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Fisica matematica. — Existence and continuous dependence results in the dynamical
theory of piezoelectricity. Nota di MicueLe CIARLETTA, presentata (*) dal Socio T.
Manacorda.

Asstract. — The paper is concerned with the dynamical theory of linear piezoelectricity. First, an ex-
istence theorem is derived. Then, the continuous dependence of the solutions upon the initial data and
body forces is investigated.

Key worbs: Piezoelectricity; Dynamical; Existence; Stability.

Russsunto. — Teoremi di esistenza e dipendenza continua nella dinamica dei materiali piezoelettrici. Nel-
I'ambito della teoria lineare dei processi dinamici dei materiali piezoelettrici, si studiano teoremi di esisten-
za e di dipendenza continua.

1. INTRODUCTION

The interaction of electromagnetic fields with deformable bodies has been the sub-
ject of many investigations. Extensive reviews in this direction can be found in the
works of Dékmeci[1], Nowacki [2], Toupin [3], Eringen and Dixon [4], Parkus [5],
Grot [6], Maugin [7].

This paper is concerned with the dynamical theory of linear piezoelectricity with
dissipative boundary conditions. Existence results in the static theory of linear piezo-
electricity have been established in [8]. Uniqueness results and minimum principles in
the dynamical theory of piezoelectricity have derived in [9]. In the first part of the pa-
per we use the results of the semigroups theory of linear operators to obtain an exis-
tence theorem. Dafermos [10] and Navarro and Quintanilla [11] have used a similar
method to study boundary-initial-value problems in other theories of continuum me-
chanics. Then we investigate the continuous dependence of solutions upon the initial
data and body forces.

2. Basic EQUATIONS

We consider a body that at time # = 0 occupies the region B of Euclidean three-di-
mensional space and is bounded by the piecewise smooth surface dB. The motion of
the body is referred to the reference configuration B and the fixed system of rectangu-
lar Cartesian axes Ox;, (&£ = 1, 2, 3). We shall employ the usual summation and differ-
entiation conventions: Latin subscripts are understood to range over the integers
(1, 2, 3), summation over repeated subscripts is implied and subscripts preceded by a
comma denote partial differentiation with respect to the corresponding Cartesian coor-
dinate. In all that follows, we use a superposed dot to denote partial differentiation with
respect to the time. Letters in boldface stand for tensors of an order p = 1 and if » has

(*) Nella seduta del 16 dicembre 1995.
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the order p, we write v;; , (psubscripts) for the components of » in the underlying
rectangular Cartesian coordinate frame.

In this paper we consider the dynamical theory of linear piezoelectricity (see,
e.g [3-6]). The Maxwell equations have the form
(2.1) gpses, +(1/0)0; =0,  &,b,,—(1/c)d; =0,
(2.2) b;=0, d;;=0,
on B X (0, #;). Here e is the electric field, & is the magnetic flux density, 4 is the elec-
tric displacement, ¢ is the velocity of light in vacuum, ¢, is the alternating symbol, and
#; is some finite time instant.

The equations of motion are given by

(2.3) tij+of;=od,
on B X (0, #;), where ¢; is the stress tensor, fis the body force per unit mass, g is the

mass density, and # is the displacement vector field. The strain field associated with # is

defined by
(2.4) E;j=,+u,)]2.
Throughout this paper we assume that the body is homogeneous. The constitutive
equations are given by
(2.5) t;;=CiE,s — Dyjer, d;=D;E, +1Te,
where C;,,, D,,; and I';; are characteristic constants of the material. The coefficients
Cijrs» Dpij and T';; have the following symmetries
(2.6) Cijrs = Croiy = Cpiys D,ij = D, Iy=1TI.
To the system of field equations we adjoin the initial conditions

{u[(xy 0)=7;,(x)) Zzi('x) 0)—_“;,(.%'),
(2.7)

bi(x,0) =b;(x), di(x,0)=d;(x), xeB,
where #;, v;, Zi and 2, are prescribed functions. We assume that

(2.8) b;;=0, d,;=0onB.

