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A Peculiar Liapunov Functional for Ternary
Reaction-Diffusion Dynamical Systems

SALVATORE RIONERO

To the memory of Giovanni Prodi.

Abstract. — A Liapunov functional W, depending - together with the temporal derivative
W along the solutions - on the eigenvalues via the system coefficients, is found. This
Sfunctional is “peculiar” in the sense that W is positive definite and simultaneously W
s negative definite, if and only if all the eigenvalues have negative real part. An
application to a general type of ternary system often encountered in the literature, is
SJurnished.

1. — Introduction

Let Q c R?, (¢ =1,2,3), be a smooth bounded domain. This paper is con-
cerned with the reaction-diffusion systems

(1.1) %:Lu—l—F7 in QxR",
with u = (ul,uz,ug)T, F = (Fl,F27F3)T,
a1 + 4 a1z a3
(1.2) L= 021 a2 + 724 023 ;
as1 age ass + 734

F; = Fi(uy,u2,u3, Vug, Vug, Vug), (i = 1,2,3), being (generally) nonlinear and

(13) {aij =const. € R, y; =const. >0, 1,5¢€{1,2,3},

wi: () € 2 x R —wi(x,t) € R, Vie{1,2,3}.
To (1.1) we append the Robin boundary conditions
(1.4) pu+ 1 —pVu-n =0, on Q2 x R,

where n is the outward unit normal to 00,

{ﬂ:xec’){)—%(x)eR,

1.
(15) 0<p<1, VxeoQ,

f being a sufficiently regular function not identically zero.
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The nonlinear functions F; = F;(u1, uz2, us, Vi, Vg, Vug) are assumed to be
sufficiently regular and such that

(1-6) (Fi)m:ug:ug:() = 07 Vi e {172»3}'

Therefore (1.1)-(1.6) admits the zero solution. To the L?-stability of this solution
is precisely devoted the present paper.

REMARK 1.1. — As it is well known, the stability of a non zero solution of a
system S can be reduced to the stability of the zero solution of a system S* easily
linked to S.

We assume that Q1is of class C? (p > 2) and has the interior cone property. We
denote by
e (-,-) the scalar product of L3(Q);
o (-,-)9q the scalar product of L2(09Q);
|| - || the norm of L2(Q);
| - [l,o the norm of L2(99);
W2(Q, B) the functional space such that

WH(Q, ) = {p € WH(Q) N W(0Q), fp + (1 — f)Vp -n =0, on9Q}.
For > 0, p # 1, it follows {cfr. [1], pp. 92-98 } that

(L7) H,/%(p

where & = a(Q, f) = const. > 0, is the smallest eigenvalue of the spectral problem

Ap+ 9 =0, in Q,
ﬁ¢+(1_ﬁ)v¢n:0a on 697

2

2. o2

+IVel™ = allol,
00

(1.8)

i.e. the principal eigenvalue of —4 in W12(Q, p).
In the sequel we assume that

i) (1.1)-(1.5) has the properties of a dynamical system [2] embedded in
W12(Q, p) and hence

(1.9) u; € W@, p);
ii) the functions F; are such that
3 3
< > il IFj>§ Jen ([l |[? + lJua® + [Jus ") +
(1.10) i—1 j=1
ol | + oz + [lus |22 Vour | + ([ Veiz | + ([ Vs ),

with k;, &, (1 = 1,2), non negative constants.
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Setting
(1.11) bin = a1 — ayy, bog = ase — ayy, bgz = ags — ays,

in [3] have been found conditions on a;;, with ¢ # j, able to reduce the stability of
the zero solution of (1.1)-(1.6) to the stability of the zero solution of the linear

system of 0.D.Es

du
with either

by O 0
(1.13) L=1 0 b ax

0 as bs
or - when Qi > 0, (l,j = 1,2,3) -

buu bz b3
(1.14) L= ba by b

bs1 bs2 b33

b11, bz, bgg being given by (1.11) and
(1.15)

bij = bji = (sign a)\/a;;;.

