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Equazioni a derivate parziali. — Two-weight Sobolev-Poincaré inequalities and 
Harnack inequality for a class of degenerate elliptic operators. Nota di BRUNO FRANCHI, 

CRISTIAN E. GUTIERREZ e RICHARD L. WHEEDEN, presentata (*) dal Corrisp. B. Pini. 

ABSTRACT. — In this Note we prove a two-weight Sobolev-Poincaré inequality for the function spaces 
associated with a Grushin type operator. Conditions on the weights are formulated in terms of a strong A» 
weight with respect to the metric associated with the operator. Roughly speaking, the strong Ax condition 
provides relationships between line and solid integrals of the weight. Then, this result is applied in order to 
prove Harnack's inequality for positive weak solutions of some degenerate elliptic equations. 

KEY WORDS: Weighted Sobolev-Poincaré inequalities; Degenerate elliptic equations; Harnack 
inequality. 

RIASSUNTO. — Disuguaglianze di Sobolev-Poincaré con due pesi e disuguaglianza di Hamack per una 
classe di operatori ellittici degeneri. In questa Nota proviamo una disuguaglianza di Sobolev-Poincaré con 
due pesi per gli spazi funzionali associati ad un operatore tipo Grushin. Le condizioni sui pesi sono formu
late in termini di un dato peso fortemente Aœ rispetto a una metrica naturale per l'operatore, dove la con
dizione A a, -forte richiede opportune relazioni tra gli integrali di linea e gli integrali solidi del peso. Successi
vamente, questo risultato è applicato per provare la disuguaglianza di Harnack per le soluzioni deboli posi
tive di certe equazioni ellittiche degeneri. 

1. The classical Sobolev-Poincaré inequality states that, if B = B(x, r) is a Eu
clidean ball in RN and / is (say) a continuously differentiate function in B, then if 
1 ^ p < N we have: 

(SP) -f \f-h \qàA " ^ Cri -f \W\pdx J " , 

where, for any Lebesgue measurable set E, \E\ denotes the measure of E, Xvdx — 
E 

= ( 1 / | E | ) \v(x) dx denotes the average of the functions over E,/B = -tfdx and 0 < q ^ 
E B 

^ pN/ (N — p). The constant C is independent of/and B. Moreover, it is known that, if 
supp u cB, we can drop the average fB on the left hand side. 

In fact, the inequality above involves deep properties both of the Euclidean struc
ture and of Lebesgue measure. Indeed the limit exponent q = pN/(N — p) is closely 
related to the exponent which appears in the isoperimetric inequality. It is well known 
that (SP), together with the analogous inequality for compactly supported functions, is 
a crucial tool in many important results for partial differential equations, such as the 
De Giorgi-Nash-Moser theorem, Harnack's inequality, properties of the Green func
tion for linear second order elliptic equations and existence results for semilinear ellip
tic equations. 

(*) Nella seduta del 12 febbraio 1994. 
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There are many generalizations of (SP) in the mathematical literature, mainly in
spired by applications to degenerate elliptic equations. To introduce our results, let us 
briefly recall two different kinds of results proved recently. The first group can be typi
cally illustrated by [8,4,5], where Sobolev-Poincaré inequalities (and hence regularity 
results for related degenerate elliptic equations) are proved when the Lebesgue aver
ages in (SP) are replaced by the averages with respect to different measures: the mea
sure w(x)dx in the first paper (where the weight function w belongs to the Mucken-
houpt class Ap: see below for precise definitions) and two different measures u(x)dx, 
v{x)dx in the second paper, where uy v e L\lc are nonnegative weights satisfying suitable 
integral conditions. In the second group of results, the norm of the gradient \Vf\ is re-

