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Equazioni differenziali. — A  Picone Identity fo r  Elliptic Diffe­
rential Operators of Order 4 m with Applications. Nota di N orio 
Y o sh id a , presentata (#) dal Socio M. P icone .

RIASSUNTO. — Nel presente articolo si stabilisce una identità del tipo di Picone per 
una classe di operatori ellittici a derivate parziali di ordine 4 m. La predetta identità è poi 
applicata per dim ostrare teorem i di confronto del tipo di Sturm , e anche per ottenere 
diseguaglianze del tipo di W irtinger e limitazioni inferiori per gli auto valori relativi agli ope­
ratori considerati con condizioni ai lim iti omogenee.

i. Introduction

Suppose th a t u  and v are, respectively, functions in the dom ains of 
the ordinary  differential operators

lu  == ( a u f  A  cu , L v  == (Av')' +  Cv ,

defined in the interval (xx , x 2). If  v =f= o in (x1 , x 2), then the following 
formula, known as Picone’s identity, holds:

x2

(1.1) | j -  (W  v —  =  j [(a — A) « '2 +  (C —  c) u2] d x  +
X1

x2 x2

+  f  A { tl  — — v' j d x  A  j* ~  f l u  — uLv) d x  .
Xx Xx

Thei principal application of (1.1) is in the proof of the S turm  comparison 
theorem  which asserts th a t if ^ ^  A >  o , C ^  c, then every solution v of 
the equation \ju =  o oscillates more rapidly than  any solution u  of the 
equation lu  =  o.

Beginning with the work of Picone [12], extensions of (1.1) to elliptic 
partia l differential operators have been obtained by various authors. We 
refer, in particular, to D unninger [5], K reith [7-9], Kreith and Travis [10] 
and Swanson [13] for extensions to second order elliptic operators, and to 
Chan and Young [2], D unninger [6], Kusano and Yoshida [11], W ong [14] 
and Yoshida [15] for extensions to fourth order elliptic operators.

T he object of this paper is to present a generalization of (1.1) to the 
elliptic differential operators

(1.2) Am (ahP u) A  cu , Am(AAm v) A  Cv ,

(*) Nella seduta dell’8 m arzo 1975.
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where

A = — + • " +  —
3*; si

is the Laplacian, and Am is the m -th  iterated Laplacian.
As an application of the generalized Picone identity  we prove S turm ian 

com parison theorem s for elliptic differential inequalities involving (1.2) under 
hypotheses different from those given by Diaz and D unninger [4]. As 
further applications we obtain a W irtinger-type inequality for solutions of 
the associated differential equations and lower bounds for the first eigenvalue 
of related eigenvalue problems. O ur results constitute generalizations of 
those of D unninger [6] for the special case of fourth order operators (m — 1).

2. A Picone id e n tity

Let ß  be a bounded dom ain in the real Euclidean e s p a c e  Ew, w ith a 
piecewise sm ooth boundary  Points in Kn are denoted by x  =  (aq , • • •, x n) 
and partia l differentiation with respect to x \ by D * , i  — 1 , • • •, n. For a 
m ulti-index a =  (oq , • • •, oq) with nonnegative integer components and 
norm  I a | =  oq +  • • • +  aw, we define the differential operator D a by 
D a =  D11 • • -Dnn. We use V u  to denote the gradient of a function u t C 1 (O). 

Consider the linear elliptic differential operators

lu  =  Am (aAm u) +  cu , L v  =  Am (A A m v) +  Cv ,

where the real-valued functions a and A are positive in Q and of class 
C2m (Q), and the real-valued functions c and C are continuous in £!. The 
dom ains D 1 and D L of I and L, respectively, are defined to be the set of 
all real-valued functions of class C4m(D ) n C 2m(Q).

W e present a generalization of Picone’s identity (1.1) in the following 
sense.

Theorem 2.1. Assum e  2Q is piecewise smooth. I f  u t ~Di , v £ D L und  
i f  i jv , 1 [Av^ • • •, I/A*-1 v are o f class C1 (Û), then

(2 . 1 ) j  ^  ^ m_ k_ 1 U ĵ Am~^_1 U ~ ~  (Ak (AAm v ))  v ça/±m cL
dii

+  / £  [a^ - 1 « )-jr (A* “) -  (AAm «0 i
dQ

== j  [(a —  A) (Am u f  T  (c —  C) u2] dx
Q

+  j  A ^ u f  +
Q
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V  (AAW v)
S  A™-*-19

\m~Tc-l
Am~k~ 2v

--- 2

Q

m— 1
2  A*(AAro v) A™-*-1 v

v (
^m— 1 
^m— 1 ■)

2
dx

+  J  — — viti) dx ,
Q

where 9/3v denotes the exterior norm al derivative.