We note that the equations (2.2) are immediate consequences of the equations
(2.1) and (2.8). The equations (2.1), (2.3), (2.4) and (2.5), if I';; is invertible, combine
to yield the following system

0ti; = Cijpsthy g — Dyije,, j + 0f;
(29) éz' =Xi (Cejrsbs,r - Djrsdr,s) ’

b.z' = TCEHCs .
Here y,; is defined by
(2.10) Lyxy=96;,

where 0,; is the Kronecker delta.
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The conditions (2.7) may be written in the form
(2.11) u=1u,
where
& =i (2;' = Djuy,;).
We consider the following boundary conditions
e; = 0€;.b,n, on B X [0,#],
(2.12) ;=0 on §; X [0,41,
v;= —vt;n; on S, X[0,#],
where 0, v are positive coefficients characteristic of the boundary, while §; and S, are

subsets of 9B such that §, U S, =3B, §; NS, = 0, and # is the outward unit normal
of OB.

3. EXISTENCE AND CONTINUOUS DEPENDENCE RESULTS

Throughout this section we assume that:

(¢) the density g is strictly positive;

(#) C,, and I';; are positive definite, 7.e. there exist the positive constants ¢, and
€, such that

(3.1) Ciirs§ijErs Z 0818, Tiyymim; = €om;n;,
for every symmetric tensor &,; and every vector #;. In the first part of this section we
use results of the semigroups theory of linear operators to obtain an existence theorem.

Recently, Navarro and Quintanilla [11] have used this method to obtain existence re-
sults in thermoelasticity.

Let

(32) X={w=(u,v,e,b);ucH}(B),veH’(B),ec H°(B),be H(B)},

where H” (B) are the Sobolev space and H” (B) = [H” (B)]®. Consider now the fol-
lowing linear operators on X

(3.3) {Aiw =v;, Byw = (Cijn”r,g' - D/eijele,j )/Q ,
Cw = y;;(ce;pib,,— Dyev, ), Diw= —ce,e,,
Let A be the operator
(3.4) Aw = (A;w, B;w, C,w, D;w),
with the domain
(35) DA ={w=(u,v,e,b)eX; AweX, e;p;m=0onS,, e;3b;m=0o0nS,}.

Cleatly, D(A) is dense in X. The boundary-initial-value problems (2.9), (2.11), (2.12)
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can be transformed into the following equation in the Hilbert space X

(3.6) { dw(t)/dt = Aw(t) + F(¢), >0,
w(0) =w,,
where
F=(0,£,0,0), woz(a,a,g,Z).
Let X, be the Hilbert space X equipped with the porm || [ induced by the inner
product

(37) <w, E>* = J‘(Ci/-,yu,,fz—t,-’j + QU,'Z_JZ' + I_',-je,'g’j + bl‘z,')dv .
B

By the hypotheses (3.1) and the first Korn inequality we conclude that the norm || - |
equivalent to the original norm ||| in X.

% 1S

Lemma 3.1. The operator A is dissipative.

Proor. By (3.3), (3.4) and (3.7),
(Aw, w), =

=J-[Ci/'r5ur,svt',j + v; (Cijrsur,sy' - D/eije/e,j ) + Fijeink (Cslerxbs,r - Dkrsvr,:) - Cbieirses,r]dv .
B
Using (2.10) and the divergence theorem we obtain

(Aw, w), = J[vi(C,-]-”u,,x — Dy en)n; — ceiebin,1da .
aB

The boundary conditions (2.12) imply
(Aw, w),, <0  for every w e D(A).

The proof is complete.

We now consider the operator Al — A where I is the identity operator and
A>0.

LemMma 3.2. The operator A satisfies the range condition
RAI-A)=X, A1>0.

Proor. Let w = (u, v, e, b) e X. We must prove that the equation
(3.8) M —Aw=w, A>0,
has a solution w = (#, v, e, b) in D(A). By eliminating », (3.8) yields the following sys-
tem for #, e and &
Ly = 2%u; = (Cyjpst4,, s — Djer )/ 0 = &,
(3.9) M;y = Ae; = ¥ij(cejp b, — ADysu, ) = by,
Ny = Ab; + ceje,,, = b;,
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where

(310) y=(”i,€i, bi)) gi=1;i+1;i; 6i=67i—“Xiijer7!,s-
Let [, -] denote a conveniently weighted L, (B) X L, (B) X L,(B) inner product,
and consider the bilinear form
GA1)  G0,5) = (L, My, Niy), @, &, B = [0 Ly + T,;&Myy + BNy do.
B
The' divergence theorem and the boundary conditions imply

