ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

NORIO YOSHIDA

A Picone Identity for Elliptic Differential Operators
of Order 4 m with Applications

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 58 (1975), n.3, p. 306-317.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1975_8_58_3_306_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1975_8_58_3_306_0
http://www.bdim.eu/

306 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LVIII — marzo 1975

Equazioni differenziali. — A Picone [dentity for Elliptic Diffe-
rential Operators of Order 4m with Applications. Nota di Norio
YosHIDA, presentata @ dal Socio M. PiconE.

R1ASSUNTO. — Nel presente articolo si stabilisce una identitd del tipo di Picone per
una classe di operatori ellittici a derivate parziali di ordine 4. La predetta identitd & poi
applicata per dimostrare teoremi di confronto del tipo di Sturm, e anche per ottenere
diseguaglianze del tipo di Wirtinger e limitazioni inferiori per gli autovalori relativi agli ope-
ratori considerati con condizioni ai limiti omogenee.

1. INTRODUCTION

Suppose that # and v are, respectively, functions in the domains of
the ordinary differential operators

w = (au') +cu , Lv=(Av)+Co,

defined in the interval (x;,x,). If v==0 in (%,x,), then the following
formula, known as Picone’s identity, holds:

(1.1) [% (ard' v — Auv')]:: = f 2[<a —A) 22+ (C— o) 2] dx +

Ty Ty
-+ fA(u/__ %ﬂ,)zdx + f%(v/u——uLv) dx .

The' principal application of (1.1) is in the proof of the Sturm comparison
theorem which asserts that if 4 = A >o0,C =¢, then every solution z of
the equation Lz = o oscillates more rapidly than any solution z of the
equation /z = o.

Beginning with the work of Picone [12], extensions of (1.1) to elliptic
partial differential operators have been obtained by various authors. We
refer, in particular, to Dunninger [5], Kreith [7-9], Kreith and Travis [10]
and Swanson [13] for extensions to second order elliptic operators, and to
Chan and Young [2], Dunninger [6], Kusano and Yoshida [11], Wong [14]
and Yoshida [15] for extensions to fourth order elliptic ‘operators.

The object of this paper is to present a generalization of (1.1) to the
elliptic differential operators

(1.2) A"@A"u) 4+ cu , A™(AA™2) 4 Co,

(*) Nella seduta dell’8 marzo 1975.
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where

2 2
9 ++ 4

2 2
le ox,,

A=

is the Laplacian, and A™ is the m-th iterated Laplacian.

As an application of the generalized Picone identity we prove Sturmian
comparison theorems for elliptic differential inequalities involving (1.2) under
hypotheses different from those given by Diaz and Dunninger [4]. As
further applications we obtain a Wirtinger-type inequality for solutions of
the associated differential equations and lower bounds for the first eigenvalue
of related eigenvalue problems. Our results constitute generalizations of
those of Dunninger [6] for the special case of fourth order operators (m = 1).

2. A PICONE IDENTITY

Let Q be a bounded domain in the real Euclidean #z-space E", with a
piecewise smooth boundary 3Q. Points in E" are denoted by x = (x,,- - -, x,)
and partial differentiation with respect to x; by D;,z=1,---, %z For a
multi-index o = (o ,---, ®,) with nonnegative integer components and
norm |a|=oy + -+, we define the differential operator D* by
D* =D} ..D. We use Vu to denote the gradient of a function «€C'(Q).

Consider the linear elliptic differential operators

lu=A"(@A\"u)+cu , Lv=A"(AA"v)+ Co,

where the real-valued functions @ and A are positive in Q and of class
C2m (Q), and the real-valued functions ¢ and C are continuous in Q. The
domains D; and Dy, of / and L, respectively, are defined to be the set of
all real-valued functions of class C4m (Q) N C2m (Q).

