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Anal i s i matemat ica . — On the homogenization of the Poisson equation in partially 

perforated domains with arbitrary density of cavities and mixed type conditions on their 

boundary. N o t a ( * ) di O L G A A. O L E I N I K e T A T I A N A A. S H A P O S H N I K O V A , p resen ta ta dal 

Socio O . A. Oleinik. 

ABSTRACT. — In this paper we study the behavior of solutions of the boundary value problem for the 
Poisson equation in a partially perforated domain with arbitrary density of cavities and mixed type condi
tions on their boundary. The corresponding spectral problem is also considered. A short communication of 
similar results can be found in [1]. 

KEY WORDS: Homogenization; Poisson equation; Perforated domains; Mixed type conditions; Spectral 

problem. 

RIASSUNTO. — Sull'omogeneizzazione dell'equazione di Poisson in domini parzialmente perforati con arbi

traria densità delle cavità e condizioni di tipo misto sul loro contorno. In questa Nota viene studiato il compor

tamento delle soluzioni del problema ai limiti per l'equazione di Poisson in un dominio parzialmente perfo

rato con arbitrarie densità delle cavità e condizioni di tipo misto sul loro contorno. Viene anche considerato 

il corrispondente problema spettrale. Una breve comunicazione di simili risultati si trova in [1]. 

INTRODUCTION 

Homogenization problems in a partially perforated domain with the Dirichlet, Neu
mann and mixed conditions on the boundary of cavities were considered in [2-10]. 

Boundary value problems in perforated domains were studied in [11,12], and also 
in monographs [13-18]. In these books one can find an extensive bibliography for this 
subject. Note also that monograph [18] is one of the first investigations on the prob
lems of homogenization in perforated domains. 

1. - Let Q be a bounded domain in R" with a smooth boundary dQ, 
Q = {x eR", 0 < Xj < 1, / = 1, . . . , « } , G0 is a domain in Q such that G0cQ and G0 is 
diffeomorphic to a ball. We denote 

7 = Q fi {x: xx = 0} * 0 , Q + = Q H {x: x1 > 0} , Q ~ = Q D {x: x1 < 0} , 

G£ = U (aeG0 + ez), aeG0c eQ , 
zeZ 

where £ is a small positive parameter, ae is a positive number which depends on e and 
aE —* 0 as e —> 0, Z is the set of vectors z with integer components. 

(*) Pervenuta all'Accademia il 24 ottobre 1995. 
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We set 

Qt = Q + \GE, YE = eQ\aEG0, S0 = 9G0, QE = QE
+UQ-Uy, 

SE = dQEDQy rE = dQndQEy aB = {x-.a^xeB}, 

{u)w = | a) | ~1 \u dx , where | oo | is the volume of the domain oo . 
0) 

In the partially perforated domain Q E we consider the next boundary value 
problem: 

\AuE = / in Q e, uE = 0 on FE, 

J dv + buE = 0 on SE 

where v is a unit exterior normal vector to SE. For simplicity we assume that 
b = const > 0 , / e L 2 ( f i ) . For the existence and uniqueness of solutions to problem 
(1) see [26]. As usual we denote byHi(Q,r0) the space of functions which is obtained 
by completion of the set of infinitely differentiable in Q functions u(x) equal to zero in 
a neighborhood of JT0, by the norm H1(Q): 

II«IIHI(û) = J(«2 + | V « | 2 ) ^ , where Vu = ( j * - , ..., ^ \ . 

We consider a weak solution uE e Hx (Qe, JT£ ) of the problem (1) and study the be
havior of uE as e—>0. 

We need some auxiliary results. 

LEMMA 1. If u e Hj ( Y£ ), («)ye = 0, then 

(2) | | H | L 2 ( 7 £ ) ^ X I £ | | V H I L 2 ( 7 £ ) , 

where all constants K; here and in what follows do not depend on e. 

LEMMA 2. If u EH1(YE), then 

(3) IMIÌ2U,5b)^^2K"1e""ll«ll!2(y.)+«eN|!2(y.)'}, ' 
if « > 3, and 

<2££ ll«llL2(ye)+^. I n - * -
2aF 

INIL (n) (4) ll«ll!2U.5b) ^ ^3 

if n = 2. 

Proofs of these lemmas can be found in [8]. 

