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Analisi numerica. — Convex approximations of functionals with curvature. N o t a d i 

G I O V A N N I B E L L E T T I N I , M A U R I Z I O P A O L I N I e C L A U D I O V E R D I , p r e sen ta t a (*) da l Socio 

E . M A G E N E S . 

ABSTRACT. — We address the numerical minimization of the functional &(v) = J \Dv| + J \wd%n~l — 

Q dû 

— jxvdx, for veBV(û; { — 1,1}). W e note that & can be equivalently minimized on the larger, con-

Q 

vex, set BV(Q, [ - 1 , 1 ] ) and that, on that space, & may be regularized with a sequence 

&,W = J V s 2 + \Dv\2 + J pvdXn~l- \ xvdxi of regular functionals. Then both & and &t can be disfi ao a Js 

cretized by continuous linear finite elements. The convexity of the functionals in BV{Q; [ - 1 , 1 ] ) is useful 

for the numerical minimization of &. W e prove the T-Ll (Q)-convergence of the discrete functionals to & 

and present a few numerical examples. 

K E Y WORDS: Calculus of variations; Surfaces with prescribed mean curvature; Finite elements; Con

vergence of discrete approximations. 

RIASSUNTO. — Approssimazioni convesse ài funzionali con curvatura. Si studia la minimizzazione nu

merica del funzionale 3r{v) = I \Dv\+ J (ivdX"'1— I xvdx, per veBV(Q; { — 1,1}), i cui minimi relativi 

a da a 

sono funzioni caratteristiche di insiemi A e Q e Rn con frontiera di curvatura media x ed angolo di con

tatto arecos (/x) all'intersezione con dû. Si osserva che & può essere equivalentemente minimizzato sullo 

spazio convesso BV{Q, [— 1,1]), dove viene regolarizzato con una successione di funzionali regolari 

&£(v) = j^/e2 + \Dv\2+ \ixvdXn-x-\xvdx . Sia $ che $t vengono quindi discretizzati con elementi 

finiti continui lineari. La convessità dei funzionali in BV(Q, [—1,1]) gioca un ruolo importante nella mi

nimizzazione numerica di 3 \ Si dimostra la T-convergenza dei funzionali discreti a & in L1 (Û) e si presen

tano, infine, alcuni esempi numerici. 

0. INTRODUCTION 

Several geometrical type problems in the calculus of variations arising, for in
stance, in phase transition theories [5] and computer vision theory [16], fall within 
the general setting proposed by E. De Giorgi [7,1], These problems usually involve 
unknown interfaces, obtained as minima of functionals defined on the space 
BV(Q; { — 1,1}) of the characteristic functions of sets of finite perimeter in Q. The nu
merical minimization of such functionals seems quite difficult, because of the lack of 
convexity and regularity (see, e.g., [2,3]). 

In this paper we address the numerical minimization of a model function
al [10,12,13] via convex approximations. More precisely, given an open bounded 

(*) Nella seduta dell'11 maggio 1991. 
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set QcRn(n^ 2), a function x e L00 (Q), and u e L00 (3D; [-1,1]), we consider the min
imum problem: 

min &(v), where 5{v) : = f \Dv\ + f ai;â&C ~1- ìxvdx. 
v e BV(Q; {-1,1}) J ' ' J 

Q dQ U 

It is well known [10] that any minimum of <^is the characteristic function of a set 
A ç Q whose boundary has prescribed mean curvature x and contact angle arccos (a) at 
30. 

Noting that $ can be equivalently minimized on the larger, convex, set 
BV(Q; [—1,1]), the (nonstrict) convexity of $ can be exploited for the numerical 
minimization via linear finite element discretizations. Since the numerical algorithms 
perform better for strictly convex regular functionals, & is preliminary regularized 
by 

&e(v) = j^e2 + \Dv\2 + j[xvdXn-1-jxvdx, V z ; e W ( £ ; [ - l , l ] ) , 
Q dû Q 

which, in turn, is discretized by continuous linear finite elements. 
The main result of this paper is the T-Ll (Q)-convergence of the discrete function

als {&h}h a n d {&e,h}eth
 t o &• More specifically, we prove the following diagram of 

convergence: 

uniformly in J5V(Û; [-1,1]) 

&* >ff 
£ - * 0 

(0.1) T-L\ù) h h-*0 r-Ll{Q) h^O, 

uniformly in Vh cBV(Q; [-1,1]) 
and with respect to h 

where Vb is the finite element space. Hence, letting e and h go to 0 independently, it 
follows that T-lim &tyh

=& m L1 (Q). In view of basic properties of the T-conver-
gence[8], any family {u£j,}£>t> of discrete absolute minima admits a subsequence con
verging to a minimum point u of ^ i n L1 (Q) and &£^ («S,A) converges to $(u). We stress 
that no relation between s and h is required for the limit procedure, whereas the non-
convex approximation via double well potential, first proposed in [15], T- converges 
if A = o(e) [2]. 