We present a generalization of Picone’s identity (1.1) in the following
sense. :
THEOREM 2.1. Assume 3Q is piecewise smooth. If w€D;,v €Dy and
i 1lv, 1/Av,- -, 1/Am Yy are of class Ct(Q), then

= Am—k—l v

m=1 —k—1
(2.1) / ) AT [Am—k—l wn (AF (AN ) — Am-ktg 2 (Ak (g A u))] ds
i)

(&S e ) ' 5 [ (am—be1 g
+3 & | At (atim ) - (A ”>—A’“<AN"7J>‘§7(W)] ds
Q

— f [(a—A) (Am 0 + (¢ —C) 2] dx

~

+/ [A(Amu— Ao A'”—lu)z—l—

ATl

Q
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AR (AN ) (A,H_l e A" g u)z dx
— AM—k—1 AM—k—2 z
m—1
Am—k——l w)\ |2
—2 AF(AA™ ) Am—E ’ G R
. kz;f) ( ) Am—E=1 4,
o
+ f% (uly — viu) dx |
3
where 3|y denotes the exterior normal derivative.
Proof. Let @, -+, @y, be real-valued functions such that Pry s P

are of class C? (ﬁ__) s Ay, -, Ay, are of class C2(Q) and o, ,- - -, P
do not vanish in Q. Let ¢y,---, ¢, be real-valued functions of class C2 Q).
Then, we have

(22) / kZ:{) ;_1 Di[Di(Apuz) (A" 22 — Dy (AmF1 ) Agy, ] da
Q

m—1
= [ 2 (O™ 110 AAgp) — 2 Apyp (A1 1) Anh gy —
. k=0
— 2 Aguy | V (7741 2] d,

: fm—1 n
@3) 2| 5 X DilAgnaAm 1 0f D, g ] dr

Q@
m—1
=2 kZ (A" 202V (ADyiz) - Vg + Ayt (A" F1 2002 Ay, 1+
=0
Q

+ 2 A (A5 20) Vg - V (A F 1 2] dx
(Actually, the identities hold between the integrands). Using (2.2) and (2.3)
we see that the following identity holds:

C) | [AGR LR+ C)dr
Q

m—2 A iy
- / [A (A™ ot — gy At g - 3 IR (A1,

=0 Pm—k—1

— Qg A2 u) + (Ao + C) ”2] dx

m—1 :
+ ,; [A (APmir) + ACuir Omr + 2 V(AOpiz) * Vi —

Q

— Lokt ] (Antot e da
Pm—k—1
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m—1
’ / > A [V (M40 ) [ 2 (A1 2) Vi - V (AR5 )
. k=0
Q

+ (= Ay + Omp) (A" )]

-

[ X 3 DDA (A5 1 — Dy (A1 1) Appyg]

Q

i=1
m—1 n
—2 { D, 2 DilAgu (A" #1202 Dy, ] dar,
J k=0 1=1
o

B

=

where we have set ¢, = 1. We note that the integrand of the third integral
on the right hand side of (2.4) can be rewritten as follows.

m—1
(2.5) 23 Ay [| V(A" F10)2— 2 (AmF12) Vi, - V (AmE-1 47)
o
+ (= Mg + @) (A7 2]
m—1
= ; Ay [| V(A" 2) — AmFL 9 Vi, [2
=0
-+ <— A‘pmfk - I Vq)m»k |2 ‘Jl“ <Pm—k> <Am—k—1 u>2] .
We now define the functions ¢, -+, @y, 4y, -, 4, by
op = AF /A1y 1 <k <m,
Pmr = AF (AA™ ) [(AA™F-1 9 | o=kb=m—1,
Pom, = A™ (AA™ 2)[(Av) ,
$ = log | Ao |, 1<k=m.