REMARK 1. Let u eH1 (Qe, T£ ). We consider the set Y0 of cells YE + ez, z e. Z, 
which intersect the boundary dQ. This means Ye + ez H BQ ^ 0. We consider the 
function 

u , if x e Q E, 

0 , i f x e Y o \ f l -

It is easy to see that « G Hl ( £2 £ U YQ ) and we can use Lemma 2 for every cell from 
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Y0. Summing over all cells, which belong to û £ U Y0 we obtain the estimates 

(5) ll«IÊ2(5.)^X2K""1e-"ll«llL2(û/) + « e I N | i 2 ( 0 , + ) } , 

if n ^ 3, and 

aPe \\U\\T,(Q + ) + a, ln-£-
2aP 

INI£2 (<2£
+) (6) | | «UU) =S X3 

if « = 2. 

LEMMA 3. I£ u eHi(Qe, re)> then 

(7) ||«||z, W ) =S -K4£"/2 {«i1 - > / 2 | |«| |L2(5e) + 42 "»>/2 | |V«| | l 2 ( Q e + ,} , 

if n ^ 3, and 

- 1 / 2 IL,!! , In 
2<2~ 

II^IIL2(££
+ (8) \m\L2(Q;)^K5e 

ii n = 2. 

We shall give the proof of Lemma 3 in the appendix 

2. - Let al
e~

nen-^0 as e->Q,feL2(Q) and « ^ 2. 
Let us introduce the function v sH2(Q~ ) as a weak solution of the problem 

(9) Av=f in Q- , v = 0 on dQ~ . 

Proof of the existence and uniqueness of a weak solution v E H1{Q~ ) of the 
boundary value problem (9) is a consequence of the Lax-Milgram theorem. It is proved 
in [20] that v e H2 {Q ~ ). Now we define a function wE as a weak solution from the 
space H1(QE, FE) of the problem: 

(AwE = 0, xeQ-UQE
+, 

3wE 

dv 
I wE = o , x & re, 

J [tt>C]|y = 0 , 

(10) 

+ £ ^ e = 0 , x e SE, 

dwF 

dxi 
dv 

\y 3xi 

where [<p] |p 6 y = q)\P + 0 - q)\P-0 for any point P e y and any function cp. 
The existence and uniqueness theorem for the problem (10) can be obtained from 

the Lax-Milgram theorem. Taking in the integral identity for the problem (10) the sol
ution wE as a test-function we obtain the equality 

f dv (11) \ \VxwE\2dx + bji JP
2 dsY 

dx1 
dx . 

where x = (x2, ..., x„ ). By virtue of the Friedrichs inequality and the imbedding theo-
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rem for u>£ e Hx (Q ~ , dQ ~ Pi dQ), we have 

(12) IkllU) ^KédklILcû-) + llVx l̂li2(û-)) ^K7||v^e||i2(û.) • 
From (11) and (12) we deduce 

(13) l|Vxt0c||L2(fle)^K8, |K | |L 2 (5 £ )^K 9 . 

From Lemma 3 and inequalities (13) we obtain the estimate 

(14) \\u>E\\L2(Q + )^Kl0M(£,n), 

where M(e, n) = a{
£
l~n)/2 en/2. Let w£ be an extension of w£ on G£DQ such 

that 

lkllL2(D
 + ) ^£lllklll2(£>£

+) , IIVX^£||L2(£?+) ^K12\\VxWe\\L2{Q + ) • 

The construction of such a function iu£ is given in [13]. Then using the imbedding 
theorem, we obtain the estimate 

(15) | k Lw^^M1'2 (e,n). 
Now we prove for the function w£ the inequality 

(16) |k||L2(fl-) ^ KlAWel^idQ-) = Kulkl l l^y) • 

Indeed, let V£eH2(Q~ ) be a solution of the problem 

(17) AV£ = w£, xeQ-, V£ = 0, xedQ~. 

It is obvious that the following relation is valid 

w£ -7~ - V£ - r - 1 ds . 
Q- 3Q-

From this equality we deduce the estimate 

/ x II l<? II 3 ^ 

dg) KIIW)^||-â7 
We prove that for Ve the following inequality is valid 

(19) HVe||H2(û-)^lCi5lkllL2(û-). 