The outline of the paper is as follows. In § 1 we state precisely the functionals and 
recall some basic properties. For the sake of completeness, in §2 we show the semi-
continuity of both $ and &t. The demonstration of the convergence results is given in 
§3. The paper concludes in §4 with some numerical examples. 
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1. T H E SETTING 

Let QcRn(n^2) be an open bounded set with Lipschitz-continuous boundary 

and denote by j • | the ^-dimensional Lebesgue measure and by Kn~l the (n — ^ -d i 

mensional Hausdorff measure in Rn[9]. Let BV(Q) be the space of the bounded 

variation functions in Q and set X := BV(Q; {-1 ,1}) , X := BV(Q; [ - 1 , 1 ] ) . Let us de

note by v e L1 (3D) the trace of v e BV{Q) on 3 0 . Let \Dv\ denote the total variation in 

Q and J y 1 + \Dv\2 the area of any function v e BV(Q) [12, Definitions 1.1 and 

14.1]. For any set EcQ, let XE(X): = 1 i£xeE, XE(*): = — 1 if x e Q \ E , be its char

acteristic function. It is well known that v e X if and only if v is the characteristic func

tion XE of a set E ç .0 of finite perimeter in 0, and P{EyQ) :— — \DXE\ IS the perime-

ter of E in 0 [12]. Finally, for any v e BV(Q), set {v > t) := {xeD: z;(x) > t) and note 
that X{̂ >̂ } e ^ > f° r a-e- / 6 J R [ 1 2 ] . 

1.1. The original functional. Given [xeL00 (dû; [— 1,1]) and xeL°°(û), let us 
define 

(1.1) 3{v):= j\Dv\ + j[ivdW'1- jxvdx, VveBV(Q). 
Q dû fl

it is well known that $ admits at least a minimum point ueX, because & is bounded 
from below and L1(D)-lower semicontinuous in 3t [14, Proposition 1.2]. We stress 
that, 

if u e X is a minimum point of $ in X, then, for a.e. t e [— 1,1], the characteristic 
function X{u>t) tX is a minimum point of $ in X. 

In fact, using the coarea formula [12, Theorem 1.23] and the Cavalieri formula, 
we get 

l l 

${v) = | J #fo{„>,}) dty that is J (d\x{v>t)) ~ &P)) dt = ®> 
- l - l 

for all veX. Then, the minimality of u in X entails &(x{u>t}) ~ &M ^ 0 , whence 
&{u) = &(x{u>t})> f ° r a-e- te[—l, 1]. Hence, min 3r(v) = min &{v) and the minimization 

of <^on X is equivalent to minimize <^on the convex closed space X, which reads as a 
(nonstrictly) convex problem. Note that & may exhibit relative minima in X\ in view 
of the convexity of X, they are no longer relative minima of <^in X. Moreover, ^ h a s a 
unique minimum point in X if and only if $ has a unique minimum point in X, and 
they coincide. 



3 0 0 G. BELLETTINI ET AL. 

1.2. The regularized junctionals. For any s>0-, the regularized functional 
reads: 

(1.2) # » : = j^e2 + \Dv\2 + jtxvdxv-^jxvdx, VveX. 
U dQ Q 

Since 3rs is bounded from below and L1 (D)-lower semicontinuous in X [13, §3.8, The

orem 11], &t has a minimum point u£ eX. Moreover, since &£ is strictly convex in 

Xr\ W\^(Q)/Ry its minimum is unique up to a possible additive constant. More pre

cisely, u£ is unique if and only if either \ x ¥= ^ or sup us = 1 and inf u£ = — 1. If ue is 
Q & 

Q dQ 

regular, then it satisfies the following variational inequality with Neumann boundary 
conditions: 

. Ut - -V(v-u£)dx+ (x(v-u£)dXn~l- x(v-u£)dx^0, 
Q V*2 + |V«J2 J J 

for all v e H1(Qy [—1,1]) (see, e.g., [12,13]). Note that, with no further assumptions 
(e.g., Ù convex), the minimum u£ ot&£ is, in general, just a bounded variation function 
(see [12, Example 12.15]; if Q c JR2 is an annulus with boundaries r1 and T2, n = 1 on 
r1} (j. = — 1 on r2, and x = 0, then 

| (xv dX1 = j\v + (x\ dX1 - X1 (3D), 
9Q dQ 

and our minimum problem corresponds to the Dirichlet problem for the area func
tional, with boundary datum —p/e suggested by Giusti as an example of nonexistence 
of classical solutions). 