It is easv to verify that the following identities hold:
(2.6)  AAPu) + APk Pt 1+ 2V (Appyr) - Vi —
— AQp i1/ Pmr-1 = O, o=k=m—1,
— My — [ Vg [P+ @ = 0, o=k
Aty +C = Lojo,
V (Am=E=1 gp) — Am—k=1 4y G, = AmF-1 9 [ (Am—h=1 | Am—k=1 ¢))

Substituting’(2.6) into (2.4) and (2.5) and transforming the last two integrals
with the use of Gauss’ divergence formula, we obtain

(2.7) f [A (Am )2 + Co2] du

A1y

Q
:f[A (Amu— il Am"lu)er
o
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m—

A&+ AAm Z/) b1 Am—E—1 4 e 2 242
Z =l e e

2

—zng’c (AA™ ) Am—t-t g ‘ \% (ﬁ;ﬁ%)
Q

g (A aamo) 2 (G
oQ

Am—k—1 Pl
— ey (A AAm )] ds
On the other hand, using an integral identity used in [3, p. 226] (or
[4, p. 341]), we get

(2.8) fulu dxr — f [a (A™ u)? + co?] dx
f g Am—k—1 4y S (Ak (™ 1)) — Am—-1 (aAm o) = (AF u)]

Now the desired Picone identity (2.1) follows readily by combining (2.7)
with (2.8).

The following identity to which (2.1) reduces when @ = ¢ = o will often
be useful.

THEOREM 2.2. Assume 3Q is piecewise smooth. If u €C*(Q),v €Dy
and if 1Jv, 1/Av -, 1[A" v are of class Ct(Q), then

o= 2 [ (Am—t—142 Am—E—1 2 3
(2.9) 2 [AFanmo) = () — (Tt 5 (Akaar o)) ds

Am—k—1 g
Q

j [A (A 22 + Ca2] dx—f— Lo dx

Am 2 ’
—f[ A™ 3y — Am—f,z/ Am‘lu) +

A+l m—k—1 2
+ ;‘ ST (Amtot gy R Antea ) ] dx

Am—k—2 g

2

2 f mz—:1 AF (AA™ ) Am—E-1 4 . \% (——éw—) dx
=0

Am—k—1g
Q
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3. STURMIAN COMPARISON THEOREMS

We begin with the following comparison theorem.

THEOREM 3.1. Assume that 3Q is piecewise smooth and that theve exists
a nontrivial function u € Dy which satisfies

(3.1) fuludxéo,
Q
D*x=o0 on 3, |la|<2m—1,

V [x] Ef[@—A) (A 2P + (c—C) 2] dx = 0.
Q

If v € Dy, satisfies

(3.2) Lv =zo in Q,
(—1)*¥A*y >0  at some point x(F)€EQ, o<k<m—1,
(— ™F A¥ (AAm ) = o n Q, o=t=Zm—2,
A1 (AAm 9) <o in Q,

then, at least one of the functions v, Av - -, A" v maist vanish at some point

of Q.
Proof. Suppose none of v,Av,---  A®1y vanish in Q Then, the
Picone identity (2.1) is valid and readily implies, in view of (3.1) and (3.2)

(observe that the second condition of (3.2) implies (— 1)* A¥y > o throu-
ghout Q,0 < £ <m—1), that

2
dx <o.

— zfAm—l (AA™ ) \V (%)

Q

Consequently, V (#/v) = o in Q, that is, /v =y in Q for some nonzero
constant y. However, this cannot happen since # = 0 on 8Q whereas v > o
on 3Q. Thus, at least one of v, Av,---, A"y must vanish at some point
of Q.

We now proceed to obtain comparison theorems which are ‘ strong ”’
in the sense that the conclusions apply to Q rather than Q.

LEMMA 3.2. Assume that 3Q is piecewise smooth and that theve exists
a nontrivial function u € C*™ (Q) which satisfies

(3.3) D*xw=o0 on 0, la| <2m—2,

M [z] z—f [A(A™ 2+ Cu?l dx = 0.
Q
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Then, there does not exist a function v € Dy, whick satisjies
(3.4) Lo =0 n Q,
v >0 on 3Q,
(—1FA*y >0 in Q
(— 1)™* Ak (AAm ) = o in
A1 (AAm ) <o in Q

Proof. Suppose there exists a function v €Dy which satisfies (3.4).
Since Az <o in Q and v >0 on 2Q, the maximum principle implies that
v >o0 in Q. Hence, the identity (2.9) holds. Consequently, in view of (3.3)
and (3.4), it follows from (2.9) that

2

0=M[u] =—2 {Am‘l(AAmv)v‘V(i;—) dv 0.