For this let us introduce the mapping I£: H2(Q~ ) —>L2(Q~ ) such that 

I£(V£) =w£ , 

where V£ is a solution of the problem (17). 
Taking into account that we have the uniqueness theorem in the space Hi ( Q ~ ) for 

the problem (17) we can conclude that I£ is a one-to-one correspondence. In addition, 
it is easy to see that the following estimate is valid, 

lkl l l2(0-) ^ £l6l|Ve||H2(fl-) • 

Therefore, by the Banach theorem [19] the estimate (19) is valid. 

\\we\\L2(Y) 
L2(dQ~) 
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(20) 

By virtue of the imbedding theorem we obtain 

dv L2(dQ-) 
• K 1 7 \ \ V £ \ \ H 2 (Q-) 

From inequalities (18)-(20) we get the estimate (16). 
Thus, taking into account (15) and (16) we deduce 

I k L t o - ^ K i s M 1 / 2 ^ , » ) . 

From (11) and (15) we obtain 

Ktve\\^(0t)^Kl9M^2(e,n). 

Thus we have 

LEMMA 4. Let wE be a weak solution of problem (10), wEeH1(QE, TE 

Then 

(21) 
lkJi2(fie

+) ^K20M(e,n), 

lk£ | | l2(^-) + PX^S\\L2(Q£) ^K 2 1 M 1 / 2 (£ , ; 

We set 

J/, xeQ+, 

[0, xeQ~ . 

We introduce the function vE E Hl (QE, fE) as a weak solution of the prob
lem 

(22) 
AvE =f+ , XEQ£; VE = 0, xere; 

dvP 

dv 
+ bve = 0 , x eSE. 

The existence theorem in the space H1(Qe, TE) for the problem (22) can be de
duced from [26]. Now we derive estimates for the solution vE. 

Using the integral identity for problem (22) and the Friedrichs inequality for the 
functions of the space H1(QE, TE) [13], we obtain 

(23) ||Vxl>jL2(fle) + IKIIL2(5B) ^ ^22 • 

From Lemma 3 and inequality (23) we have the estimate 

(24) l k l W ) ^ X 2 3 M ( e , « ) . 

From the estimate (24), the Friedrichs inequality and the integral identity for vE we 
get 

(25) \k\\L2(Q-) + \\^xv£\\L2^e)^K24M^2(8,n). 

Thus we have 

LEMMA 5. Let vE E HX (QE, Fe ) be a weak solution of the problem (22). Then esti
mates (24), (25) are valid. 

By virtue of the uniqueness theorem for a weak solution of problem (1) we have the 
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representation 

(26) 
uP = vE + wE + v in Q , 

uF = wF + vF in £?* . 

Therefore, from Lemmas 5 and 6 and representation (26) we obtain for the case 
a}-»e»-+Q as £ ->0 

THEOREM 1. Let #e e Hi (f l e , T£ ) be a weak solution of problem (1), v s H2 (Q ~ ) 
be a weak solution of problem (9) and aE ~ " £* —» 0 as £ —» 0, (« ^ 2). Then the follow
ing estimates are valid 

rlklli2(0 + ) ^K25M{£yn), 

• H I H ^ O " ) + I I V X ^ | | L 2 ( ì 3 £
+ ) ^ K 2 6 \ M ( e y n ) , 

where M(e, ») = \Jal~nen. 

3. - Let a\~nen-* oo as e -»0 . 
We define function p0 as a smooth solution of the boundary value problem 

(27) AVQ = / in fl, ^o = 0 o n 3 Q , 

w h e r e / e Ca(,Q), a > 0. 
We set wE = uE ~ VQ. According to the definition of the functions ue and v0, 

wEsH1(QE, re) is a weak solution of the problem 

f AwE = 0 in 42 , 

ẑ £ = 0 on r g , 
(28) 

dwE 

3v dv + fen on 5c. 

Using the integral identity for problem (28) and taking wE as a test-function, we ob
tain the equality 

(29) J \Vxw£\
2dx + b^wE

2dsx = - ^i-~ + bvAwedsx. 

