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Equazioni differenziali ordinarie. — On global controllability of linear time depen­
dent control systems. Nota(*) di ALBERTO TONOLO, presentata dal Corrisp. R. 
CONTI. 

ABSTRACT. — Let (A,B) be a linear time dependent control process, defined on an open interval 
/=]a ,w[ with a^—oo and w^o° ; in this paper we give a description of the function T: I—>/, r(t) = 
= inf {t' >t: {A, B) is [/, t' ]-globally controllable from 0} where I = {t e J : 3t' e ] with (A, B) [t, t' ]-globally 
controllable from 0}. 

KEY WORDS: Linear control process; Global controllability; Kalman's matrix. 

RIASSUNTO. — Sulla controllabilità globale dei sistemi di controllo lineari dipendenti dal tempo. Sia (A,B) 
un processo di controllo lineare dipendente dal tempo, definito su un intervallo aperto / = ] a , w[ con 
a 5= — ooea>^°°; in questo lavoro diamo una descrizione della funzione r: I—*J, T(/) = inf {t' > t: {A,B) è 
[t,/']-globalmente controllabile da 0} dove 1= {te]: 3t' ej con (A,B) [t,t']-globalmente controllabile 
da 0}. 

0. INTRODUCTION 

0.1. Let us consider the linear control process 

(AtB) x'=A(t)x + B(t)u(t). 

where, as usual, x = x{t) is an /z-vector, u(t) an w-vector, A(t) and B{t) are real matrices 
of type nX n, nX m respectively, both depending on / which varies on some in­
terval / = ] a , col with a ^ — oo and w^o° . We suppose A,B e L\oc(J) and ueUB = 
= {u e L\oc (J) : Bu e L\oc (J)}. For each t0 eJ,veRn and ueUB the solution t-^> x(t, t0, v, u) 
of (A,B) such that x(t0, t0, v, u) = v is represented by 

x(ty t0 ,vyu)= E(t, to) v + J E{t, s) B(s) u{s) ds 

where E is the transition matrix of dx/dt — A(t)x = Q. 

0.2. DEFINITION. Given S,T e J, £ < T, we say that (A,B) is globally [S, T]-control-
lable from zero (in short [S, T]-g.c.) by means of a set U ç UB if and only if for every 
weW there exists ueU such that x(S,T,0,u) = w. 

0.3. Given a linear control process (AyB), let I be the set oi te] for which there 
exists t' e J such that (A, B) is [/, t' ]-g.c. by means of U; clearly, if I ^ 0,1 =]a, a>[ with 
OJ^OJ. The purpose of this paper is to study the function 

T : I ^ / , TM=inf{/ ' >t\(A,B) is [/,/ ']-g.c.}. 

We have achieved the following results: 

(*) Pervenuta all'Accademia il 7 settembre 1990. 
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PROPOSITION (Prop. 1.1). Let BeL\oc{]), U = L£C(J), then T:J—»/ is non 
decreasing and continuous on the right. 

MAIN THEOREM (Th. 1.5). Let B e Lï0C{J), U = L\oc (J), then r:I^J is piecewise li­
near; more precisely it is piecewise constant, piecewise the identity. 

In the last section we will give some meaningful examples of this function. 

1. THE FUNCTION T 

1.1. PROPOSITION. Let BeL\oc{]), U = L£C{J), then T:I—>J is non decreasing and 
continuous on the right. 

PROOF. Let r^s<t€jy if (A,B) is |>,/]-g.c, then obviously (A,B) is [r,t]-g.c; so 
T: J—>/ is non decreasing. Next, fixed s > 0 , tel we consider z(t) + e; being (A,B) 
[t,z(t) + e]-g.c, there exists, by Th. 7.4.4 of [1], 6>0 such that (A,B) is [/+ 0,T(/) + 
+ e - 0]-g.c; then for each se[t,t + ff] we have T(S) e [T(/), r(t) + s]. 

1.2. In the sequel we assume BeL[oc{J), U = Lioc(J); under these hypotheses we 
can apply the Kalman's criterion for which (A,B) is [5, T]-g.c. if and only if the 
matrix 

K(S, T) = \ £(T, r) B(r)B* (r) E* (T, r) dr 

is positive definite (see [2]). 