Q

This implies that /v = y in Q for some nonzero constant y. However, this
contradicts the fact that # = o0 on 3Q and v > 0 on 2Q,

THEOREM 3.3. Assume that 3Q €C™ and that there exists a nontrivial
Junction wu € C*™ (Q) suck that

b

(3.5) D¥u =0 on Q) la| <2m—1

(3.6) M[x] <o.

Then, cvery v € Dy which satisfies

(3.7) Lv =zo n Q,
v >0 at some point x (0) € Q,
(— 1Ay >0 in Q, I=k<m—1,
(— )™ A (AAm ) = 0 in Q, o=hk=Zm—2,

Am1 (AAm 7)) <o s odn Q

must vanish at some point of Q unless v is a constant multiple of . Moreover,
if M [u] <o, then v must vanish at some point of Q.

Proof. Our method is an adaptation of that used by Dunninger [6].
Without loss of generality we may suppose that v = o on 2Q. Then, by
Lemma 3.2, =0 at some point of 9Q. It follows from the maximum
principle that v > o in Q.
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Since 9Q €C*" and # satisfies the boundary condition (3.5), % belongs
to the Sobolev space Flom (Q) which is the closure in the noim

(38 = | [ 3 100 pae]”

|| =2m

of the class C§°(Q) of infinitely differentiable functions with compact support
in Q.. (See e.g. Agmon [1, p. 131]). Let {«} be a sequence of functions
in C5°(Q) converging to # in the norm (3.8). It is not difficult to see that
the identity (2.9) holds for each pair {u,,2}. Using (3.5), (3.6) and (3.7)
in (2.9) we find M [#,] = 0. Since A and C are bounded, there is a positive
constant K, such that

M |oey] —M [u]] = Klf | A™ 2, A™ (20 — 22) + A™ ™ (21, — 2)| dx +
g

+K1f[uv(uv—u) + 2 (uy—2) | dx,
Q

which yields with the use of the Schwarz inequality
(3.9) IM ] —M [2] | = Ky (24 lom 4 1| 2 llom) || 223 ~— 24 ||y ,

where K, 'is a positive constant depending only on # and 7. Since
| 2y — 2% ||ln — 0 as v-—> oo, it follows from (3.9) that M [2y] =M [«]. Since
M [u,] =0, we have M [«] = o, which, together with (3.6), implies that
M [#] = o.

Let B denote a ball with BC Q and define

Qs [11s] = f [é”’;lgfzﬂﬂ (Auv — Av)2— 2 Am1 (AAM ) o

B

()

2] dx .

It is easy to verify that

O ] = [ A0 (e smr anng) & (5]

B

Since A (AA™2)[Av and A" (AA™ ) are bounded in B, there is a positive
constant K; depending only on 7, and B such that

[ Qs [#y] — Qg [#] | = Kgf | Aoty A (26 — 20) + Aul (0, — ) | dx
B

+ Kg[ A [y (wy —w)] + A [w (ty — u)]| dx
. ,
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where w, = u,/v and w = ufv. Applying the Schwarz inequality we obtain
from the above

| Qp [ov] — Qs [#] | = Kyl 260 llam,8 =+ || 2 llom,B) | 265 — 2 [lom, 5 +

+ Kol v llom, 5 [ 20y — 20 llam, 8 + |20 [, B || 23 — 2 |lom, B)

where K, is a positive constant depending only on #,# and B and the
subscript B indicates the integrals involved in the norm (3.8) are to be taken
over B only. Since v >0 on B, we see easily that |y — |y — 0 as
| 24y — % |lam,8 =0, and hence Qg[#,] > Qs [x] as v—oco. Since by (2.9)

0= Qp[t] < M [1,]

and since M [#,] - M [#] =0 as v— oo, it follows that Qg[#] = o, and
consequently, V (#/v) =o in B. Since B is arbitrary, we conclude that
#lv = v in Q for some nonzero constant .
The proof of the second statement is immediate. This finishes the proof.
The following strong comparison theorem is our main result.