(312) G(y,y) = jl(lzguiu, + C,-j,:u,,,u,-,/- + I",»j-e,-ej- + kibi)d‘l) +
B
+ J'(/lv‘lu,»ui + 6 lee;)do
3B
for any y = (u,e,b) e Y= H{(B) Xx H°(B) X H°(B). By (3.1), (3.12) and the first
Korn inequality [12],

(3.13) G(y,y)=aly|p forevery yeY,
where @ =min(A%c;, Acocy, Ao, A), 9] =, €, &) = [|]lf1 ) + llellfrom) +
+ || 6l|4o@) + ll#llEo@s) + lellEosy, and ¢ is the constant from the first Korn ine-
quality.

Since the bilinear form G(y, y) is continuous in Y X Y, there exists a linear bound-
ed transformation T from Y into itself such that

for any y, ye Y. Since |[y, Tyly| = aly[¥, we have |Ty[ly = ally|y, for every
yeY.

Let R(T) be the range of T. Let y, € Y such that Ty, = 0. By (3.14) we obtain
G(yo, y0) =0 and (3.13) implies y, = 0. Thus, we conclude that T is one to one.
Therefore, there exists T *: R(T) — Y. We can also prove that R(T) is dense in Y.
Then, we can continue T ! to Y. For any z € R(T), set ¢(z) = [(g;, b;, b;), w1y where
o is the only element of Y such that z = Tw. Then, ¢ is a linear bounded functional de-
fined on R(T'). We can continue ¢ in the whole space Y, in such a way that the contin-
ued functional @ shall have the same norm. Since Y is a Hilbert space, there exists a
unique y* € Y such that

(3.15) D(y)=[y*,yly, foranyyeY.
If we choose y = Ty, then (3.14) and (3.15) imply that y* = (#*, e* , b*) € Y satisfies
the equation

Gly*,5) =g, b, 0:),51ly forevery jeY.
Thus, L;y* = g;, M;y* = b;, N;y* = b;. It follows from v = Au/* — u; that v* € H°(B).
We conclude that (#*, v*,e*, b*)e D(A). N

Tueorem 3.1. The operator A generates a C, semigroup of contractions on X.
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Proor. The proof follows from the Lemmas 3.1, 3.2 and the Lumer-Phillips
theorem (see, e.g., [13, p. 13]).

We now state the following result (see, for example, Pazy [13, Chapter 4]).

THEOREM 3.2. Let A be the infinitesimal generator of a C,, contractive semigroup. If
F is continuously differentiable on [0, #,] then the initial value problem (3.6) has, for
every w, € D(A), a unique solution w € C1([0, #,1; X) N C°([0, ,1; D(A)).

The next theorem is an immediate consequence of Theorems 3.1 and 3.2.

TeEOREM 3.3. Assume that the density field is strictly positive and the consti-
tutive coefficients satisfy the conditionsA (2.6) and (3.1). Further, assume that
feCY([0,4]; L,(B)) and w, = (#, v, e, b) € D(A). Then there exists a unique sol-
ution w e C!([0,#1; X) N C°([0, #]; D(A)) to be boundary-initial-value problem
(2.9), (2.11), (2.12).

Now we establish the continuous dependence of the solution upon the initial data
and body forces.

THEOREM 3.4. Assume that the density field is strictly positive and that (3.1) holds.
Further, assume that fe L, ([0,#]; L,(B)) and #eH}(B), ve H(B), ec H(B),
be H°(B).

Let (#, e, b) be the solution of the boundary-initial-value problem (2.9), (2.11),
(2.12) corresponding to the body force f and the initial data (%, v, e, ). Let M be the
positive function on [0, #,] defined by

= |lwelrray + lelro ey + +llelroe) + 8]0, -

Then there exists a positive constant a such that

(3.16) M(t) < a[M(O) + Jllgf”mw) dt], tel0,4].
0

Proor. By (2.5) and (2.6),
(3.17) +e,d+bb—; (CynEyEn + Tese, + bib,) .
On the other hand, from (2.1), (2.3), (2.4) and (2.6) we obtain
t,»jE','l- +e;d; + bb, = (t0;), j — by jt; + CEisby ve; + cEfibie; , =

= ofit; — ol + (t;4;) ; + (ce,.be;)

