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Chimica fisica. — A  M ethod fo r  Obtaining the Redu?idancy 
Condition among In terna l D isplacement Coordinates in M olecular 
V ibra tions^. Nota, di Mariangela G ussoni e G iuseppe Z erbi, 
presentata ^  dal Socio G. N atta.

R iassunto. — Viene proposto un nuovo e semplice metodo per ottenere la relazione 
di dipendenza per le « internal displacement coordinates ».

Tale metodo sfrutta le singolarità della matrice dell’energia cinetica in coordinate di
pendenti ed è facilmente automatizzabile per calcolatori elettronici. Gli altri metodi della 
lettaratura al contrario esigono un notevole sviluppo algebrico e non sono automatizzabili.

T he problem  of redundan t coordinates is often encountered when the 
vibration o f a molecule is described in term s of the in ternal coordina
tes r t [1 ]. Sym m etry reasons m ay in fact suggest the use of all the possible 
in ternal coordinates of the molecule even if their num ber is larger than  its 
degrees of freedom. T he dependency thus introduced is usually  called 
redundancy.

For sake of clearness we will distinguish the internal coordinates from 
their small displacem ents. Bond, bond angles, out of plane and torsional 
angles are called in ternal coordinates (rt). T hey  are independent of the tran s
lations and the rotations of the molecule as a whole. T heir use would be 
ra th e r cum bersome, since they  are related to the cartesian coordinates by 
a non-linear relation. However, a drastic simplification has been introduced 
by  W ilson [2]. As long as we are interested only in the small vibrations of 
the m olecule around The equilibrium  we m ay take as coordinates only the 
sm all changes in the in ternal coordinates. We m ay approxim ate these changes 
by m eans of small linear displacem ents, which are thus linearly  related  to 
the cartesian ones. W e call pt the approxim ated small changes in the 
in ternal coordinates

W hen a set of redundan t internal coordinates is adopted, a relation 
exists am ong them  and m ay be w ritten  explicitly in the form

(1) ■ ®(rt) = ' o

Full m ethods for w riting the relation (1) in the case of branching [3, 
4, 5] and cyclic [6] redundancies are already described in the literature. (*) (**)

(*) Lavoro eseguito presso l’Istituto di Chimica Industriale del Politecnico di Milano 
e Sez. I del Centro Nazionale di Chimica delle Macromolecole del C.N.R.

(**) Nella seduta del 22 giugno 1966.
(1) Wilson calls internal coordinates the internal displacements, but we prefer the present 

notation to avoid confusion in the following.
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The m ethods however are ra th e r cum bersome and require a differentiation 
in order to reach the desired relation

(2) ® (fc) =  Q

from eq. (i). Since only the relation (2) among the in ternal displacem ent 
coordinates is of interest to us, we have worked out a m ethod which allows 
to w rite it d irectly  for any  type of redundancy. T he m ethod which we 
propose has been also autom atized for use on computers.

I t  has been noticed [7] th a t in the W ilson approxim ation relation (2) 
has always the linear form

M
(3) 2 > / p ,  =  °t

where the sum is extended to all the M internal coordinates in the molecule 
and are the partia l derivatives of ® (rt) taken at the equilibrium . Wilson, 
Decius and Cross have shown in their book [8] th a t the existence of a re la 
tion like (3) am ong the in ternal displacem ent coordinates is the sufficient 
condition in order th a t the kinetic energy m atrix  G expressed in the sam e 
system  be singular. W e shall prove in A ppendix 1 th a t eq. (3) is also the 
necessary condition for the singularity  of the G m atrix . W e thus know th a t 
when a redundancy  is present am ong the coordinates the G m atrix  is singular 
and th a t when the G m atrix  is singular a redundancy  <2 *> is present among 
the coordinates.

W e will show now the use of the singularity  of the G m atrix  in order to 
obtain the redundancy  relation (2) w ithout knowing its p rim ary  form (1). 

L et us take a singular G m atrix  and diagonalize it

GD == DT

H ere T is the transform ed G m atrix , i.e. the diagonal m atrix  formed by 
its eigenvalues and D is the m atrix  formed by its eigenvectors. T he eigen
vector D k belonging to the zero eigenvalue is given by

G D k =  o

and m ay be w ritten  in the form [10]

D k =  {G^ 1 , G* 2 > • • • > G^m }

where the Gki are the algebraic com plem ents of the elements of the k - th  
row or4 column of the G m atrix . T he singularity  of the G m atrix  yields

M
(4) 2  Skt  G if =  o  .