Proof. Let 9i , • • •, cp2w be real-valued functions such th a t 9l , • • - , 9m 
are of class C2 (£2) , Acpm+1, • • ■, Acp2w are of class C2 (Q) and ^  , • • •, 
do not vanish in Q. L et ^  , • • •, <Jjm be real-valued functions of class C2 (Q). 
Then, we have

r  m—l n
C2-2) / 2  2  D* PMAqw*) (A“-*-1 )̂2 -  Dj((A^-i «)*) A9m+J d*

Q
r  m—l

=  / 21 [(A™-^1 i*)2 A (A?«**) —  2 Acpm+Jfc (A”»-*-1 li) A"-* « —
./ Æ=0

—  2 A<pm+* I V ( V ^ - 1 *) I2] d;r ,

/* m—l w
(2-3) 2 X  2  D ; [A<pm+i (A™- *-1 «)2 D,: d.r

&=0 i = 1Q
/• m—l

=  2 / 2  K A "^-1 A)2 V(Acpm+jt) • V i „ ,  +  A 9m_ , ( A - ^  «)* +
/ &=0 Q

+  2 A 9m+* ( A ^ - 1 u) V ^ m-ic • V (A™-*-1 *)] d* .

(Actually, the identities hold between the integrands). U sing (2.2) and (2.3) 
we see th a t the following identity  holds:

(2.4) j  [ A ^ u f  +  CtP] dx
Ù

A (A m u —  cpm A”»-1 u f  +  2 ] A<1>” +*+1- (A®-^-1 u —
k— 0 ^ m —k —1y

— 9 ^ !  A™-*-2 «)* +  (A<p2m +  C) «2 j  d:r 

A   ̂f ' ^Lj | 3  (Â m-f-fc) A  Acpm̂  cpm—k "b 2 V (A<pm_ )̂ • V A,?
Q

A9m+fe±Lj uy  dx

Ym-k

y m—k-
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2 2 Acpm+,  [ I v  (A»*-*-1 u) I* —  2 (A—»-1 ■«) • V (A™-*-1 *) +
k=0

Q

+  (— +  «Pm-ifc) (A™-*-1 Zü)2] d*
m—1 n
2  2  D < P i ( A ?m+fc) (A™-4”1 zd)2 — Dj^A1”-*-1 zz)2) Acpm+Jfc] d*
& = 0 i = l

/* m—1 n
2 / 2 2  D i [A<pm+i! (A”*-*-1 zz)2 Di d * ,

J k = 0 i=l 
Q

where we have set <p0 =  1. W e note th a t the integrand of the th ird  integral 
on the right hand side of (2.4) can be rewritten as follows.

m—1
(2 .5) 2  A?m+* [ I V (A*+1 u) I2 — 2 (A*4 -1 *) V̂ m_* • V (A™-*-1 «)

A?=0
+  (—  A^m-fc +  <pm-t) (A”*-*-1 Zz)2]

m —1
= 2 A<?m+h [ I V (Am-*“1 u) —  A®-*-1 « I2
+  (— A^TO_i- — I j2 +  (fm-k) (A”»-*-1 zz)2] .

W e now dehne the functions 9i , • * *, 92m > <W ? * • *, by

9& — A^ vjA^-1 v ,

9m+h =  A* (A A m v)l(A A mr-k- 1 v) ,

92m, =  Aw (AAW v)l(Av) ,

=  l°g I ^  v I ,

It is easy to, verify tha t the following identities hold:

(2.6) A (A9m-f&) A  A 9m+jc 9m—k A  2 V (A9m+Jfc) • Vtym—k 

A<?m+k+ll9 m-k-l == O ,

A^w_̂ . I V+m_* 12 A  9m-k =  o ,

-^92m A  G \jL)Jv ,

V (Am-*-1 u) —■ A™“ “̂1 ^  =  A™4 4  ^ V (Am~̂ _1 u\h^m~k~x v).

