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Teoria dei gruppi. — Finite groups with eight non-linear irreducible characters. Nota 
di YAKOV BERKOVICH, presentata (*) dal Socio G. Zappa. 

ABSTRACT. — This Note contains the complete list of finite groups, having exactly eight non-linear irre
ducible characters. In section 4 we consider in full details some typical cases. 

KEY WORDS: Finite groups; Representation of groups; Characters. 

RIASSUNTO. — Gruppi finiti con esattamente otto caratteri irriducibili non lineari. La Nota contiene la lista 
completa dei gruppi finiti con esattamente otto caratteri irriducibili non lineari. Sono riportate le di
mostrazioni di alcuni casi tipici. 

1. INTRODUCTION 

G. Seitz [8] classified all finite groups G with n(G) = 1, where n(G) is the number 
of all non-linear irreducible complex characters of G. In [5] C. Hansen and J. M. 
Nielsen classified all finite groups G with n(G) = 2. Ya. G. Berkovich [1] classified all 
finite groups G with 3 ^ n{G) ^ 7. In this Note we give the list of all G with n(G) = 8. 
The proof of our main theorem is very long and complicated. Some comments to the 
proof of the main theorem one can find in section 4. 

2. NOTATION 

Let G be a finite group of order g, let G ' be its commutator subgroup of order g ' 
and let k(G) be the class number of G. Then n(G) = k(G) — g/g '. If G is ap-group (p 
is a prime) thenz t = \{x eG\ \G: CQ(X)| = p1}, where Cç(x) is the centralizer of an 
element x in G. Let: 

p: prime number; 

C(m): cyclic group of order m\ 

E(pm): elementary abelian group of order pm ; 

ES(m,p): extra-special group of order p1 + 2m; 

D(2m): dihedral group of order 2m; 

Q(2m): generalized quaternion group of order 2m ; 

SD(2m}: semi-dihedral group of order 2m; 

Am: alternating group of degree m\ 

Sm: symmetric group of degree m; 

5(64): group of order 64 with Z(G) = G ' = 9(G) = E(4), where §(G) is the 
Frattini subgroup of G and Z(G) is the centre of G; 

(*) Nella seduta del 13 novembre 1993. 
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A[B: splittable extension of B by A; 

(A,B): Frobenius group with the Frobenius kernel B and a complement A; 

A X B: direct product of A and B; 

Hm : direct product of m copies of a group H; 

GL(n,pm): «-dimensional general linear group over GF(pm); 

AGL(n,pm): GL(n,pm)[E(pnm) where the left factor acts irreducibly on the right 
one; 

Irr(G): set of all ordinary irreducible characters of G. 

We write h(G) = (/>i(1),..., hf,{k)) if G has exactly a{i) classes of length hiy 

i = 1, 2, . . . , £ , * ! = 1 and <z( 1 ) + 4 2 ) + ... + a(k)=k{G). Obviously a( 1) = |Z(G) | . 
We write d(G) = Wi ( 1 ) , . . . , <//(j)) if Irr (G) contains exactly b{i) characters of degree 
4 , / = 1, 2 , . . . ,* ,£( 1) + ... + £(*) = | Irr(G)| =*(G). If dt = 1 then £(1) = g / g \ 
Obviously a/ G = { x ( D | z e I r r ( G ) } = K , . . . , 4 } . We have 0 ( 1 ) ^ + . . . + 
+ ^ ) ^ = g = *( l )^ i 2 + ... +Hs)ds

2, hi and ^ divide g. 

3. THE MAIN THEOREM 

In this section we formulate our main theorem: 

MAIN THEOREM. If «(G) = 8 then G is one of the following groups: 

A. G is a non-trivial direct product. 

Al. T x C ( 2 ) , n(T) = 4. 

A2. TXC(4) , n(T) = 2. 

A3. T x C ( 8 ) , »(T) = 1. 

A4. 4 4 X B J E {Q(8),D(8),i4GL(l, 5)}. 

A5. D(6)XD(10). 

B. G is a p-group. 

Bl. g = 2 2 » , g ' = 2, z 0 = 1 6 . 

B2. g = 2 2 w , s ' = 8, 7z0 + 3zj + z2 = 64. 

B3. g = 22m, g ' = 32, 31z0 + 15zi + 7z2 + 3z3 + z4 = 256. 

B4. g = 32 'K
)g' = 9, {z0,zi} = {9, 0} or {3,24}. 