By the divergence theorem and (2.12),

(3.18) j(t,. S+ eid, + b,6;)dv = jg(f Vil do .
B
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Let E be the function on [0, #] defined by
(3.19) E= j (0iisth; + Cy BBy + Tyese; + by ) do .
B

It follows from (3.17) and (3.18) that
(3.20) E<2 J ofiiidv .
B

Then, we have
(3.21) E(s) < E(0) + z“ ofi;dvdy, tel0,4].
By the Schwarz inequality, o
62 5 < 50) + 2 o llawi il dr.
0

By using the first Korn inequality, (3.1) and the assumption that @ be strictly positive,
we can determine a positive constant 7z, such that

(3.23) M?2(¢t) S myE(t), tel0,4].
On the other hand, we can determine a positive constant 7z; such that
(3.24) E(0) < m;M?(0).

It follows from (3.22), (3.23) and (3.24) that
t
Mz(t) < momle(O) + szJ ”Qf”HO(B)MdT, te [O, tl] .
0
This is a Gronwall-type inequality, so that [14]

(3.25) M(#) < \/mom; M(0) + m, j loFlluow dz,  tel0,4]1.
0

The desired result is an immediate consequence of (3.25). ®
Some asymptotic and Liapounov stability results have been established in [15].

Work performed under the auspicies of G.N.F.M. of Italian Research Council (C.N.R.), with the
grant 60% M.URS.T.

REFERENCES

[1] M. C. DorMect, Recent advances: vibrations of piezoelectric crystals. Int. J. Engng. Sci., 18, 1980,
431-448.

[2] W. Nowackr, Mathematical models of phenomenological piexoelectricity. In: O. BruuiN - R. K. T. Hsen
(eds.), New Problems in Mechanics of Continua. University of Watetloo Press, Ontario 1983,
29.

[3] R. A. TourN, A dynamical theory of elastic dielectrics. Int. J. Engng. Sci., 1, 1963, 101-126.



66 M. CIARLETTA

[4] A. C. ErinGeN - R. C. Dixon, A dynamical theory of polar elastic dielectrics. 1, II. Int. J. Engng. Sci., 3,
1965, 359-398.

[5]1 H. Parkus, Magnetothermoelasticity. In: CISM Lectures Notes, Springer-Verlag, vol. 118, Betlin-Hei-
delberg-New York 1972.

[6]1 R. A. Gror, Relativistic continuum physics. Electromagnetic interactions. In: A. C. EriNnGeN (ed.), Con-
tinuum Physics. Academic Press, vol. III, New York 1976.

[7]1 A. G. MauciN, Continuum Mechanics of Electromagnetic Solids. North-Holland, Amsterdam 1987.

[8] D. Iesan, Plane strain problems in piezoelectricity. Int. J. Engng. Sci., 25, 1987, 1511-1523.

[9] D. Iesan, Reciprocity, uniqueness and mini principles in the linear theory of piexoelectricity. Int. J.
Engng. Sci., 28, 1990, 1139-1149.
[10] C. M. Darermos, Contraction semigroups and trend to equilibrium in conti mechanics. In: P. GEr-

MAIN - B. Navrotres (eds.), Applications of Methods of Functional Analysis to Problems in Mechanics.
Lecture Notes in Mathematics, vol. 503, Springer, Betlin 1976, 295-306.

[11] C. B. Navarro - R. QuintaNiLLa, Or existence and unig s 11 nc tal thermoelasticity. ZAMP,
35, 1984, 206-215.

[12] G. Ficuera, Existence theorems in elasticity. In: C. TruespeLL (ed.), Fligge’s Handbuch der Physik, vol.
VIa/2, Springer-Verlag, Berlin-Heidelberg-New York 1972, 347-388.

[13] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer-Ver-
lag, New York-Berlin-Heidelberg-Tokyo 1983.

[14] C. M. Darermos, The second law of thermodynamics and stability. Arch. Rational Mech. Anal., 70,
1979, 167-179.

[15]1 C. E. Beevers - R. E. CraNg, On the thermodynamics and stability of deformable dielectrics. Appl. Sci.
Res., 37, 1981, 241-256.

Dipartimento di Ingegneria dell’Informazione e Matematica Applicata
Universita degli Studi di Salerno
Via Ponte Don Melillo - 84084 Fisciano SA



