaces, Mathematische
Zeitschrift, 193 (1986), 537-558.

[15] M. NAGATA, On rational surfaces, 11, Memoirs of the College of Science, University
of Kyoto, Series A, 33, No. 2 (1960), 271-293.

[16] J. ROSOFF, Effective divisor classes and blowings-up of P?, Pacific Journal of
Mathematics, 89, No. 2 (1980), 419-429.

Gioia Failla: University of Messina
Department of Mathematics C.da Papardo, Salita Sperone 1-98166, Messina. Italy
E-mail: gfailla@dipmat.unime.it

Mustapha Lahyane: Jalisco s/n, Mineral de Valenciana C.P. 36240,
Guanajuato. Gto., Mexico
E-mail: lahyane@cimat.mx

Giovanni Molica Bisci: University of Reggio Calabria,
Faculty of Engineering, Via Graziella (Feo di Vito) I-89100 Reggio Calabria. Italy
E-mail: gmolica@unire.it

Pervenuta in Redazione
il 16 maggio 2006