Taking into account Remark 1 and the Friedrichs inequality for space Hi (Qe, TE ), 
we get 

(30) IK ||L2(^) ^ ^27 (CM(£> ^ )] - 1 IK IL2(^- ) + \ ^ l|vx^£ |L2(^£+ ) ) ^ 

^ X 2 8 ( [ M ( £ , ^ ) ] - 1 + V ^ ) I K ^ £ | | L 2 ( ^ ) , 

if n ^ 3, and 

(31) 

if n — 2. 

he\\L2(S£)^K29i[M(£,n)] x + Ja£ W~ I I | V ^ J L 2 ( £ £ ) ', 
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Therefore, from (29) and inequalities (30), (34) we deduce 

if n ^ 3, 

if n = 2. 

k l l H 1 ( ^ ) ^ ^ 3 0 ( V ^ + [ M ( £ , ^ ) ] - 1 ) , . 

+ [M(£,«)]-1 , IFMIHI(0. ^fc,Kk In 
2^o 

THEOREM 2. L e t / e L2 (fl) and £2 be a domain in R* with a smooth boundary dQ, u£ 

be a weak solution of problem (1), v0 be a smooth solution of problem (27); a\~n en —» <*> 
as £—»0. Then the following estimates are valid 

Ik " *OIIH,(û.) ^ K32(V^ + [M(e, «W"1 ) , 

if « ^ 3, and 

IFe ~ *>ol|Hi(£e) ^ ^33 ssK«K*. I n / -
2aF 

+ [M(£,^)]"1 , 

if « = 2. 

4. - Now we assume that al n en —>C0 as £ —» 0 and C0 = const > 0. 
We introduce the functions 6e(x) as the solution of the problem 

(32) 
A0e=[ie in 7 £ , - ^ = - £ .-on * £ J 0 , 

(^e)y£
 = 0 , #£ is ^-periodic function , 

where pie = const which is defined from the solvability condition of problem (32), 
that is 

pi e meas Y£= —b meas (aE S0 ). 

From here we have 

y b{a£e
 l )n measS0 measG0 

(33) Me= - 77-meas50 - — ; 1 7 - —7 ~ 
C0 C 0 ( l - ( ^ £ £ ) measG0) 

(an~le~~n - C0~1)^meas5o A , 1x 

1 — (aee ) meas G0 ^o 

where |yle | ^AQy \Be\ ^B0 and 4̂0> -B0 are constants, which do not depend on e. 
Note that aE£~1->0 as £—>0 since (aee~l)n ~ Co~laE as £—>0. 
We define also the function Nf (y) (y = xe'1-J = 1, ..., «) as a solution of the 

problem 

(34) 
3W 

AyNf = 0 i n e ^ g , —— = -Vy o n e 1aeS0, 

(N/)£-iye = 0 , N/ is 1-periodic function. 
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In addition we introduce the function u0 (x) as a smooth solution in Q + and Q of 
the problem 

(35) 
Axu0=f in Q , Axu0 + [i0u0=f in Q+ , 

u0 = 0 on dQ , 

where /*0 = — (èmeasS0)/C0 . 
Problems of this type were considered in papers [21-23]. In the case of the bound

ary value problem 

AuE = / in QE, £ = {x: 0 < xy < 1,/ = 2, . . . , » , - 1 < ^ < 1} 

with the boundary conditions 

uE = 0 for #! = — 1 and for xx = 1, #e is a 1 -periodic function in x = (x2, ..., xn ) 

the results, obtained above, are valid. For this problem the solution u0, corresponding 
to the problem (35), exists and has the regularity properties which we need below. It 
follows from theorems proved in [24]. 

Using the integral identity for problem (32) and also Lemma 1 and Lemma 2, we 
obtain 

l|Vx0el|i2(y«)^X34«i""1)/2||fle|lL2(..S„)^ 

^ K 3 5 U r 1 £ " " / 2 + 1 +< / 2 ) |K0 £ | |L 2 (7 E )^K36^ / 2 | |V^ £ | | L 2 ( y £ ) , 

since an
e ~

xs ~"/2 + ! < anJ2 for small e, if « > 3, and 

if n = 2. 
From here and from Lemma 1 we get the following estimates 

f l|Vx0e||t2(y.) « K}9a"J2, IKILiy.) ^ ^4oe< / 2 , 

[ if n ^ 3 , and 

l|Vx0jL2(ye) ^ KA1ae yln(e/2ae), ||0£||L2(Y£) ^ K42eae \/ln(e/2aE), 

if « = 2 . 