/ P \ l / 2 
placed by an anisotropic gradient I 2 \Xyf\

2 I where Xx, ..., Xp are vector fields in 

RN verifying the so-called Hormander condition, i.e. the Lie algebra generated by 
Xu ...,Xp has rank N at any point (or some generalization of this condition if the vec
tor fields are not smooth). In [13,21,22,3], Sobolev-Poincaré inequalities are proved 
with such degenerate gradients appearing on the right hand side of (SP); however, Eu
clidean balls in the averages must be replaced by the balls Bp(xfr) given by a suitable 
metric p associated with Xiy ..., Xp by means of the so-called sub-unit curves (see, 
e.g. [10,23]). Analogously, classical proofs of local regularity results must be adapted to 
the new geometry in order to prove the corresponding result for operators of the form 
2,Xf. In the sequel, we will call such balls metric balls. A crucial feature of all these re
sults is the fact that RN with respect to the metric p and Lebesgue measure is a space of 
homogeneous type, i.e. \Bp(x, 2r)\ ^ c\Bp(x, r)| for all x, r. In fact, we can superim
pose these two kinds of results by allowing both a degeneration of the metric and of the 
measure, assuming as in [14,11,24] that the measure dx is replaced by a measure 
w(x)dx} which belongs to the Muckenhoupt Ap class with respect to the balls Bp, i.e., 

sup 4 w dx 
x,r J 

Bp{x,r) 

However, in this approach, Lebesgue measure still plays a central role (we form the av
erages in the Muckenhoupt condition by using Lebesgue measure), whereas we can see 
in [7] that even in the Euclidean case we can choose different «base measures», enjoy
ing good properties such as suitable isoperimetric inequalities. Our results will involve 
the Ap condition with respect to a measure which is different from Lebesgue measure; 
this condition is defined by replacing the Lebesgue averages above by the averages with 
respect to the measure (see [2] for facts about the Ap condition in a homogeneous 
space). 

2. In this Note we will show how all these approaches can be unified, at least when 
we are dealing with a generalized Grushin operator like 

Ax + X2(x)Ay 
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in RN = R" X Ry , where À is a continuous nonnegative function. The «base measure» 
is associated with a weight function w(z), z — (x, y), which satisfies a condition like the 
strong Aoo condition introduced by G. David and S. Semmes in [7]. Roughly speaking, 
this condition requires suitable relationships between line and solid integrals of the 
weight. Obviously, these conditions must be formulated in our case with respect to the 
geometry associated with the operator. However, we point out that our results are new 
even in the usual Euclidean case (À = 1). 

The proof of (SP) can be divided into three main steps. First, a representation for
mula is proved for functions vanishing on a large part of a metric ball. This formula gen
eralizes the usual representation formula by means of a Riesz potential of the gradient 
and involves both the geometry associated with the Grushin operator and the «base 
measure». The second step is essentially a weighted Lp - Lq continuity result for a class 
of singular integrals in spaces of homogeneous type which extends previous analogous 
results of [25]. By applying this result to the above representation formula, a rough 
form of (SP) follows, where the integral on the right hand side is replaced by an integral 
over a larger ball cBp = Bp (z, cr), c being an absolute constant. Finally, by using a gener
alization to spaces of homogeneous type of a technique used in [1,20,6], we can prove 
(SP). On the other hand, the inequality (SP) provides us with one of the basic tools re
quired to adapt classical proofs of Harnack's inequality to our situation. 

A more detailed version of the first part of the present Note, together with complete 
proofs and a more exhaustive bibliography will appear elsewhere [15]. Moreover, our 
continuity results for singular kernels can be adapted to prove general isoperimetric in
equalities in different settings [16,17]. 

Let us now proceed more formally. We denote by z = (x,y) a point in 2?N, with 
x e R N , y eRm, m + n — N and we assume that: 

(HI) X — X(x) is a continuous nonnegative function vanishing only at a finite 
number of points; 

(H2) Xn is a strong 4 X weight in the sense of [7] (see also our Definition 1 
below); 

(H3) X satisfies an infinite order reverse Holder inequality, i.e. for any x0eRn, 
r > 0 we have: 

+ X(x)dx~ max X(x). 
J |x - xQ I < r 

\x-xQ\<r 

If g is differentiable a.e., we put |VAg|2 = |Vxg|2 + X2(x)\Vyg\2. As in[10,13], we 
can associate with VA a natural metric p = p(z\, z2 ) by means of the so-called sub-unit 
curves. By our assumptions p is always finite. Arguing as in [11, Theorem 2.3] it easy to 
prove the following characterization of the metric p and of the p-balls. 