C. Infinite series. 

CI. ( C ( ( p " - l ) / 8 ) , E ( p « ) ) . 
C2. Z(G) = C(2), g/g ' = (/>« - D / 2 , G/Z(G) = (C((/>" - l ) / 4 ) , £(/>*)). 
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C3. |Z(G)| =4,g/g' = 2(p"-l), G/Z(G) = (C((p*-l)/2),E(p*)). 

C4. |Z(G)| = 8 , g/g' = 8(p"-l), G/Z(G) = (C(p*-l),E(p«)). 

C5. ( C ( ( 3 a - l /2 ) ,G ' ) ) ,G ' i saspec ia lgroupoforder3 2 a , |Z (G ' ) | = 3 a , a ^ 3 i s 
odd. 

C6. C ( 3 a - l ) [ G ' , . g ' = 33«, |G" | = 3 2 a , Z ( G ' ) = E ( 3 « ) , »(G/Z(G')) = 7. 

C7. (C(6(? - l ) ) [C(f ) , £(/>")), ? = 1 + 2W3" is a prime, p" = 1 + 12(q - \)q, 
a > 1. 

D. « / « ' = ! • 

Dl . 51(2,5) . 

D2. PSL(2, 8). 

D3. PSL(2, 13). 

D4. i47. 

D5. G/E(16)=A„ Z(G) = 1. 

E . g / « ' = 2. 

El . C(2)[E5(1, 3) is of exponent 6, A(G) = ( l 3 , 64, 93). 

E2. D(6)[i4, Ae{E(16) ,C(4) 2 }, A(G) = (1 , 3 3 , 6, 124, 32). 

E3. D(10)[E(16), h(G) = (1 , 53 , 204, 322). 

F . « / « ' = 3. 

Fl. C(3)[ES(2,2) . 

F2. AutP5L(2, 8). 

G . « / « ' = 4. 

Gl . C ( 4 ) [ G ' , G ' e{C(9 ) ,£ (9 )} , Z(G) = C(2). 

G2. A[C(3), A e {D( 16), Q( 16),5D( 16)}, CG(C(3)) is not abelian. 

G3. Q(8)[£(27), Z(G) = 1. 

G4. (Q(16),E(81)). 

G5. (C(4)[C(5),E(81)). 

G6. C(4)[E(27), h(G) = (l, 2, 46, 9, 18, 272). 

G7. 4 [ G \ G' = (C(3),S(64)), 4 e {C(4),E(4)}, A(G) = (1 , 3, 12, 16, 482, 
964, 1282). 

H . g / g ' = 5. 

HI. C(5)[£5(2, 2). 
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I g/g' = 6. 

11. (C(6),E(49)). 

12. C(6) [ G' ,g' = 256, £(G) = ( 1 , 3 , 62, 48, 64, 964, 2564). If R is a normal four-
subgroup of G then R<G', G'/R = S(64), C ( 3 ) G ' = (C(3), G ' ) . 

13. C(6)[£(8) , MG) = ( l 2 , 22, 32, 46, 62). 

14. 5L(2, 3)*C(4), the central product of order 48. 

15. C(6)[E(9)[E(64),£(G) = (1 , 9, 54, 96, 128, 144, 1922, 288, 3842, 432, 5762). 

J l . C(8) [ES( 1, 3) is of exponent 24, h(G) = ( l2, 22, 92, 124, 182, 274). 

J2. (C(4) xD(6)) [E(25) , A(G) = (1 , 122, 152, 253, 504, 602, 752). 

J3. C(8)[(C(3),E(25)), h{G) = ( l 2 , 124, 252, 504, 754). 

J4. C(8 ) [G ' , g ' = 243, b(G) = (l, 8, 18, 723, 813, 1623, 2434). 

J5. P[C(5) , | P | = 32, »(P) = 3, A(G) = ( l 2 , 2, 4 \ 83, 102, 205). 

K.g/g'=10. 

Kl. 4GL(1, 11)[C(3), A(G) = (1 , 2, 10\ 114, 224, 333). 

L. g / g ' = 1 2 . 

Ll. C( 12) [ (E(4) X C(5)), A(G) = ( 1 , 3 , 43, 53, 12, 153, 162, 206). 

L2. AGL{1, 13)[E(4), h(G) = (1 , 3, 124, 133, 393, 528). 

L3. J 4 G L ( 1 , 13) [C(5), £(G) = (1 , 4, 125, 132, 522, 659). 