(36) 

From Lemma 2 and (36) we deduce 

ni0jL 2 (^)^43^ / 2 ^ / 2 + \ 
Vxde\\L2m)^KAA{aee-lyl2, M L 2 ( ^ - K 4 5 ^ + 1 ) / 2 £ - K / 2 , 

(37) 
if « ^ 3 , and 

II#JL2(££
+) ^^46^ £ yin(e/2a£), 

\\Vx6E\\L2{Qr)^K41(a£/2s)^in(8/2aE)y \\0E\\L2{s£) ^K^e'1 ln(e/2aE), 

if n = 2 . 

Thus we have 



O N T H E H O M O G E N I Z A T I O N O F T H E POISSON EQUATION . . . 137 

LEMMA 6. Let al n£n-^>C0 as £—» 0 and C0 = const > 0, and let 6 £{x) be 

a solution of problem (32). Then estimates (36) and (37) are valid. 

For the solution Nf we have the following propositions. They are proved 
in [8]. 

HEWL2(Y£) + PyNf\\L2(Ye) < K51ae ^ln(e/2aE), 

\\Nf\\L2iQi) + \\VyNf\\L2{QÌ) ^ K52(2aE/e)^ìn(e/2a£) : 

(38) 

if n ^ 3, and 

(39) 

if n = 2. 
Now we define the function <p£ {xx ) e C °° (Rx\ ), <p£ = 0 for xx ^aQey cpE= I for 

X! ^ 2^0 £, 0 ^ ç>£ ^ 1, | < ^ £ | ^ ^ o e _ 1 ? | ^ e l ^ ^ i £ ~ 2 a n d the constant a0 is chosen in 
such a way that (pe = 1 for x e 5e . 

We set 

«<? = (1 + (pede)u0 + eNf<pe~- , x€ f i £
+ nf l " . 

Here and in the following we use the usual convention of repeated indices. It is easy 
to see that ge = ul — ue is a weak solution of the problem 

Age =A£(al'n£n - C0)u0(p£ + ju£{(pE - l)u0 + BE(aee~1Tu0q)E + (p£6£u0 + 

+ 2(pEu0 -r— + 2ç>£0£ 3 — + 2<pE{\x6£) \xu0) + cp£dEAu0 + 2<p£ — — + 
oxi c^i oyx axj 

+ 
3N/ 32a0 du0 

dyp dxj dxp
 £ J dxj e J dxj dxi dx^ 

+ — |eN/ç>e 3 £ dxk dxj J ' 

in QE where the derivatives in the last term are considered as distributions, 

AgE = 0y xeQ£> [gE]\ 

<i 

3xi 
= 0. 

^ £ = E N / ç ) £ — , XETE , 

We represent the solution gE in the form 

ge =gl,e + gl,e > 

x eSF 
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where gl£ is a weak solution in the space Hi{Q£, T£) of the problem 
r 3Z7 . 

dgi,e = Fe
+ + -g^~ in Qt , 

4gi,£ = 0 i n £ ~ , gi,£ = 0 o n f n 

dv 
+ hi,e = FEikvk + K£ on S£, 

(40) 

where 

F£
+ = A£(a£~

nen - C0)u0(pe + ju0(<pe - l)u0 + cp£0£u0 + B£(a£e~1)nu0cp£ + 

. d0£ . 3% /r7 rr 

+ 2<p£ ^ " o + 2<p£0£ — + 2(p£(\x0£, Vxu0) + (p£6£Au0 + 

3N/ 3a0 5N/ 3 % .. 3^o + . _ 3 % 

32&0 

The function g2)£ is defined as a weak solution in the space H1(Q£) of the 
problem 

"Àg2,e = 0 in ^ - U i 3 £
+ , 

dg2>e 4. A n c 

3^o 

(41) 

g2,e = eNf-g£-(pe on r £ . 

Now we will obtain estimates for gj £ and g2, e • For this we represent the right hand 
side of (40) in the form 

F; = 2 /i, 
i=i 

where 

/ l , £ = < Ae {al ' » e" - Co ) «o + 2( V, 6X, Vxu0 ) + 

f^ = <Pf^o + 29s—+2— — 
dxj dxi J ' 
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Â,e = <Pe\Q£Uo + eNf 
dxj V 

f4,e=fAo(<Pe- 1 ) ^0 • 

From Lemma 6 and Lemma 7 we have 

(42) Wfi.ekiat) ^KM-" -Co) +iaee-1f/2i, 

if n ^ 3, and 

l |L2(^)^^4lW"^2~Co)+^£~1V l n(£/2^)^ W3) liyi,eiu.̂ Me-

if n — 2. 
Here the smoothness of the function &0 is used. 
We set 

It is easy to see that 

(44) ||y2,Jk2(^) = l l À £ | l L 2 ( / 7 £ ) ^ 

^K^e-1 11̂ 0,11̂ (77.) + We.Wmn,) + 2 (pyNf\\L2{ne) +,C| |N;J^ (I7,)) 
y = i 

(45) 