1.3. The discrete functionals. Let {S^}h>o denote a regular family of partitions of Q 
into simplices[6, p. 132]. Let hs^h denote the diameter of any SeS/,. Let 
Vf, c Hl (Qy [— 1,1]) c X be the piecewise linear finite element space over St, with values 
in [—1,1] and 72'h be the usual Lagrange interpolation operator. For the sake of sim
plicity, we assume that Q = U S. We approximate p and x by continuous piecewise 
linear functions ^ and x^, respectively, so that [6] 

(1.3) Wlr.-(ao)^l> P^hh(dQ)=o(h~1)y V-b-j^t*- i n LHdO), 

d-4) Iklli»(D) ^| |X| |L-(D), \\Vxhh(a)=o(h-1), xh—T x in L 1 » ) . 

We define the discrete functionals as follows: 

(1.5) Sfc(t/): = j\Vv\dx+ jnh([Ahv)dX"-l-jnh(xhv)dx, VveVh, 
dO 

(1.6) 5=;,* ( * ) : = / V*2 + \Vv\2 dx+\llh ( ^ v) dDC""x - / ^ (xj») <&, V»eVj 

Since ^ and 3re^ are continuous over a compact subset of a finite dimensional 
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space, they admit a minimum point. Since tf^ is strictly convex in Vh/R, its 
minimum is unique up to a possible additive constant. 

The quadrature formulae in (1.5) and (1.6) allow the direct implementation on a 
computer of the minimization of ^ and &£^. Implementation details will appear 
in [4]. 

2. SEMICONTINUITY 

Just for the sake of completeness, we show here the lower semicontinuity of both 
functionals $ and $t in X with respect to the L1 (Q)-topology (see also [13,14]). 

We give a unified proof for both functionals $ and 3re, considering $= &£ with 
a = 0. Hence, let e ^ 0 be fixed. First, we approximate ixeV° (dQ; [—1,1]) by a se
quence of piecewise constant functions {pk}keN> s o that (jLk —>(x in L1 (dQ), as k—> °°. 
Denoting by #f the functional involving (xk, we have |#f (f) — &e(v)\ ^\\[xk — ^HL 1 ^)* 

for all v e X, namely, #f —> <̂ £ uniformly in X, as &—> °°. The assertion is thus reduced 
to prove that, for any k, #* is semicontinuous in X. Since no confusion is possible, we 
omit the superscript k. Then, let p be a piecewise constant function with values — 1 = 
= [A0<(i1 < ...<(JLN = 1 and set v, := ((Xj — [JL^-I)/2 and G, := {/* ^|U/} ç 30, for all 
1 ^ / ̂  N (Gx = dQ and GN = 0 are allowed). Since 

N N 

2 v, = 1 and ju(x) = 2 v/xG.(x), for all xedQy 
1=1 1=1 

#é can be decomposed as a convex combination of functionals cFj defined by: 

N 
#(!>) = : £ * 

/=! 
jV^ 2 + \Dv\2+ \xGivdXn~l-\xvdx 

N 

--• E v , ^ ) . 
/ ' = 1 

Hence, we finally have to show that, for any 1 ^ / ^ N , &\ is semicontinuous. 
Given a ball JB containing D, let Xi e W1,1{B\Q; [-1,1]) be a function with trace 
—XGi o n 3D [11, Theorem l.II; 12, Theorem 2.16]. If, for any v e X we define 
ẑ  e WCB; [-1,1]) by vt (x)':= #(*) if x e D , ^(x) := ^(x) if x e £ \ 0 , and set 

Q : = / V s 2 + | V ^ * , 
£ \ G 

we have [12, §14.4] 

J V*2 + lD^l2 = / V*2 + W + / k + xcj ^ * - 1 + Q-

Hence, noting that 

J x ^ J ^ - ^ l ^ + ̂ . l^^- 1 -^ - 1 ^) , 
ao 
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we get 

3*(v) = \ A/*2 + l^ / | 2 - /xv dx - d - Xn ~1 (9û), 
B Q 

and the semicontinuity of &[ follows from the L1 (û)-lower semicontinuity of the total 

variation and the area in BV(Q) [12, Theorems 1.9 and 14.2]. 