In the present paper, in the guideline of [3]-[6], we reconsider the problem aimed

to show that:

i) the local stability M of the zero solution of (1.1)-(1.6) can be reduced always
to the stability of the zero solution of the linear system of O.D.Es.

dx -
1.16 —=/Lx
(116) = Ix,
with
} i 0 0
(1.17) L= 0 ag as
0 asx as
A being a real eigenvalue of
B by a2z a3
(118) L= 21 bzg Q23
ag ag  bss

(}) In the context of the Navier-Stokes equations, the concept of local stability was

developed extensively by G. Prodi [10]
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and a;; real constants, linked in a switable simple way to a;; {cfr. Lemma 2.3}
and such that

- . I L 1
(1.19) I'=ap+ag =1 -4, A=ag2as— a0z :f,
where I, and Iy are the invariants of L given by
ILi=b b b33 = A1 + A2 + A
(1.20) 1 1+ 2~2+ 33 A 1+42+ 43
13 =detof L = }4/12/@,
iy 1 =1,2,3), being the eigenvalues of L;
ii) the function
1 - - . .
(1.21) W = é [90% +A (90; + 90%) + ((lzzﬁcg —Cbgzxg)z—l—(azgxg —aggacz)z ,

having the temporal derivative along (1.16) given by
(1.22) W = o + TA@S + 22),

is a “peculiar” Liapunov function for (1.16) in the sense that - W is positive
definite and simultaneously W is negative definite — if and only if the real part
of the eigenvalues A; are negative,

iii) the functional

1 - - - S S
(1:23) W* = 5 { [Iia] P+A el P+ lts] P+ izt it zsits—ssiia| | }

with &; linked to u; in a suitable linear way, is a peculior Liapunov function for
(1.1)-(1.6), when (1.10) and some large conditions on (s, y5) hold {cfr. Lemma 3-2

of 31}

Section 2 is devoted to some preliminary Lemmas concerned with the sta-
bility of matrices of systems of 0.D.Es. To the L?-stability of the zero of (1.1)-
(1.4) is addressed Section 3 while in Section 4 the results obtained in the previous
Sections are applied to a class of systems modeling various phenomena. The
paper ends with an appendix in which is recalled a remark concerned with the
eigenvalues of (1.1)-(1.4).

2. — Preliminaries
We collect here some Lemmas useful for the sequel

LEMMA 2.1. — The asymptotic stability of the null solution of
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dx
=L — Jay + fiey, a0, @)
dt
d%z ~ ~
(2.1) g = U222 + Qo33 + fa(e1, X2, 203)
dx - -
d_t3 = Qg2 + a3z + f3(x1, T2, X3)

with f;(t = 1,2, 3), nonlinear functions such that

3 3
(2.2) (Z |90i> (Z Iﬁtl> < k(@ +af + )
i=1 i—1

with k& and ¢ positive constants, is guaranteed iff
(2.3) A1<0, I<0, A>0.

ProOF. — The proof can be obtained either by observing that (2.3) are
equivalent to the Routh-Hurwitz necessary and sufficient conditions for all the
eigenvalues of £ have negative real part [7]-[8] {cfr. Remark 2.1} or by in-
troducing the peculiar Liapunov function (1.21) which temporal derivative along
the solution of (2.1) is given by [3]

(2.4) W = ha? + TA@E + 22 + 7
with
25) ¥V = (o122 — oa3)fe + (0203 — 0302)f3 + @1f1
. o = A+ a2, + a%5, 0p = A + 05 + G35, 03 = Q9202 + An30ss,

O

LEMMA 2.2. — Let (2.2) hold. Then the asymptotic stability of the null solution
of the ternary systems of O.D.Es.

dx ~ ~
d_tl = %1 + Q1222 + Q1323 + f1
dxg ~
(2.6) d—tZ = Gga¥s + Qo33 + fo
dx ~ ~
—dt3 = (322 + U333 + f3

can be reduced to the stability of the null solution of (2.1).

ProOOF. — Setting

(2.7) i = WY,
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with 4;, (2 = 1,2, 3), scalings to be chosen suitably later, (2.6) becomes

dy: =
=
di W +f
dyz . H3 ~ 7
2. e 73
(2.8) T Qg2Y2 + s Go3Ys + fa
d ~ -
% = &yz + assys + 13
Hs
with
~ - N 1
fh= 'Lﬁam?/z + @awy:& +—fi(u Y, 1Yz, 1sys)
H1 M1 M
(2.9) o .
J?’ = ;J?'(M?/l»/lzy%ﬂg%), Jj=2,3.
j