Therefore r(t0) = inf {t> t0: K{tQ, /) is positive definite}. 

1.3. LEMMA. Let A and B(oc) be two symmetric matrices, positive semi-definite, 

such that y"k Ay = 0 implies y*B(a)y = 0 and lim B(a) = 0. There exists a > 0 such that 

for each a ^ a we have that x* Ax>0 implies x*B{a)x<x* Ax. 

PROOF. We can choose a base eiye2 ,ej,, ...yen of R* such that the matrix of the bi­
linear form induced by A is the diagonal matrix 

1 

We continue to write A and B(<x) for the new matrices. Set B(a) = (Ay)/,/, we have, by 
the hypothesis, &-,>_/ = e*-jB(a) en-t• = 0 for / = 0, ...ym-l. Next, being 23(a) 
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symmetric and semi-positive definite, it results $,„-/ = 0 for / = 0,. . . , m — 1; in fact, if 
/ = 0,.. . , m — 1, the determinant of the principal minor made on /-th and (n — /)-th 
rows and columns is —pl„-i. So we have 

B{a 

Pi •-film 

'Pmm 

0 

0 0J 
Let us consider an arbitrary vector x of R" written in spheric coordinates: 

x={psin<pì s i n ^ . - . s i n ^ - ^ p c o s ^ s infe . . . s in^_ 1 , . . . ,pcos^_ 2 sin&,._i,pcos&,_!). 

It's easy to verify that x*Ax = p2 sin2 ^ . . . s in 2 $n_x and 
n m m 

x*B(a)x= 2 Pjj(<x)xiXj= S P#(a)XiXj^(p2 sin2 ^ . . . s in 2 fa-J 2 | ^ ( a ) | . 
ij= 1 ij= 1 ij= 1 

Since lim B(a) = 0, there exists a > 0 such that for each 0 ^ a ^ a we have 
m 

2 lft(a)|<l. 

Then if x*Ax = p2 sin2 ^ . . . s in 2 ^_ x ^=0, for each a ^ a we have x*£(a)x<x*i4x. 

1.4 LEMMA. We /><«;£ ròe equality 

K(t0 + a,t1 + e) = K{tx ,/! + e) + 

+£(/! + e, h)[K(t0itl)- Eft , /0 + a) K{t0, /0 + a) E* ft, t0 + a)] E* ft + e, / J . 

PROOF. It follows immediately from the «group property» of the transition matrix 

1.5 MAIN THEOREM. Le/ BeL2
oc(/), U = L\oc(J), then T «• piecewise linear; more 

precisely it is piecewise constant, piecewise the identity. 

PROOF. Let t0 e I, we will prove that if tx = T(/0) > A) then there exists a > 0 such 
that for each s e [/0, t0 + a] it is T(^) = T(/0). It will be sufficient to verify that x =£ 0 and 
£ > 0 imply #* iC(/0 + a, ^ + e) x > 0 for each a ^ a. By Lemma 1.4 we have 

(#) x* K(t0 + a, /j + e) x = x* Kft >t1+e)x-h 

+x*E(/i + e , / i ) [ K ( / b , ' i ) - E ( ^ 
#) Being the Kalman's matrix always positive semi-definite, by (#) with e = 0, it 

results that if x*K(t0,t1)x = 0 then x*Eft, /0 4- a)ivft, *o + a ) £ * (h ,t0 + oc)x = 0, for 
0 ^ x* K(t0 + a, /j ) x = - * * E f t ,tQ + a) K(t0 , / (>+«) E * (*i ,^o + a) x ^ 0; 

è) Since for each s > 0 (A,B) is [/0, ^ + s]-g.c, then Kft , *i + e) is positive defi­
nite; let y be such that [y*E^ + s,/i)]X(/b,*i)[E* Ui + s,h)y\ = 0, then by *) 
[};*£ft+ £ , / 1 ) ]£f t , / 0+ a ) i ^ > ^ + ^ and so in 
this case y* K(t0 + a, ̂  + s) ;y = y* Kft, ^ + e) y for each a ^ 0; now if a = 0 we have 
0 < y* K(t0 ,ti+ e)y and so for each y =£ 0 it results y* Kft , ^ + e) y > 0. Then for each 
a ^ 0, y ̂  0 implies y* JCft + a, *i + e) ? > 0. 
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c) Next let y be such that 