REMARK 2.1. For any e ^ 0, the functional &z is not L1 (Q)-lower semicontinuous in 
X if ix £ L°° (SQ;[-1,1]). In fact, let /x(x) > 1 for a.e. x e a i ] n 5 , for some ball B. Set 
BQ := Q nB=£0 and B3D := dû nB. Let {f̂  eBOI^AT be a sequence of sets of finite 
perimeter in Û, so that dBk ndQ = BdQ, lim \Bk | = 0, and lim P(Bk>Q) = Xn~l{BdQ). 

Let {^ := ~XBk (XBQ + ! ) / 2 }^ be a sequence converging to v := ( ^ + l)/2 in L1 (Û), as 
£—> oo. Then, noting that 

3>)=P(^,fl)Hû|+JV-/> 
Baa Q 

and 

^ £ fe) = P (^ ,Û) + e\Q\ +2P{BkyQ) - \ n - \xvk; 
BQQ Q 

we have 3fs (v) > lim inf &E (v^). 

3. CONVERGENCE 

We shall prove the diagram of convergence (0.1). First, we note that lim &z=& 

uniformly in X and lim tf^ = tfh uniformly in Vj, and with respect to h. In fact, 
e-»0 

since 

o^jV^ + |DH2-/|DH = 4 / A / i + wv 

for all v e BV(Q), we have 

(3.1) | ^ > ) - # ( i ; ) | ^ e | û | , V^e^i , and | ^ ( t ; ) - ^ ( t ; ) | ^ e | û | , V*; e V̂  . 

THEOREM 3.1. f- lim tfh=tf and T- lim &eh
=&e, i<n L1 (Q). 

PROOF. The functional & and 3^ (<̂ , and 5 ^ , respectively) are set to +°° in 
L1 (Q)\X (Ll (Q)\Vh, respectively). We give a unified proof for both cases s > 0 and 
£ = 0, considering &h = &£>h and 3f=&t with £ = 0. Hence, let £ ^ 0 be fixed. We 
prove [8] that: 

(/). For any f e L1 (Û) and any sequence {vy e L1 (ûj}h converging to v in L1 (Û), 
as A—> 0, we have 5^ (i;) ^ lim inf « .̂̂  (vh). 

(it). For any v e L1 (D) there exists a sequence {^ e L1 (0)}/, converging to z> in 
Ll{Q), as >6—>0, such that &e(v) = iim &sh(vh). 
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Preliminary, we decompose &Sth(vh)> for all vh e Vhy as follows: 

(3.2) ^.,A (vA) = ^. (f^) + J[17i (fxA^) -fxt^] ^ C w " 1 - /[ZTA (xAt/A) - xt;A] ^c, 
dû Q 

which reads as &Sth(vh)- =: &£(PB) +I + II, and split I and II as follows: 

dû dû 

11= J [IIh {xhvh) - xhvh] dx + J (xA - x) vh dx =: Hi + II2 . 

Since | ^ | ^ 1 in Q, we have |I21 ^ \\pb _ P\\L1 @Q) a n d Vh I ^ lk> ~ AL1 (Q) • I n y i e w °f basic 
properties of the interpolation operator IIhy and using the local inverse inequality 
H^lli-cn ^C^f 1

 WIL°°(T), where either T=dS or T = SeSh and vh e Vh[6y p. 140], 
we get 

If i l^C E hj\\D2([xhvh)\\Li{dSndQ)^C E hl\\V(j.h'Vvh\\Li{dSndû)^Ch\\V(xh\\Lim 
SeSh SeSh 

and, similarly, \lli\ ^Ch\\Vxh\\Li{Q). Hence, using (1.3) and (1.4), for any sequence 
{vjj eV/,}h> we obtain 

(3.3) lim[|l| + |IT|] = 0. 

PROOF OF STEP (/). Let veLl(Q) and {vt, e L1 (Q)}j, be any sequence so that 
lim vjy = vinL1(Q). We can assume that ^ e V ^ , for any h. Then, from the lower Semi
n o 
continuity of &e> (3.2), and(3.3), we conclude 

&£ (v) ^ lim inf ^£ (vh) = lim inf # ^ (vh). 