(2) In the present paper we deal with the case where only one redundancy exists among
the coordinates. The generalization to more than one redundancy is obvious.
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Com parison o f eq. (4) w ith the equation

M
tgkt =  o

resulting from  the discussion of A ppendix 1, yields

G*< - - oc <£,,

where a is a constant coefficient.
W e m ay thus conclude th a t the elements of the eigenvector belonging 

to the zero eigenvalue are proportional to the coefficients of the redundancy. 
T herefore it is possible to express the redundancy relation in the form

M
2  &kt Pt =  O .t

W hen a com puter is available the m ethod presented here for finding 
the coefficients o f the redundancy  avoids m any troublesom e calculations. We 
give in A ppendix 2 some typical examples of redundancy  relations obtained 
by  a suitable diagonalization of the G m atrix  by m eans of a program  we have 
coded for the 7040 IBM  m acchine.

I t  m ay be of in terest to m ention here th a t another and sim ilar m ethod 
to obtain the redundancy  relation m ay be described working only on the B 
m atrix . W hen the coordinates are dependent through a relation like (3) a 
relatipn exists among the rows of the B m atrix  in the form

M
X  %  hlk -  o ./

Since this relation holds for every k, we m ay form a system  of 3 N equations 
i n yM unknowns to find the coefficients. However, since the B m atrix  
is not* sym m etrical, difficulties m ay be found for the solution on com puters 
through diagonalization. T he m ethod of the G m atrix  seems to be m ore 
suitable.

A p p e n d ix  i .—T he singularity  of the G m atrix  is not an im m ediate 
consequence of the dependence among the coordinates. T he proof of this 
fact needs some considerations which have been m ade in ref. [8]. Also the 
proof of the opposite is not im mediate. W e try  to show it here.

I f  the G m atrix  described in the p-space is singular, a linear com bina
tion m ust exist among its rows (and its columns)

M
(A i -0  '2 ,* ,g ,s  =  o .

t

T he g tti are defined as [1]
3N

g t t ' b t k  bt'k 
k bk
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where the sum over k  is extended to the 3 N cartesian displacem ents. The 
btk are the coefficients of the linear transform ation which relates, in W ilson’s 
approxim ation, the cartesian displacem ent coordinates \ k and the internal 
displacem ent coordinates pt

3 N

k

A n equivalent relation can be w ritten  as
N

Pi =  2  W<X

where the stf  s are the so-called Wilson vectors and the %a are the vector 
displacem ents of the atom s from the equilibrium . Substitu tion o i gw  into 
eq. (A 1.1) yields

3N / M \
(A  !-2) 2  \ f r ^ a* b*k \ bt'k =  o .k [ ' k t }

This equality  m ay be verified by the dependence of the bt>k or by the vani
shing of all their coefficients in the sum over k. There are two kinds of 
dependencies among the btiki nam ely the two E ckart conditions.

T he first condition [9]
N

2̂ ) $tr a O
a

can be projected on the cartesian axes é,*, éy , \  yielding
n '

Sfa * G’ O

N

2 )  Stfa ‘ &j :==' O 
a
N

Sfi a * &k O
a

and w ritten  as a function of the bt*i, which are the projections of the W ilson 
vectors on the cartesian axes [14]
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Eq. (A 1.3) coincides w ith eq. (A 1.2) if and only if
N

^  at btk ~t

where X is an a rb itra ry  constant. This equation cannot be true because 
both the coefficients at and btk are determ ined only by the geom etry of the 
molecule and are com pletely independent of the masses. The second E ckart 
condition [9]

N
Ra X stta

a
can be pu t in the scalar form

(A 1.4)

3N

2 -k

3N
X  As bt,k =  o

3 N
I X  v = O

where A k ~  o if k  =  3 a — 2
A& =  — *Wi II Oo &

li *3 1 k  =  3 a

A4 — — R4+2 k  =  3 oc — 2
A4 =  0 k — 3 a — 1

II 1 tc k  =  3

A& — —  R^+i k  =  3 a — 2

11 pd 1 k  —  3 a — 1
A4 =  0 k  =  3 «

atoms and R„ is the component on the j-X h
x L     -va -   L.

system ). Eq. (A 1.4) coincides w ith eq. (A 1.2) if and only if

M
W  at btk —

where X is an a rb itra ry  constant. This cannot be true for the same reasons 
discussed in the form er case. Thus eq. (A 1.2) is true if and only if

M
(A i-5) =

t

Since this relation holds for every k, it m ust also be true th a t

M
(A 1-6) < — o'.

t

T herefore the singularity  in the G m atrix  depends on a linear relation am ong 
the in ternal displacem ent coordinates.