PROPOSITION 1. If z0 — (x0,y0) and t > 0, put 

(i)A(zo,t)= max X(x) ~ + X(x)dx; 
\x-x0\<t J 

(ii) F(z0,t) = tA(z0,t);
 lx'Xoi<t 
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{Hi) Q(z0,t) = {z - (x, y) e RN such that \x - x0\ < t, \y - y0 \ < F(z0,t)}. 

Then there exists b>\ such that Q(z0,t/b)çB(zo,t)çQ(z0,bt). In particular, 
|-B(zo > *) | ~ tN (A(zo, t))m so that RN together with the metric p and Lebesgue measure is a 
metric space of homogeneous type. 

We can now give the definition of strong A^ weights with respect to the met
ric p. 

DEFINITION 1. Let w be an A^ weight with respect to the metric p and Lebesgue mea
sure, i.e. let w belong to Ap for some p ^ 1. If ' Z\, z2 belong to RN, put 

S{zuz2)= inf / \w(z)Xm/{N-l){z)dz\,N. 

If y: [0, T] —>/?N is a continuous curve, we define the w-length of y as 

/(r)=liminf2^(r(^+i)?rfe))? 
|<r|-*0 

where a = {t0, ...,tp] is a partition of [0, T], and we define a distance d{z\, z2 ) as the infi-
mum of the w-lengths of sub-unit curves connecting Z\ and z2- If there exist constants 
ci> c2> 0 such that 

c\Hzi,z2)^ d(x\>z2) ^ c2S(Zi,z2), 

we say that w is a strong Aœ weight for the metric p. 

Moreover, in the sequel we will assume that w satisfies the following local bounded-
ness condition near the zeros of À: 

(ZA ) If \{xx ) = 0, then w(x, y) is bounded as x —>x1 uniformly in y for y in any 
bounded set. 

REMARK. Ifoc^O and z0 is a fixed point, then the function w(z) = p(z, z0 Y is a strong 
A oo weight. In particular, constant functions are strong A œ weights. 

We note explicitly that the proof of the assertion above is definitely not trivial. 
Moreover, when w = 1, it is possible to show that our definition of z#-length has an in
trinsic meaning related to the metric p. For example in the case N = 2, by Proposition 
1 the p-balls are equivalent to the rectangles Q(z, r) and it is easy to see that the defini
tion of ^-length makes both of the edges of Q{z,r) (or, more precisely, of rectangles 
Q* (z, r) of comparable size) have equal length. 

We can now state our main results. To this end, let us recall that a nonnegative 
function u e L\oc will be said to be a doubling weight if the measure d[x = u(z)dz is dou
bling, i.e. if (JL(BP(Z, 2r)) ^ Cix{Bp{zyr)) for any z and r. 

THEOREM I. Let u, v e L\oc be nonnegative weights such that u is doubling and letp, q be 
such that 1 ^p < q < °° . Assume that there exist positive constants c1, c2 such that, for all 
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balls B0 = Bp {ZQ , r0 ) and Br = Bp (z, r) ç cx J30, we /we 

where we have put, e.gv u(B0) = u(z)dz. 

If there exists a strong A^ weight w satisfying (Zx ) such that vw~^N~l^N belongs to Ap 

with respect to the (doubling) measure w~^N~l)^N dz, then the following Sobolev-Poincaré 
inequality holds: 

\UP 

(lb) | j \g-p\*u(z)dz\ %Cr j \Vxg\pv(z)dz\ 
Bp(z0,r) ] \Bp(z0,r) ) 

for any Lipschitz continuous function g, where (x can be chosen to be the u-average of g over 
Bp(z0,r). 

In the case p = q we can prove an analogous result, but the assumptions must be 
modified in a suitable way. 

The first step in deriving Theorem I consists of proving a representation formula for 
functions vanishing on a large part of a metric ball J3p = Bp(z, r). More precisely, we 
prove the following lemma. 