PROOF OF STEP (it). We can assume that v e X. Given a ball B containing 
Q, let veW1'1(B\Q;[-l,l]) be a function with trace v on 3Û [11] and denote 
again by v e BVXB; [—1,1]) the function v{x) := v(x) i£xeQ, v(x) := v(x) if x e B\Q. 
Let ^ = o(h~l) and {^}^ be a family of mollifiers defined by Sh(x) := ^ $(r}i,x)- Set 
^ W - = (#*^)(#)> for all xeB, where t> is extended to 0 outside B. It is well 
known [12, Proposition 1.15] that 

(3.4) lim \\vh -v\\Li{Q) = 0 and lim | V ^ | ^ = \\Dv\. 
a a 

We claim that the sequence {v^)h f° r Step (it) can be defined by v^ := Hh^h e Vj,. 
In fact, noting that ||D2^||Li(D) ^rjh, using well known properties of IIh, we have 
Ik ~ ^llw1-1^) ^CÌV^hìÌLHo) \h2 +h] = o(l). Hence, since 

|Vi^| dx — \Vvh \dx ^ |V(z^ — Vfj)\ dx, 
Q Q Q 

in view of (3.4) we obtain 

lim \\vh — V\\LHQ) = 0 and lim |Vz^| dx = \Dv\. 

Q Q 
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This entails [12, Theorem 2.11] 

lim J \vh-v\dXi~l =0 
dû 

and, using the inequality 

JV^ + M - J Vs2 + \Vvh\
2dx 

Û Q 

^ \\Dv\ 
Q 

— \Vvh\ dx 
Q 

(3.2), and (3.3), gives 

&€ (v) = lim &< (vh) = lim &ttb (vh) 
h-+0 h->(ï 

A straightforward consequence of (3.1) and Theorem 3.1 is the following JT-con
vergence result for &e>h9 as s and h go to 0 independently. 

COROLLARY 3.1. T- lim &.h = fr in Ll{Q). 
M)-»(0,0) ' 

PROOF. (/) Let veL1 (Q) and {i>££ e L1 (û)}e^ be any sequence converging to v in 
1^(0), as (e, A)-» (0,0). Using Theorem 3.1, Step (zj, for #£, and (3.1), we get 
3{v) ^ lim inf &b (v£>h) = lim inf 3 ^ (t;,^), as (e, è)-H> (0,0). 

(#). Let ̂  e 5t and {^ e Vb}h be the sequence constructed in Step (it) of Theo
rem 3.1, for &h. Then, using (3.1), we get 0{v) = lim <^(f/,) = lim &eh(vh)-

h->0 (e,A)-*(0,0) 

REMARK 3.1. Let u£>h be a minimum of %ft^. We have ff^ (u£^) ^ « ^ (0) = z\û\, 
whence, using (1.3) and (1.4), 

\\DuJ **\ ^2 + \DuJ2^Xn-\dQ) + |û|(l + ||X||L-(D))> 

for all 0 ̂  £ ^ 1 and h > 0. Then, by the compactness theorem in BV(Q) [12, Theorem 
1.19], the family {u£>h)£>h admits a subsequence converging to some u e X in L1 (£). 
Corollary 3.1 entails that & is a minimum point of •&. 

4. NUMERICAL EXPERIMENTS 

Implementation details on the minimization algorithm can be found in [4]. Here 
we simply present a couple of numerical examples. The unique discrete absolute mini-
muni u£>h of tf^jj is approximated by Newton-liie iterations. A quasiuniform mesh is 
used. 

Example 1. Let Q := (—2,2)2, (x := 1 (tangential contact at 8Q), and x := 1. The 
functional & has one absolute minimum, A := {([|*i| — 1]+)2 + ([|x2| "" 1]+)2 ^ !} • 
Figure 4.1 shows both the exact minimum (dashed lines) and the computed 
one A£fjt, := {u£)fJ>0} (solid lines). Here e = 0.2 and ^ = 0.14; the initial guess 
is the empty set, which is a relative minimum of & in Oil Note that, using 
the approximation via double well potential [3], the discrete minimizing set 
presents no contact with 3Q, because the relaxed solution forms a transition 
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Fig. 4.1. - Ex. 1: Exact (dashed lines) and computed (solid lines) minimum. 

Fig. 4.2. - Ex. 2: Exact (dashed lines) and computed (solid lines) minima. 

layer across the interface. This effect is absent in our convex approximations 
which, in turn, exhibits higher accuracy. 

Example 2. Let Q := (-2,2)2 and {rlyr2} be the partition of 3Q defined by 
rx := dQn{xxx2 ^ 0 } and T2 := 3Q\rl. Let [x:= - 1 on ru (JL:= 1 on T2, and 
x:= 0. Set (xh := nh((x). The functional <^has two absolute minima in X, A and B, 
shown in fig. 4.2 (dashed lines). The computed minima are obtained from the unique 
discrete minimum u£^ (the initial guess is the empty set) as A£^ .:= {u£ih > —0.5} and 
Bs,h

 :== {ue,h >0.5} whereas, in [3], they where obtained iterating from different in
itial guesses. Here s = 0.2 and h = 0.14. 
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