Introducing the functional W, analogous to (1.21)
Lo 2 2\ (F Mg ~ 2 (M3~ ~ ?
(210) W =g |y7 +Alys + y3)+(az2y3 ——"G32y2)" + | = A23y3 —Us3Y2
2 M3 )

and taking into account (2.2), it turns out that

dw e
(2.11) = < Myt + TAWE + %) + & + kyWha

with k; and & positive constants and @ given by

(2.12) b =2 00105 + d1s B yrys.
H 5!
Choosing u, = ug and setting
(2.13) p=t2_H
B

it follows that

22 1

(2.14) & < mul| (2| + lys)) < |I’j4f/1 + A3 + )
with

(2.15) m = max(|az|, |a3])

and hence

(2.16) 2 = 1A

2m?2
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implies
1
(2.17) @ <5 [l +IAGE + 93]

Then by virtue of (2.11) and (2.17), one obtains

aw _
dt —

with k&, positive constant and hence

(2.18) —(k, — ey W)W

(2.19) l%@<%@W§W@%N—%—hWWMt
1

399

LEMMA 2.3. — Let A1 be a (real) eigenvalue ofﬂ and U = (Uq, Uy, Us) to the

associated eigenvector with Uy # 0. Then the transformation

(2.20) X=LZ
with X = (X1,X2,Xs)", Z = (Z1,22,Z3)" and
5 U 0 0
(2.21) Li=Us 1 0
U3 0 1
reduces the ternary system
aX
d—tl =Xy + a12Xo + a13X3
dX:
(2.22) d—tz = a21X1 + 022 X5 + b3 X3
dX.
d—; = a31X1 + a3 X + b33 X3
dZ - ~
d—tl = MZ1 + t2Zs + Q1343
dZs . -
(2.23) d—tz = gl + Q9343
dZs . -
d—t3 = GgoZa + (333
with
g = 72 i = o2
12 U, 13 U’
(2.24)

(e = bpp — Uall12, Qg3 = a3 — Uadiys,

aze = agz — Usayz, Gs3 = bgz — Usass.
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Proor. — We apply, in the case (2.20)-(2.21), the procedure given in {[11], pp.
196-197} and begin by observing that
biUis + a12Us + a13Us = 21Uy
(2.25) age U7 + baoUs + a93Us = A1 Us
a31Ur + asUs + b33Us = 11U3

and

(226) Xl = U1Z17 XZ = U2Z1 —f—Zz7 X3 — U3Z1 +Z3
1 U U.

(227) Z = Flea Zy =Xy — FzXh Z3 =X — 73)(1

hold. Then, by virtue of (2.25)-(2.27), it turns out that

az 1 dX, 1
1_ 1_ E(blle + a12Xs + a13X3)

dt  Up dt
1
= E [(bllUl + apUs + (llgUg)Zl + a1eUsZs + CL13U3Z3].
ie.
2.28 % Mz UsZ + UZ
(2.28) =M 1+U YA U 373
dZs dXs 12 a13
— = — M1+ +27
- dr Uz d = (a21X1 + 022X + a23X3) Uz( 1 Z1 + U, 2+ T, 3)

a
= a21 U121 + boa(UzZy + Z3) + ag3(UsZy + Z3) — Us (/th +FZ2 +I}TZ3>

U- U
— [(a21U1 + bosUs + a23U3) — ;LIUZ]ZI + <b22 - F?alg)Zz + (0/23 - Fi(llé’)ZS;
ie.
dZ. U U.
d—tz =4 <b22 — ﬁOng)Zz + (CLZS - FfaB)ZS

AZs _dXs ;A7
dt ~ dt 3t

(2.29)

a a
= (a31X1 + a3 X + b33X3) — U3< WA [/1'2 Zs +U_1TZ3>

a a
= a31U1Z1 + age(UsZy + Z3) + bss(UsZ1 + Z3) — Us (/11Z1 + l}z Zy +U_1?Z3>

U. U.
= [(as1U1 + ag2 Uz + bssUs) — 1 Us|Zy + (agz - ﬁam)Zz + (bgg - F?am)zs;
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ie.

dz. U U
(230) d—tg = <CL32 — ﬁalz)ZZ + (bSS - F?C’QS)ZS

By virtue of (2.28)-(2.30), (2.23) with the a;; given by (2.24) immediately follow.
REMARK 2.1. — Denoting by I, the invariant

b a3
ase  bs3

b a3
as  bss

bt a2

2.31 I = 21(Js + A Aolg =
(2.31) 2 = Mg + A3) + Aol o1 Do

of L, the characteristic (eigenvalues) equation of L is easily found to be
(2.32) B2+ ) —1I3=0.