Substituting (2.6) into (2.4) and (2.5) and transform ing the last two integrals 
with the use of G auss’ divergence formula, we obtain

I ^  k  ^  m  , 

o  ^  k  ^  m —  I ,

I ^  k  ^  m  .

o  ^  A  ^  —  I ,

o  <  k  <  m  —  I ,

(2.7) jĵ  [A (Am &)2 A  CA2] dx
Q

=  / [ a  +
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’y 2 .A*+i(AA«y)

+  i h  l
u  —  A” \  \ v A m- k~3 uA m—k—2 y ■ r + - H dx

dx- 2 j  g  A* (AAm * ) Am-*-1 * I v
Q

+ rf[A.(AA-„)4(<̂ )-
J  k —0dQ

On the other hand, using an integral identity  used in [3, p. 226] (or 
[4> p. 341])» we £et

(2.8) J  ulu  d x  —  J  [a (Am u f  +  cu2] dx
Q Q

r m—1
=  J 2  jA™-*-1 u  ~  (A* (aAw «)) —  A™-*-1 (<zAw u) (A* «)] d j .

Now the desired Picone identity  (2.1) follows readily by combining (2.7) 
with (2.8).

The following identity  to which (2.1) reduces when a — c — o will often 
be useful.

Theorem 2.2. A ssum e  3Q is piecewise smooth. I f  u  e C2m (Q) , v € D L 
and i f  i/v  , 11Av  , • • •, 1 /Am_1 v are o f class C1 (Q), then

<3-9) j  g [ A > ( A A - . ) - | - ( !̂ 1f )
90

=  j  [A (A» ^)2 +  Cz*2] d x  —  j f L v

d / U)2 \ ^m-k~i uy  a
3v (a * (AAm z/))j dA*

d;r

_ r A ^Am u  — AmvJQ Am~1v

\ i 2 A,s+1 (AA’" e;)
' t^n-k- 1 v

j^m—k—2

t^m -k-1 u  \  12

« )2 d#

+2 J g A* (AAm *0Aw-*-1 » I v (ATT) d x  .
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3. Sturmian comparison theorems

We begin with the following com parison theorem.

Theorem 3.1. Assum e that 3 0  is piecewise smooth and that there exists 
a nontrivial function u  € D 1 which satisfies

(3.1) J ulu  d x  A  o ,
Q

D a u =  o on 9Û , \ vl \ A  2 m  — 1 ,

V [u\ — j  [(a — A) (Am u f  +  (c — C) u2] d x  ^  o .
Q

I f  v £ D l  satisfies

(3.2) L v  ^  o in  O ,

(■— 1)* A  ̂v >  0 at some po in t x (k )  € O , o A  k A  m  —  1, 

(— i)m+k A k (AAm v) ^  o in  Q , o A k A m —  2 ,

Am”i (AAm z>) <  o /n O ,

then, at least one o f the functions v , Av , A™-1 v m ust vanish at some point 
o f O.

Proof. Suppose none of v , Az;, • • •, A™-1 v vanish in Q Then, the 
Picone identity  (2.1) is valid and readily implies, in view of (3.1) and (3.2) 
(observe th a t the second condition of (3.2) implies (■— i)k A h v > 0  th rou­
ghout 0 , o  A  k A m  — 1), that

. (AAm v) v j V (-^1 dx A  o .

Consequently, V (u \v ) == o in O, tha t is, u\v  =  y in Q for some nonzero 
constant y. However, this cannot happen since u — o on 30  whereas v >  o 
on 3 0 . Thus, at least one of v , Av , • • •, Aw_1 v m ust vanish at some point 
of O. '

W e now proceed to obtain comparison theorems which are “ strong ” 
in the sense tha t the conclusions apply to O rather than O.

Lemma 3.2. A ssum e that 3 0  is piecewise smooth and that there exists 
a nontrivial func tion  u  € C2m (O) which satisfies

(3-3) L)a u =  o on 3 0  , I a | A  2 m  — 2 .

M \u\ == I [A (Am u )2 +  Cu2] dx  A  o .
Q
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Then , there does not exist a function  v € D L which satisfies

(3-4) L v f i  0 in  £2 ,

v >  0 on 30  ,

(—  I A k v > 0 in  O , 1 f i  k f i  m  — I ,

(— i)m+h A* (AAm v) f i  0 in  0  , 0 f i  k f i  m  — 2 ,

Am_1 (AAm v) <  0 in  £2 .

Proof. Suppose there exists a function v € D L which satisfies (3.4). 
Since Az> <  0 in 0  and v >  0 on 3£2, the m axim um  principle implies that 
v >  0 in £2. Hence, the identity  (2.9) holds. Consequently, in view of (3.3) 
and (3.4), it follows from (2.9) that

0 f i  M [u] f i  — 2 1 Aw_1 (AAW v) v 
0

V ( f i  2d x > o .

This implies tha t u\v =  y in Q for some nonzero constant y. However, this 
contradicts the fact th a t u ~  0 on 3Q and v >  0 on 3Q.