L4. i 4 [ G ' , i 4 e { C ( 1 2 ) , E ( 4 ) x C ( 3 ) } , s ' = 1 0 2 4 , * ( G ) = ( l , 3 , 12,48, 192, 2563, 
7684, 10248). 

M. g/g'=14. 

Ml. C(14)[G' , « ' = 512, G ' / Z ( G ' ) e {£(64), C(4)3}, h(G) = (1 , 7, 282, 64, 
1124, 448, 51212). 

N. g/g'=16. 

NI. ( C ( 2 ) x ^ G L ( l , 9))[C(5), h(G) = (1, 4, 5, 8, 93, 162, 363, 40, 4511). 

N2. (C(2) XC(8))[E(81), h(G) = (l, 82, 92, 164, 722, 8113). 

N3. C(16)[C(5)[E(81), h{G) = ( l 2 , 404, 812, 3244, 40512). 

N4. P[E{9), \P\ = 3 2 , G/CF(£(9)) = (Q(8),E(9)), »(P) = 4, £(G) = (14 , 84, 
94, 1812). 

N5. (C(4)xAGL(l, 5)) [£(81), h(G) = (1, 402, 452, 813, 3244, 3602, 40510). 
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N6. ES(2, 2) [£(81), h(G) = (1 , 163, 183, 32, 81, 1443, 16212). 

N7. P[£(81) , h(G) = (1 , 16, 18, 322, 817, 144, 16211), \P\ = 3 2 . 

0. g/g '=18. 

0 1 . (C(2) x £ ( 9 ) ) [ £ ( 4 9 ) , h(G) = (1 , 62, 74, 182, 424, 4913). 

P. g/g' = 2Q. 

PI. (Q(8)xC(5) ,£(121)) . 

P2. C(20)[G' , G 'asES( l , 11) is of exponent 11, G/Z(G' ) = (C( 20), £(121)), 
|G :C G (Z (G ' ) ) | = 1 0 . 

Q . * / * ' = 60. 

Ql . i 4 [G ' , i4e{C(60),E(4) XC(15)}, G ' e {£(256), C(4)4}. 

Q2. C(60)[G ' , G ' s £ 5 ( l , 11) is of exponent 11, G/Z(G') = (C(60), £(121)), 
| G : C G ( Z ( G ' ) ) | = 1 0 . 

For classification of all groups G with «(G) ^ 3 see Chapter 19 of book [4]. All 
groups G with n(G) = 4 were classified in [5] (for classification of all G with n{G) = 5 
see the following issue of the same collection). 

Let A(G) be the number of prime factors of | G | . I, and independently, E. Bertram 
conjectured that for all finite groups G the following inequality holds: A(G) ^ k(G). I 
know only two groups G for which A(G) = k(G): G = M22 and PSL(3, 4). May be for 
G solvable one has A(G) < k(G). 

4. COMMENTS TO THE PROOF OF THE MAIN THEOREM 

In this section I would like to give some comments to the proof of the main 
theorem. 

We suppose that the complete classifications of finite groups G satisfying to «(G) ^ 
^ 7 or k(G) ^ 12 are known (see [1,2]). So in the sequel we assume that n{G) = 8 and 
k(G) > 12. T h e n g / g ' > 4 . 

(1) Assume that G' is not semi-simple. Then there exists in G' an abelian mini
mal normal subgroup R of G. Set |R | = pn where/? is a prime, n > 0. Choose R so that 
pn is as minimal as possible. Since the intersection of kernels of all non-linear irre
ducible characters of any non-abelian group is trivial one has n{G/R) ^ 7. Hence the 
structure of G/R is known[2]. By the assumption one has \G/R: G'/R\ ^ 5 and 
G/R is solvable by [2]. Therefore G is solvable in this case. 

Now I consider some possibilities supposing that G is solvable. 

(2) Assume that G = A X B where A and B are non-identity subgroups of G. Set 
\A\ =a, \A'\ =a\ \B\ =b, \B'\ = bf. Then 8 = n{G) = n{A)n(B) + an(B)/a' + 
+ bn{A)/b '. Suppose that^l andB are not abelian, i.e.,n(A) ^ 1, n(B) ^ 1. Then#(/4) ^ 2, 
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n(B)^2. l£n(A) = 2thenn(B) = lyb/b' = 2,a/a'=2. So B = S3 by [8] ancM=D(10) 
by[5] (see also Ch. 19 in[4]). Now let n{A) = n{B) = 1. Then a/a' + b/b' = 1 (let 
a/a'^ b/b'). It follows from[8] that a/a'* 5. Then a/a'=A, b/b' = 3, 4 e 
G {Q(8), D(8),^4GL(1, 5)} and 13 =^44. Now suppose that A is not abelian and B is 
abelian. Then M-4) = 8 and {n(A)y b} = {1, 8}, {2, 4}, {4, 2}, so that [2] yields the 
structure of A 

It is easy to show that G = A5 X C(2) is the only non-solvable group with n{G) = 8 
which is a non-trivial direct product. 