Since /; is supposed to be a root of (2.32) as expected, it turns out that

I
(2.33) P24y — )i+ f =% — (g + J3)i + ol = 0.
1

On the other hand J; and /3 have to be eigenvalues of £ {cfr. appendix}, hence it
follows that (1.19) hold.

REMARK 2.2. — By virtue of Lemma 2.1 with fi = f> = f5 = 0, it follows that

(2.34) W= [Z% + A(ZE + 72) + (aeZ3 — zaZs)* + (G373 — 337,

DO —

having the temporal derivative along (2.23) given by
(2.35) W = 178+ IA(ZE + 73)

is a “ peculiar” Liapunov function for (2.23) since the conditions (2.3)-equivalent
to the Routh-Hurwitz conditions for all the eigenvalues of £ have negative real
part - guarantee that W is positive definite and W is negative definite.

REMARK 2.3. — In view of (2.27), (2.32) and

(2.36) = 'i/—%+x/?+ '3\/—%—\/17
with

z2 p 1 1 2
2.37 P2 B A 2 p
(2.37) & =T+5s p=htgh, q=-L+3hh+0
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it follows that the funetion
1 I3
W=—X24+2

(2.38) e (U1 X3 — UsXy) —aige(Ur Xo — Us Xy )P

[(Ule — UsX1)?+ (U1 X5 — USXI)Z}

+[d23(U1X3*U3X1)*d33(U1X2*U2X1)]2}
with age, as3, Gos, age given by (2.24), has the temporal derivative along (2.22)
given by
1

239) W=

I
{/th + U - i1)f [(U1X2 — UpX1)*+(U1 X3 — U3X1)2} }
and is a “ peculiar” Liapunov function for (2.22).

REMARK 2.4. — The system

aX -

(2.40) Vi LX +f
with L given by (1.20) and f = (f1,/2,/3)7, by virtue of (2.26), is reduced to

az . -

cTtl = MZ1 + 1222 + Q1323 + 1

dzs . -
(2.41) d—tz = QgaZs + G323 + f5

dZs . .

7; = Qgelo + (3323 Jrf;
with

.1 . Us i Us

(242) A :Flfh 3 =r _Flfh 5= —Efl-

Further, when (2.2) holds, it is easily verified that exist two positive constants &, k
such that

3 3 -
2a) (z |zi|) (z |f:|) k@A)
=1 =1

Hence, by virtue of Lemma 2.2, it follows that (2.3) guarantee the (local)
asymptotic stability of the null solution of (2.41) and that (2.35) is a “ peculiar®
Liapunov function for (2.41) and hence (2.39) for (2.40).

REMARK 2.5. — For the sake of completeness we end by recalling that the
Routh-Hurwitz conditions for all the eigenvalues of (2.32) have negative real
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part are [7]-[8]
(2.44) I; <0, I, >0, I3<0, I11I, — I3<0.
Therefore - in the case of £- being

L=MW+1I, Ib=M,hI+A,
(2.45)

2

Iy = 1A, h@-g:ig@+th>
1
it immediately follows that (2.44) are implied by (2.3). Viceversa let (2.44) hold.
Then, in view of (2.45)3 it immediately follows that /3 <0 with 4; > 0 and A <0 is
not admissible. In fact, by virtue of {I; <0,4; > 0} and (2.45); it follows that
I< —J;<0 and hence A411/<0 which, together with A <0, implies Iy <0.
Therefore (2.44)-(2.45) imply {4; <0,A > 0}. It remains to obtain 7 <0. Since by
virtue of (2.45)4, (2.44) is equivalent to

12
A
(—zl>1<1+”1j ) >0
11
B+ A
n

B+ A
n
allow, in view of (2.45);, I > —/; hence I <0.

it follows that I¢ [0, — ] By virtue of — > —/1, (2.44); does not

REMARK 2.6. — We remNark that the method introduced holds even when the
characteristic equation of L. has multiple roots.

3. — L2-stability of the zero solution of (1.1)-(1.4)

In view of (1.11), (1.1) can be written

ou -
1 —=Lu+F+F*
(3.1) o u-+F+
with
(3.2) F* = (F{,Fg,Fg)T, Fr =y(du; +ou;), (i=1,23).