Using estimates (36)-(39) we obtain the following inequalities 

\\e\\LAnci^KneV~e(aee-1T'2, 

llNfhw + ^yWl2(ne)$K5Se^(aee-ir/2, 

if n ^ 3, and 

(46) 

IML2(77£) ^ -K59«s£-1/2 yin ( e/2«£) , 

Ie» ILw.) ^ ^M** V e l n ( £ / 2 ^ ) . 

Vf 
if n = 2. 

From estimates (44)-(46) we deduce 

(47) 
l l A e l k w , ^ ^ ^ 1 7 2 ^ ^ - 1 ) ' ' 7 2 , i f .«&3., and 

I HA,IIL2(^) ^ K ^ e ^ 2 yin(e/2ae), if « = 2 . 

Taking into account that tf*/2£ n,2/CQ
 l,2al/2-* 1 as e—»0 and therefore 

tf»/2£ -<« + D/2/Q-J/2(„eg "! )!/2 -» 1 as e -> 0, we conclude that the right-hand sides 
in inequalities (47) tend to zero as £—*0. 
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Thus we have 

(48) 
\\J2,e\\L2{Q 

\\f2,e\\L2(Q 

+ ) ^ K64 \ae e l, if n ^ 3 , and 

Similarly we get the following estimates 

IIAJU^^-172^-1)"/2, 
if n ^ 3, and 

II/3 JL 2 (G+) <S Ké7«££-3/2 V W / 2 * £ ) , 

if » = 2 . 
Therefore we have 

(49) 
11/3, e\\i2(Qt ) ^ Ka V ^ £ ' . if « 2= 3 , and 

II/3,£||L2(Q + ) ^ ^ 6 9 yUe/e)ln{e/2ae), if « = 2 . 

Taking into account the definition of the function cpe we obtain the following 
estimate 

(50) ll/4) . 1 1 ^ ) ^ 7 0 V^-

From estimates (42), (43) and (47)-(50) we deduce that 

(51) 

(52) 

f ll^+ IL(o.+ ) « Kn K«. " " £" " C0 ) + V ^ 1 ] . if » ^ 3 , and 

i%+
 WLAOî ) < K72 [(a'l e2 - C0 ) + V ^ e ^ M e / ^ J ] , if » = 2 . 

From Lemma 7 we derive 

^ l l i ^ ) * ^ ^ " 1 ) " 7 2 , if» £ 3 , and 

F£,4lli2(o;) ^ K74a£ Vln(e/2a£), i£ n = 2 . 

From Lemma 2 and Lemma 7 we obtain the following inequalities 

(53) 
\\Nf\\L2{Se)^K1,(aee~lr,2\ate-1, if » £ 3., and 

l|N;lb(5,>^ -K76 ^ j \ ^ l n ( e / 2 ^ ) ; if n = 2 . 

From the definition of the *:„ we obtain the estimate 

(54) l kJU,^MWU) + *.2 IIN/IU, 
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Therefore, from inequality (54) and estimates (37), (53) we deduce 

I k L t f . ) ^ K7S ^E(aEe-1 r / 2 , if n > 3 , and 

(55) 
^ K 7 9 ^ ^ l n ( £ / 2 * e ) , if * = 2 . 

Using the integral identity for a weak solution of space Hx (QE, JT£ ) of problem (40) 
we get the equality 

(56) | \Vxgh£\
2dx + b\gliE

2dsx 

<%i, 
= - J F£

+gi,edx+ 2^ J Fe,* -g£-dx+ JKegl> <àv 

Using Friedrichs inequality for functions of space HX{Q£, FE) equality (56) and 
also the elementary inequality ab ^ ôa2 + ô~1b2, (a,-b,ô>0) we obtain the 
estimate 

(57) \ \Vxghe\
2dx + \gl,e

2dsx^Kj\\F;\\t2{û+)+ | | |F£>, | |I2(f l / )+ | k | 2 ( 5 e ) ) . 