(3) Assume that n(G/R) = 0 />., G/R is abelian. ThenR = G'. Let G be nilpo-
tent. Then n = 1 and G = P X A where P is a Sylow p-subgroup of G and A is abelian. 
By (la) we may assume that A = 1. Set |G | = p w . Suppose that |Z(G)| = z0=p. 
Then£(G) = |G: G ' | + «(G) = p w ' 1 + 8 = z0 + zjp = p + (pm~p)/p = pm~l + 
+ p — 1, and/? — 1 = 8 - a contradiction. Hence ZQ= ps > p. Obviously a / G = {1, p^} 
where 2k—m—s. Then, as easy to see, n(G) = ps~ 1 (p — 1) = 8 and p = 2, 
J = 4. 

Suppose that G is not nilpotent. Then R is not contained in <P(G) (Wielandt) hence 
there exists a maximal subgroup 4̂ of G such that G = A [ R. Then Q (R) = Z(G) and 
G/Z(G) is a Frobenius group with the kernel RZ(G)/Z(G) and a cyclic complement 
A/Z(G). It is easy to see that 8 = n(G) = \Z(G) \ n(G/Z(G)). In this case we obtain 
groups C1-C4. 

(4) Let n(G/R) = 1. By Seitz's result [8] G/R is an extraspecial 2-group or 
G = (C(pa — 1), E(pa)). We consider only the first case since the second too difficult 
to expose in this short Note. 

Thus let G/R = ES(my 2). 
Suppose that p = 2. Then n = 1 and | G ' | = 22. Let d2,..., d8 be the degrees of 

characters fromIrr (G) - Irr (G/R). Then |g| - \G/R\ = 22m + l = d\ + ... + di = 1 
(mod 3 ) - a contradiction (note that d{ is a power of 2 by the Ito theorem on degrees of 
irreducible characters; see Theorem 6.15 in [7]). 

Let nowp > 2. In view of the minimal choice of \R\ one has CG(R) = R. If Q e 
G Syl2 (G ' ) then CG(Q)=Pe Syl2 (G). Therefore G' = (Q, R) is a Frobenius group. 
Denote by kG(M) the number of G-classes containing elements from M. If G is a 
Frobenius group then P = Q(8), £G(jR) = 7 so |R| - 1 =pn - 1 = 1 \P\ = 56 - a 
contradiction. Thus G is not a Frobenius group. In this case kG(R) ^ 6. If X G R — {1} 
then \G: CG(x)\ ^ 2m + 1 (since G7 is a Frobenius group). Now we can step by step 
consider all six possibilities for kG(R). 

Let kG(R) = 1. Then/?* - 1 = 2m + c where c > 0. Since G' is a Frobenius group 
then Sylow 2-subgroup P0 of CG (x) is elementary abelian and CG(R) = R. If 3 ^ , . . . , yt 

are pairwise distinct elements of P0
# then yxx,... ,ytx are pairwise non-conjugate ele

ments of G. So./ ^ 6 and \P0\ ^ 4. Now CG(R) = R implies » > 1. Hencep^ = 3 2 , 
2^ + c = 23, Since Sylow 2-subgroup of Aut(R) is isomorphic to SD( 16), one obtains 
w = 1. Then 23 (32 - 1 ) = d\ + ... + d\ where 4 = 2c{i) ,s(i)^3, which is impossible. 
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Similarly we can consider the remaining possibilities kG(R) = 2 , . . . , 6. We only show 
thatp = 3. Set ^ = 2c{i\ i = 2,..., 8. Then 22m + 1(pn - 1) = 22c(2) + ... + 22c(8) = 1 
(mod 3). This congruence implies p = 3. 

(5) In the sequel we assume that G' is semisimple. We know that in this case 
\G: G' | ^ 5 . Let R ^ G' be a minimal normal subgroup of G. Since kG(R) ^ 8 then 
R is simple. Now £G (R) ^ 3 so «(G/JR) ^ 5. Then G/R is solvable by [2]. Denote by 
<//(G) the number of cosets xG' & G' such that kG(xGf) > 1. In our case 0(G) + 
+ ^ G ( G ' ) ^ 8. We use constantly in our reasoning the equality | I rr(G) | = k(G). 