T h e o r e m  3.3. Assum e that 3£2 eC 2w and that there exists a nontrivial 
fttnction  u  e C2m (£2) such that

(3-5) D a u — 0 on 30 ,

VI!8

(3-6) 0VII

IFL
_

j

Then, every v € D l  which satisfies

(3-7) L v f i  0 in  12 ,

v >  0 at some po in t x  (0) € £2 ,

(— j )* A* v > 0 in  O , I f i  k f i  m  -— I ,

(—  i)m+* A*' (AAm v) ^  0 in  O , 0  f i  k f i  m  — 2 ,

A™-1 (AAm v) <  0 in  £2

m ust vanish at some po in t o f £2 unless v is a constant m ultiple o f u. Moreover, 
i f  M [u] <  o, then v m ust vanish at some po in t of Q.

i Proof. O ur m ethod is an adaptation of th a t used by D unninger [6]. 
W ithout loss of generality we m ay suppose tha t v f i  o on 3£2. Then, by 
Lem m a 3.2, v — o at some point of 3Q. It follows from the m axim um  
principle th a t v >  o in £2.
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Since 3D eC 2m and u  satisfies the boundary condition (3.5), u  belongs 
to the Sobolev space H 2nî (Q) which is the closure in the norm

(3-8) Il « IL» =  f f  ' S  I D “ u |2 dx
L J |a|^2ra

of the class C“  (£1) of infinitely differentiable functions with compact support 
in Q. (See e.g. Agm on [1, p. 131]). Let {uv} be a sequence of functions 
in C“ (Q) converging to u in the norm  (3.8). It is not difficult to see that 
the identity  (2.9) holds for each pair {uv , v). Using (3.5), (3.6) and (3.7) 
in (2.9) we find M [uv] o. Since A  and C are bounded, there is a positive 
constant Kj such tha t

I M [uv] —  M M | A K j J  I A® uy Am (uv —  u ) + A ™  uA m (uv —  u) \ d x  +

+  K j j  I Uy (tty ---- u) +  U (Uy •—  u)  I d x  ,

which yields w ith the use of the Schwarz inequality

(3.9) IM [uv] — M [u] I A K 2 (Il uv ||2m +  Il u ||2m) H «v — « ||2ro ,

where K a 1 is a positive constant depending only on m  and n. Since 
II “ v —■«||am-> o as v -> 00, it follows from (3.9) that M [uy] -»-M \u\. Since 
M M ] A o, we have M \u] A o, which, together with (3.6), implies tha t
M [u\ — o.

Let B denote a ball w ith B C Û and define

Q] [Uy] - — J ^A™*1 (AAmv) 
Av [lAUy A^i 2 A™-1 (AAm v)  V d x  .

It is easy to verify that

Q b [«v] =  j  [
■  Am~1(AAn V)

Av (A«v)2~ AAA’ - ) a ( A ) ] d x

Since A“ “1 (A A® v)\Av  and A®-1 (AAm v) are bounded in B, there is a positive 
constant K 3 depending only on m  , n and B such that

Q b M ] — Q b {*] I ^  K 3j

B
tAuy A (iiy —- u) -f- [AulA (tiy —  u) \ dx

+  K 3 j I  A \Uy (Wy --- w)] -j- A [w (Uy —■ ?f)] I  dx  ,
B
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where w y =  uy/v and w  =  u\v. Applying the Schwarz inequality we obtain 
from the above

I Qb [*v] Qb \fi\ I =  K 4 (Il Uy I|2m,B +  Il U l^m.ß) II uv ' U llam.B T

-^4 (II Uy II23W,B II W ll*2m,B +  II ^  Î WjB || % I|2w,b) >

where K 4 is a positive constant depending only on m  , n and B and the 
subscript B indicates the integrals involved in the norm  (3.8) are to be taken 
over B only. Since v >  o on B, we see easily th a t \ \wy — w  ||2m,B -> o as 
II u y —  u ||2m,B o, and hence QB \uy\ QB [u] as v —> 00. Since by (2.9)

o — Qb [uy] ^  M [uy]

and since M \uy\ -> M [u] =  o as v -> 00, it follows tha t QB [u] =  o, and 
consequently, V (u\v) =  0 in B. Since B is arbitrary, we conclude that 
u\v  =  y in Q for some nonzero constant y.

The proof of the second statem ent is immediate. This finishes the proof. 
The following strong com parison theorem  is our m ain result.