By virtue of Lemma 2.2 the transformation
(3.3) u="Lw
ie.

(3.4) uy = Uyvy, ue = Usvy +v2, ug = Usvy + v3
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(3.1) becomes

ov . _
8—t1 = M1 + Qa2vs + Q1303 + p1(dvy + avq) + Py
ov N - _ _
(3.5) 6_152 = Q202 + Q2303 + Yo(Ave + 0we) + Us(yy — p)(dvr + avy) + Po
ov

8_153 = Q3202 + (33v3 + y3(dvs + aws) + Us(yz — y ) (dvy + owy) + Ps

with the a;; given by (2.24) and

1
Pr=—
(3.6) T

Ps = F3(Lyv) — UsFy(Lv).

Fi(Lqv), Py = Fy(Lyv) — UoFy(Lyv),

By virtue of the linearity of (3.4)-(3.6), the boundary conditions
(8.7) po+1—-pVo-n=0 on 0QxR"

have to be appended to (3.5).

We remark that, by virtue of the linear transformation (3.4), a cross-diffusion
term appears in (3.5)2-(3.5)3. To (3.5)-(3.7) the methodologies introduced in [11]-
[12] can be applied. We here confine ourselves to the case y; = y, = y5. In this
case to (3.5)-(3.7) - as it is easily verified - can be applied Theorem 3.1 of [3] which
h guarantees that the (local) asymptotic stability hold iff

1
(3.8) <0, I=1I — <0, A:f>0
1
and
_1 2 2 ~ ~ 2 ~ ~ 2
(3.9) W= [Jo1][" + A([Jv2][2 + [[vs][) + [|azavs — aseve|[” + [|azsvs — assve||

is a peculiar Liapunov function.

4. — An useful application

As shown in {Lemma 4.1 of [3]}, if

{ aijaj; > 0, ]
Q12023031 = 13021031,

(4.1)

via a suitable scaling of the u;, L can be symmetrized and the zero solution is
stable iff the quadratic form associated to the symmetrized matrix is semi-ne-
gative definite. Therefore in order to put in evidence the easy applicability of the



A PECULIAR LIAPUNOV FUNCTIONAL FOR TERNARY ETC. 405

procedures introduced in the previous sections, we consider the (non-symme-
trizable) system (1.1)-(1.4) with

(42) {au =z = —01, a4z = —a, N="=7=7

2 = ag1 =0, 13 =03 =C, Qg3 = —032 = b,

(a, b, ¢, y being positive constants) often encountered in literature [13]-[14].
Setting

(43) { R=a+ay,

Ry =a1+ay,

it turns out that

0
% = —Ryuy + cug + y(duy + auy) + Fy
0
(4.4) % — — Ryuz + bug + W(Mug + 5uz) + Fy
0
% = cuy — bug — Rug + y(dug + aug) + F3

As it is easily verified the matrix

—Rl 0 C
(4.5) L:( 0 —-R b)

c -b -R

admits the eigenvalues 1 = —R; with the associated eigenvector, U =
(Uy =b,Us = ¢, U3 = 0) and hence

~ R b 00
(4.6) u=Lwv, Li=|c 1 0

0 01

give
(4.7 u = buy, Up = CV1 + Vg, U = V3.

Then it easily follows that

ov c 1 =

8—151 = —Rv; + 57)3 + p(dvy + awy) + EFI(Llu)

0 b2 — ¢? - N
(4.8) % — —Rvg +~— C v + /(vg + 7vs) + Fo(lau) — %Fl(Llu)

81)3 _ =

v —bve — Rug + y(dvs + awg) + Fs(Lqu).
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Being

(4.9) 1 =-R, I1=—-(R+Ry), A=RR +b —¢

with R and R; positive constants, it turns out that the zero solution is stable iff
(4.10) C®<RR; +b* = (a + ay)(ay + ay) + b2

5. — Appendix

Systems (2.22) and (2.23) can be written respectively

ax _
dt
dz

(5.2) o= L

i

(5.1) X,

LI Z.

=

The characteristic equations of L and ﬂfliﬂl are coincident since [9]
(5.3) LiL - JE)Ly = L{'LL, — JE
with £ unity matrix. Hence

(5.4) det(Li'LLy — 2E) = det Li'det(L — ZE) det Ly
‘ = det(L — 2E).
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