THEOREM 3.4. Assume that 3Q €C*™ and that there exisls a nontrivial
Sunction u €Dy which satisfies

(3.10) fuludx <o,
Q
(3.11) D¥u=o0 on °Q, lo| < 2m—1,

V (%] =f[(a—A) A 22 4 (¢ —C)u?]ldx 2 0.
o

Then, every v € Dy, which satisfies

Lv=o in Q,

v >0 at some point x (0) € L),
(—1)FA¥y >0 n Q, 1<t <m—1,
(— )™k AR (AAm ) = o in Q, o=t=m—2,
AmL (AAm ) < o in Q,

must vanish at some point of Q unless v is a constant multiple of u. Moreover,
if V [u] > o0, then v must vanish at some point of Q.

Progf. The hypothesis V [#] = o implies that

(3.12) M [u] < {[a (A™ )% + c?] dx .

Q

From (2.8), (3.10) and (3.11) it follows that the right hand side of (3.12)
is. nonpositive. The conclusion follows from Theorem 3.3.
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The proof of the following corollary is analogous to that of Dunninger [6],
so we omit it.

COROLLARY 3.5. Assume that 2Q e€C*™ g =A =Z0,c=C in Q and
that w €Dy, u = 0 in any open subset of Q. If either

c=x=C in Q
and u satisfies
fuludxgo,
o
D*x=o0 on 2Q, la| <2m—1,

or
a>A and c==0  at the same x,€Q,

and wu satisfies
lu = o0 n Q,
D*x=o0 on 3, o | Z2m—1,

then every v € Dy which satisfies

Lv =0 n Q,

v >0 at some point x (0) € Q
(—1)*Afy >0 in Q, 1 <Al<m—1,
(— 1)yt A¥ (AAm ) = o n Q, o=k=m—2,
Amt (AA™ ) <o in Q,

must vanish at some point of Q.

4. WIRTINGER INEQUALITIES AND LLOWER BOUNDS FOR EIGENVALUES

The following Wirtingei-type inequality which is an immediate consequ-
ence of Theorem 3.3, is a generalization of the earlier result of Dunninger [6].
For related 'results the reader is referred to Wong [14] and the references
cited therein.

THEOREM 4.1. Assume that 3Q €C*™ and that there exists a function
v € Dy, which satisfies

Lv=o0 in Q,
v >0 in Q,
{—I)ykA’“v>o n Q, 1 <A< m—1,
(— 1)ymk AR (AA™ 9) = o n Q, os=k=m—2,
A™1 (AA™y) < o in Q
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Then, for every nontrivial function u €C¥ (Q) which satisfies
D*x=o0 on °Q, o | <2m—1,

the following inequality holds:

f[A (A™ 22 4+ Co?] dx = 0,
g

where equality holds if and only if wu is a constant multiple of v.

As a final application of the Picone identity we obtain a lower bound
for the first eigenvalue of the eigenvalue problem

(4.1) I = hu in Q,
D*x=o0 on 2Q, la | <2m—1.

THEOREM 4.2. Let \ be the first eigenvalue of the problem (4.1) and let
u €Dy be an associated eigenfunction. Suppose there exists a function v €Dy
which satisfies

(—1)FA*y >0 in Q,

Ok =m—1,
(— D™k AF (AAm ) = o in Q, OZEEm—1.
f
VI = [[e—2) @ ap + c— )t dx = o,
o}
then
. Ly
= =).
r2inf()

Progf. The conclusion readily follows, since (2.1) together with the
above hypotheses implies that

uzdx——fuz(if—)dx =o0..
Q

g
Q

Remark. It is easy to observe that in Theorem 3.1 and Theorem 4.2
the boundary condition for z can be replaced by

A’“u:Am“k‘l(aAmu)+ak%(Aku)=o on 9Q, o=Shk=m—1,

where 0 < o, < -+ oo (o, = -+ co denotes the boundary condition 2 A% ) = o).
Ic y >
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