T h eo rem  3.4. A ssum e that 3Q eC 2m and that there exists a nontrivial 
function  u € D I which satisfies

(3-IO) ulu dx
JQ

D “ « == O on ,

V [* ] = f  [ ( a - A) (Am u j
Q

Then , every v fi D B which satisfies 

L v A  o

V >  o

(—  I f i  A k v > 0

(—  i)m+k A k (AAW v) > 0

Am~x (AAm v) <  o

m ust vanish at some po in t o f Q unless v 
i f  V [u\ >  o, then v m ust vanish at sot

Proof. T he hypothesis V  \u\ ^  o

■ ^  o ,

I a I ^  2 m  —■ I ,

5 +  (c — C) u2] d x  ^  o .

in  O ,

at some po in t .r (o) G Q , 

in  O , I A  k A m -— 1 ,

in  O , o ^  k  ^  m  — 2 ,

in  Q ,

is a constant multiple o f u. Moreover, 
te po in t o f £2.

implies that

(3.12) M [u] [a (Am u )2 +  cu2] dx  .
Q

From  (2.8), (3.10) and (3.11) it follows th a t the right hand side of (3.12) 
is nonpositive. T he conclusion follows from Theorem  3.3.
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The proof of the following corollary is analogous to that of D unninger [6], 
so we omit it.

C o r o l l a r y  3 .5 . A ssum e that £>Q eC 2m, aA> A  A o  , c A C  in  O and  
that u  € D z , u  ^  o in  any open subset o f Q. I f  either

and u satisfies

or

c ^  C in  Q

J  ulu  d x  A  o ,
Q

D a u — o on , I a I ^  2 m  — 1 , 

a >  A and c - (= o at the same

and u satisfies

lu  =  o in  Ü  ,

D a u  =  o on 3Q 

then every v € D l which satisfies

oc I A  2 m  — I ,

L  v A  0 in Q ,

v >  0 at some po in t X (0) € 0  ,

(— i)*A* v >  0 in a , I A, k A  m  — I

(— i)m+7c (AAm v) ^  0 in Q , 0 A k A m  — 2

A™-1 (AAW v) < 0 in O ,

m ust vanish at some poin t o f O.

4. W IRTjlNGER INEQUALITIES AND LOW ER BOUNDS FOR EIGENVALUES

T he following W irtingei-type inequality which is an im mediate consequ­
ence of Theorem  3.3, is a generalization of the earlier result of D unninger [6]. 
For related ’ results the reader is referred to W ong [14] and the references 
cited therein.

T h e o r e m  4.1. A ssum e that 3Q € C2m and that there exists a function  
v € D l  which satisfies

0II0 in 0 ,

v  >  0 in Q ,

(— I ' /  Ak v  > 0 in n , I f i  k A, m  —  I

( _  ! )m+fc ÇA /yn v) A o in o , 0 A, k A m  —  2

Am- 1 (AAm v) <  O in Q .
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Then y fo r  every nontrivial function  u  € C2m (Q) which satisfies 

D a u  =  o on 3Q , | a | ^  2 m — 1 ,

the fo llow ing  inequality holds'.

j  [A (Aw u )2 +  Cu2] d x  ^  o ,
Q

where equality holds i f  and only i f  u is a constant m ultiple o f v.

As a final application of the Picone identity  we obtain a lower bound 
for the first eigenvalue of the eigenvalue problem

(4.1) lu  =  \u  in Q ,

D a u =  o on oQ y I a | ^  2 m  — 1 .

Theorem 4.2. L et X be the fir s t eigenvalue o f the problem  (4.1) and let 
u £T>i be an associated eigenfunction. Suppose there exists a function  v  € D l 
zvhich satisfies

(— 1)* A h v > o  in  O , o g  k  ^  m  —  1 ,

(— I )m+k A* (A A m v) ^  o in  Q ,  o ^  k  ^  m —  1 .

I f

V \u\ =  j  [{a — A) (Am u )2 +  (c — C) u2] d x  ^  o ,
Q

then

xeQ\  * !

Proof. The conclusion readily follows, since (2.1) together with the 
above hypotheses implies th a t

X J  u2 d x  — J  u2 i f f f )  — 0 •
Q Q

Rem ark. It is easy to observe th a t in Theorem  3.1 and Theorem  4.2 
the boundary  condition for u  can be replaced by

bfi u =  A™-^“1 (aAm u) +  0Lh —  (A* u) =  o on 3Q , o iL k  ^Lm  —  1 ,

where o ^  ^  - f  00 ^  =  +  00 denotes the boundary condition —  (AÄ u) =  oj .

Acknowledgement. The A uthor would like to thank  Prof. T. Kusano 
for his helpful suggestions concerning this paper.
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