LEMMA 1. Let wbe a strong Aœ weight satisfying (ZA ) and let g be a continuously differ-
entiable function. If there exists fi e (0, 1) such that \{zsBp;g(z) = 0 } | ^ p\Bp | , then 
there exist c(fi) and a constant T > 0 depending only on X, n and w such that 

(la) \g(z)\ ^c(j5) J \Vxg(^)\w1~1^(^)K(z^)d^ 

for almost all z e Bp (with respect to Lebesgue measure), where 

\ ( 1 -N) /N 

K ( z , £ ) = J w{0^m,iN"l)(Odz\ 
\Bp(z)P(z^)) 

In order to obtain a rough form of (SP), we prove weighted norm inequalities for 
the operator that appear on the right hand side of the integral representation (1#). This 
argument can also be carried out for other integral representations. In particular, when 
w = l w e can derive two-weight inequalities which generalize those in [4,11,24]. This 
is because in this case we can use the representation formulas in [12,9] which are valid 
for larger classes of anisotropic gradients than the ones considered here. 

3. Let us show now how our previous results can be used to prove pointwise in
equalities for some classes of degenerate elliptic equations. Let Û be an open bounded 
subset of RN = Rm X Rn and let us keep the notations of sect. 2. Let £ denote the sec-



172 B. FRANCHI ET AL. 

ond order differential operator in divergence form defined by 

*-s *(*«£) 
where the coefficients a^ = a^ are measurable real-valued functions such that 

v(z)(\^2 + A 2 ( z )M 2 ) « 2 a^zKAj =S u{z)(\Z\2 + A 2 ( Z ) | J J | 2 ) 

for any Ç = (£,>?) and z = (x,y) sR" X R™, where the weight functions u and p satisfy 
the assumptions of Theorem I with p = 2. 

We are interested in proving local regularity (in particular Harnack's inequality) of 
weak solutions of £u = 0 in Û. To this end, let us first give precise definitions of what a 
weak solution is (see [5, section 2]). We will denote by H(Q) the completion of Lip (Q) 
with respect to the norm 

\\f;H(Q)\\ = l J2a^(z)dJ(z)djf(z)dz + \f2(z)v(z)dz\ . 

Arguing as in [5], we can canonically associate with any/e H(Q) a function/ e L2 (the 
usual Lebesgue space with respect to the measure v{z)dz). Analogously, we can define 
a new space H0{Q) as the completion of Lip0(<Q) with respect to the norm 

I/; H0 ( û ) | = a0 ( / , / ) = j* E atj (z) 9J(z) 9,/(z)dz . 

We note that, by {Ih), a0 (ff)
1^2 is in fact a real norm on H0 (Q) since it is not difficult 

to see that, if g is supported in Bp(zo,r), then, by integrating on the annulus 
J3p(zo, 2r)\Bp{zo, r) we can use (lb) to estimate the constant [x and hence the usual 
Sobolev inequality follows. 

The bilinear form a0 (.,.) can be extended to H(Q) X H0(Û), so that the following 
definition is well-posed. 

DEFINITION 2. Let feH(Q) be given; we will say that f is a weak solution of 
£u = 0 if 

*o(/,#) = 0 for any <f>eH0(Q), ^ 0 , 

where <p ^ 0 means that the associated function $ e L 2 is nonnegative a. e. 

We can now state Harnack's inequality. 

THEOREM II. Let u, v} be weight functions satisfying the assumptions of Theorem I with 
p = 2, and letfe H(Q) be a weak solution of £u = 0. Then there exist c0',Ci > 0 (depend
ing only on X, u} v, n and m) such that 

ess s u p / ^ exp {ci[x(Bp(x)t))} essinf/ 
Bp(x,t) Bp(x,t) 

for any ball Bp (x, t) such that Bp (x, c0t) c Û, where f e L2 is the function associated with f 
and ix(Bp (x, /)) = [v(Bp (*, t))/u(Bp (x, / ) ) ] 1 / 2 . 
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In particular, if A = 1, then Theorem II can be proved by applying Theorem B 
in [5] (see also the remarks in [19, section 7]). To this end we only need to verify that 
conditions (1.2-/)-(1.2-«V) therein are satisfied. Now conditions \ii) and (iti) follow 
from Theorem I, whereas condition (/) (doubling property of u(z)dz and v(z)dz) are 
satisfied since u is a doubling weight by hypothesis and vw^~l)'N belongs to Ap with 
respect to the measure w{z)^~l)^N dz, and consequently v can be shown to be a dou
bling measure. If A ^ 1, then the proof can be carried out by adapting the arguments 
of [5] to the geometry associated with the metric p as in [13,14,11]. To this end, we 
need to use suitable cut-off functions which fit the p-balls. The existence of such func
tions can be proved as in [11, Proposition 5.10]. 