[y* E(t, + e, t^ K(t0, tx)[E* (h + e, tx) y] > 0; 
it is easy to see that A = K{t0, tx) and 13(a) = E{tx, /0 + a) K(/0, /Q + a) E* (*i, k + a) sat­
isfy the hypothesis of Lemma 1.3; hence there exists a > 0 such that for each 0 ̂  a ^ a 
[y* £(/! + £,/!)] E(/bA) + a) X(/b,A) + a) E*('i,Jb + a) [E*(*i + e,/i)y]< [y* E(/i + Mi)> 
\K(/0, *i)[E* (h + s, î) j ] and so, being y* K{tx, tx + s) y ^ 0, for each O ^ a ^ a w e have 
ykK{t0 + oLitl + z)y>0. 

Finally, by b) and c), the matrix X(/0 + a, ̂  + e) results positive definite for each a ̂  a, 
and then, for the arbitrariness of e, for each s e [t0, /0 + a] we have T(J) = ^ = T(/0). 

2. EXAMPLES 

2.1. In this section we will give two examples of linear control process for which 
the associated functions T are respectively one piecewise constant, the other alterna­
tively piecewise constant and piecewise the identity. 

2.2. Let 
"0 1" 
0 0 ' 

A = 

B(t) = 

1/2 

Since 

it follows 

( /-W) 0 
0 0. 

0 (t-[f]-î/2)(t-[t]-l) 

0 / - [ / ] - 1 / 2 

E(T,t)=I+(T-t)A = 

if t-lti^l/2, 

if t - M 2* 1/2. 

T-t 
1 

E(T,t)B(t) = 

"1/2 - ( / - [ * ] ) 0" 

0 0. 

0 ( / - W - 1 / 2 ) ( T - W - 1 ) ' 

0 / - [ / ] - 1 / 2 

Hence 

y*E(T,t)B(t) = 
\{(\/2-{t-[t]))yi,Q) 

if * - [ / ] « 1/2, 

if t-[t]& 1/2. 

if / - W ^ l / 2 , 

( 0 , ( / - W - l / 2 ) ( ( T - [ / ] - l ) y i + ^ ) ) if / - M S * 1/2. 

Therefore (4,B) is [5, T]-g.c, with 5 < T, if and only if 1/2 e {*-[*]: / e]5, T[} or 
0 e {/ - [7] : / e]S, T[}. From this it follows that I = R and for each / e R 

[M + l/2 if * - [ / ] < ] / 2 , 

[ /+1] if t-lt] 5* 1/2. 
TW = 
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2.3. Let 

A = 
0 1 
0 0 

B(t)-

Since 

1/2 - ( / - [ / ] ) 0" 

0 0_ 

0 ( * - M - l / 2 ) ( / - M - D 
( / - M - ] / 2 ) ( / - [ / ] - ! ) 0 

if t-lti^l/2, 

if / - [ / ] > 1/2. 

E(r,f) = I + ( r - * M = 
i r - f 
0 1 

it follows 

E(T,t)B(t) = 

' 1/2-(t-It]) 0 

0 0. 

" ( T - / ) ( / - [/] - l /2)(;- W - 1) ( / - W - l /2)( /- M - 1)" 

( / - W - l / 2 ) ( / - W - l ) .0 

Hence 

y*E(T,t)B(t) = 

r((l/2-(t-[t]))yi,Q) 

= • ( ( (T - *)y i +y2)(t- W - l/2)U- M - \),{t- M - l/2)((f- M - Ib i ) ) 

if / - [ / ] ; s ] / 2 . 

Therefore C4,.B) is [S, T]-g.c, with 5 < T, if and only if 1/2 e { / - [ / ] : / e]5, T[} or 
5 - [5] e [1/2,1[. From this it follows that 7 = R and for each ; e R 

if / - [ / ] < 1/2, 

if / - W ^ l / 2 . 

If / - [ / ] < 1/2» 

T(/) = 
/ if / - [ / ] e [ ] / 2 , l [ , 

0] + l/2 otherwise. 
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