Suppose that G has a normal £-complement H for a prime divisor p of | G |. Take 
P G Sylp (G) andx, an element of order p in Z(P). Since (x, H) is not a Frobenius group 
(Thompson) then there is in H — { 1} an element y} which commute with x. Obviously 
kG((xy))^p-l. Since kG(R) + kG((xy)) ^ 8 then p ^ 5. Now / è G ( R ) ^ 3 . If 
kG (R) = 3 then R = 4 5 and RP = R X P for p > 2, a contradiction, since R^H. Thus 
&G(R) ^ 4. In any case £ > 2 by Odd Order Theorem. Suppose that p — 5. Then 
kG (R) = 4 and R is isomorphic to PSL(2, 7) or PSL(2, 8) by known classification theo
rems. Then x centralizes R, and it is easy to see that n{G) > 8 - a contradiction. Thus 
p = 3. Since 3 -f |R | thenR = Sz{q) where^ is a power of 2 (Thompson, Glauberman). It 
is easy to see that n{G) > 8 in this case. Thus G has no a normal/?-complement for any 

P\\G\. 
Now i£pa \g/gf andpa > n{G) — 2 then G is solvable orp-nilpotent (Isaacs-Pass

man [6]). So by the above, if pa \g/g' then pa ^ 5. Thus g/g ' |4 • 3 • 5 = 60. 
If 5 |g /g ' then <p(G) ^ 4 (Sylow or Thompson). Since kG(G')&3 then 4 *g /g ' , 

3 * g/g' . Thus * G ( G ' ) ^ 4 , G ' E {A5yPSL(2, 7), P5L(2, 8)}. In view of the structure 
of Aut(G') one obtains a contradiction. Thus g/g' |12. 

Suppose that g/g ' = 12. We note that a Sylow 2-subgroup P of G is not of maximal 
class since P fi G ' is not cyclic. So if x is a 2-element from G — G' then |Cp(x) | ^ 8 
(Suzuki). If 3; is an 3-element from G - G' then |C G ' ( j ) | > 1. Thus <//(G) ^ 5 so 
£ G (G ' ) ^ 3. Hence G' =^45. It is easy to see that in this case n{G) > 8. 

Since g/g ' > 4 then g/g ' = 6. As above we may assume that <p(G) < 5. If x is an el
ement from G — G' such that (x, G ' ) = G then CG(x) = (x) hence G = (x) [ G ' andx 
induces via conjugation a fixed point free automorphism of G'. By well known result 
G' is solvable - a contradiction. 

These are simplest but in the some sense typical cases. 

Supported in part by the Rashi Foundation and the Ministry of Absorption of Israel. 

R E F E R E N C E S 

[1] YA. G. BERKOVICH, Finite groups with a given number of conjugacy classes. Pubi. Math. Debrecen, t. 33, 
fase. 1-2, 1986, 107-123 (in Russian). 

[2] YA. G. BERKOVICH, Finite groups with the small number of irreducible non-linear characters. Izvestija 
Severo-Kavkazskogo nauchnogo Tzentra vyschei schkoly, Estestvennye nauki, 1 (57), 1987, 8-13 (in 
Russian). 



148 Y. BERKOVICH 

[3] YA. G. BERKOVICH, Finite groups with few non-linear irreducible characters. In: Questions of group theory 
and homological algebra. Jaroslavl, 1990, 97-107 (in Russian). 

[4] YA. G. BERKOVICH - E. M. ZHMUD, Characters of finite groups. To appear. 
[5] C. HANSEN - J. M. NIELSEN, Finite groups having exactly two non-linear irreducible characters. Prep. Ser., 

Aarhus Univ., 33, 1981-1982, 1-10. 
[6] I. M. ISAACS - D. S. PASSMAN, Groups with relatively few non-linear irreducible characters. Can. J. Math., 

vol. 20, 1968, 1451-1458. 
[7] I. M. ISAACS, Character theory of finite groups. Acad. Press, 1976. 
[8] G. SEITZ, Finite groups having only one irreducible representation of degree greater than one. Proc. Amer. 

Math. Soc, vol. 19, 1968, 459-461. 

Department of Mathematics and Computer Science 
Research Institute of Afula 

University of Haifa 
31905 HAIFA (Israele) 