REMARK. If u « v, i.e., u is a constant multiple off, (or u and v are not too different 
in a suitable sense, see [5]), then we can derive from the Harnack inequality above that 
weak solutions of £u = 0 are Holder continuous or at least continuous if a further ap
proximation hypothesis is satisafied (condition (5.1) in [5]: see below). This follows by 
repeating the arguments of [5, section 5] and keeping in mind that the distance p is 
Holder continuous with respect to the Euclidean metric, see [13,11]. Condition (5.1) 
in [5] requires that, if / is an element of H(Bp ) whose associated function / satisfies 
/ ^ 0 a.e. in Bp, then/ ^ 0 in the sense of H(Bp ). In particular, if A = 1, and w = 1 (see 
the following remark), then the approximation condition follows by a convolution 
argument. 

REMARK. We stress the fact that, if u = v, then our results provide a unified ap
proach to two different situations: the case when u belongs to the Muckenhoupt class 
A2 (with respect p), and the case A = 1 and u(z) = \$' (z) \* ~2 /N , where $ is a global 
quasiconformal mapping of RN, N ^ 2 and | <p ' (z) | denotes the absolute value of its Ja-
cobian determinant. Indeed, in the first case it is enough to choose w = 1 in Theorem I 
(and then we reobtain the Harnack inequality of [14]), whereas in the second case we 
must choose w(z) = | # ' (z) \, which is a strong Aœ weight (see, for instance [7]). How
ever, in this case we need some careful calculations in order to verify the assumptions 
of Theorem I. First, note that the measure u{z)dz is doubling, since \<pr \ belongs to 
A oo. Thus, we have only to prove that uw~1 + 1^N belongs to A2 with respect to the mea
sure w(z)1~1/Ndz, i.e. 

(*) J \r(z)\1-2/Ndz-\ \j>'(z)\dz^ const J h n z ) | 1 _ 1 / N < f e 
B B \B J 

for all balls B. Now, by a result of Gehring [18, Lemma 4] and by Holder inequality, we 
get 

( \N / \ N / ( N - D 

j\$'(z)\1/Ndz\ ^ const j \4>'{z)\l-1/Ndz\ 
for any ball JB, and hence, again by Holder inequality, the left side of (*) is bounded by 
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a constant times 

( \ ( N - 2 ) / ( N - l ) + N / ( N - l ) / \2 

and we are done. Hence, in particular, the Harnack inequalities proved in both parts 
of [8] are particular cases of Theorem H. 

REMARK. Typically, the following equation satisfies the assumptions of Theorem II 
but not those of previous results existing in the literature: 

#=div((|*ri+ \y\Y/w+1)OJ, \x\'d,f)) = o' 
where a, <r > 0 and* = (xyy) eQcR2 with (0, 0) eÛ. In Theorem H, choose u(x) = 
= v(x) = ( |x |*+ 1 + b | ) a / ( a + 1 ) , and Mx) = \x\°. Formula (la) follows by doubling. 
In [13] it is proved that (|x|flP+1 + |y | )1 / ( < r + 1 ) ~p(z, 0), where p is formed by using 
X(x) = \x\c. Keeping in mind that any positive power of the distance is a strong Aœ 

weight, we can choose w(z) = p(z, 0)^, where /3 is such that /3 — a + <r > —2, so that 
u(z)~1w(z) is locally summable. Then, it is possible to repeat the arguments of [14], 
Example 3.7, and then to prove that uw ~1//2 belongs to A2 with respect to metric p and 
the measure w{z)l^2dz. Thus, the hypotheses of Theorems I and II are satisfied. 

The first author was partially supported by MURST, Italy (40% and 60%) and GNAFA of CNR, Italy, 
the second author by NSF Grant #DMS90-03095, and the third author by NSF Grant #DMS91-04195. 
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