L et us now show th a t the coefficients at in eq. (A 1.6) are the partia l 
derivatives o f <1> (rt)  taken at the equilibrium  position‘like in eq. (3). From
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the definition of the in ternal displacem ent coordinates through the W ilson 
vectors [9], it d irectly  follows th a t the redundancy am ong in ternal d isp la
cem ent coordinates m ay be w ritten  in the form

(A 1.7) 

or

(A 1.8)

M M /<v*\ei 3N 3N M

2
9© 3rt \«>
dr °

O .

This m eans th a t either the E- are dependent or all the coefficients in 
eq. (A 1.8) vanish. But since the bti already account for the E ckart condi
tions am ong the £ /s, eq. (A 1.8) is satisfied if and only if

=  o

for every i. Com parison of eq. (A 1.8) and (A i .6) shows th a t at =  0 ,  w ith 
exception of an un im portan t constant factor.

A p p e n d ix  2 — W e give here three examples which we th ink  m ost useful 
in clarifying the results of the m ethod presented in this paper.

1. c h 2o

- '• K
V - 0 - ?

Geometrical parameters adopted in the computa
tion f 11 ]:

mi =  12.003844 ; m2 =  m3 = 1.008145 ; m\ = 16.0

=  r f  =  1.09 ; rgq =  

=  *2 =  *2 =  I20°

1.21

T he calculated coefficients corresponding to the internal displacem ent 
coordinates defined in the figure are

Ol =  a>2 =  ®3 =  O 0 4 =  <I>5 =  $6 =  IH 3 ■

T he redundancy  relation obtained by  the m ethod described in refs. [3, 5] is

P4 +  p5 +  P6 =  °  •

2. C H 4

Geometrical parameters [12]:

mi =  m3 =  mi — m$ = 1.008145 > ^2  = 12.003844 

■ ^ = ^  =  ^  =  ^ = 1 . 0 9

«3 =  <4 =  *3 =  «2 =  *3 =  <i =  I09° 2S'
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If  we num ber by  5 >6 ,■••*,- 10 the coordinates corresponding to the 
changes in the angles, the calculated coefficients are

® 1  == 0>2 =  0 3. =  O 4 =  o  0 6 ' =  O e =  ® 7 =  ® s  =  0 9 = ' O i o  = i / y 6  .

T he redundancy  relation obtained through refs. [3, 5] is 

P5 +  P6 +  P7 +  P8 +  P9 +  PlO ~  0 •

3. H ypothetical equilateral O3 molecule (point group D 2 )̂

The vibrational degrees of freedom in this molecule are three and the 
internal coordinates chosen are six. We expect three redundancies, divided 
into Aj and E ' species. T he calculated Ox’s are

Rid. (A'j) $1 II e II e CO II= O <P4 == O5 =  Oe =  ]i / h

Rid. (E7) ®i <I>4 a>5 >̂6

a) —  0.384 —  0.225 O . 609 0.334 O.I96 —  0.530

b) —  O.48I 0-573 ---O.O92 O.419 — O.499 0.080

T he corresponding redundancies com puted by the m ethod of ref. [6] are

Rid. (A y p4 +  ps ■+  P6 == 0

Rid. (E') ®1 O2 O3 <X>4 >̂5

4

P)

— 0.308

0.754

— 0.308

0

O.616 

— 0.657

0.268  

—  0.657

0.268

0.657

— 0.536

0

It is easy to show th a t
0.989 a —  0.105 P =  # 

—  0.149 a —  0.699 P =  b ,
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T he use of the m ethod presented in this paper m ay sometimes, as in 
the case of the O3 molecule, give nul sym m etry coordinates which are not 
orthogonal to the usual sym m etry  coordinates w ritten by the standard  m ethod. 
This difficulty m ay be easily overcome by a suitable change of the other 
sym m etry  coordinates. These considerations will be discussed elsewhere [13].
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