Therefore, from inequalities (51), (52), (55), (57) we conclude that 

(58) 
èlte\\Hi(Qe) 

Thus we have 

K81 [{al
e-

nen - C0 ) + \laEe~li, if n > 3 , and 

U £ - 1 £ 2 - C 0 ) + - ^ Y l n ( f / 2 ^ if « = 2 . 

LEMMA 8. Let g1; £ be a weak solution of problem (40) and a] n en —» C0 as £ —> 0, 
CQ = const > 0. Then for gx E estimates (58) are valid. 

Now we obtain the estimate for the solution of problem (41). We set 

V2>£=g2,8~ £(PeNf — . 

Then it is easy to see that V2f€sH1(QE> re) and V2>e is a weak solution of the 
problem 

(59) 

du0 

dxt 
AV2iE= -eA\wENf-^\ in QF 

V2> e = 0 on rE, 
dV2,e L 3 ( du0\ 9u0 
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From the integral identity for problem (59) we deduce the equality 

(60) \\^xV2>e\
2dx + bjV2Jdsx = 

= -ej\vxLtNf^\vxV2ie\éc-hJNf. 

It is easy to see that from equality (60) one can get inequalities 

duo 
V2,^dsx 

(61) \Kv2,e\\L2Ìiìeì+\\v2ì£\\L2 (Se) 

y = i 
v.9.«r£ dX; + +\\Nf\\L; 

L2Oit) 
(Se)\ 

^KS4e 2:{E-^N/lL2inc) + e-1PyNf\\L2iat) + [|N/|U>} = 
i = ! 

= KM £ {\\Nf\\L2ins) + PyNf\\L2lQn + s\\Nf\\L2(St)} . 
J =• 1 

From estimates (38), (39), (45), (46), (61) and the Friedrichs inequality for V2?£ we 
obtain 

I I ^ J H , ^ ) ^ ^ - 1 ) " 7 2 , 

if n ^ 3, and 

\\V2,e\\Ht(ae)^KsA^ln(e/2ae): 

if n — 2. 
From these estimates we déduce that 

(62) 
ki.eWH^^KsA^e-1)^2, . i f » £ 3 , and 

ll&.cllH^Ot Kss^^]n(e/2ae), if n = 2 . 

Thus we have 

LEMMA 9. Let g2>EeH1(Q £) be a weak solution of problem (41) and a} n en —> C0 

as £->0, C0 = const > 0. Then estimates (62) are valid. 

THEOREM 3. Let uE be a weak solution of problem (1), u£ e.Hi{Qey F£) , 

u0eC2(Q~), u0eC2(Q+) be the solution of problem (35) and let a} ~n£n->C0 

as e —> 0, C0 = const. Then 

||«* ~ ^o ko.) ^ *»{(*« -"«" ~ Co) + \ / ^ F 1 } , 
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if n ^ 3, and 

if n — 2. 

I k - K o l k o » , ) ^ ^ 9 o | U c V - Q ) + y - y ln(* c /2* e) j 

5. - The spectral problem, corresponding to the boundary-value problem (1) can 
be considered in the same way as in [4,5], using the theorem from [13,25] about the 
spectrum of a sequence of singularly perturbed operators. 

On the basis of Theorem 1 we have 

THEOREM 4. Let {X™ } be a nondecreasing sequence o£ eigenvalues of the eigenval
ue problem 

Auf + X™u™ = 0 in Qey 

dui (63) 

dv 
+ bun

P 0 on SP 0 on f ' 

Cxy/M(e9n)9 

where a} n en —> 0 as e —> 0 and let {Xm } be a nondecreasing sequence of eigenvalues 
of the eigenvalue problem 

Aum + Amum = 0 in fi~, z/w = 0 on fi~, 

and every eigenvalue is counted as many times as its multiplicity. Then 

i L 
i? xm 

where M(eyn) = a{
e
l~n)^2 en^2

 y Cx is a constant independent of £. 
From Theorem 2 we obtain 

THEOREM 5. Let {Af } be a nondecreasing sequence of eigenvalues of the eigenval
ue problem (63) and let a\ ~ n en —> + o° as £ —» 0, {Aw } be a nondecreasing sequence 
of eigenvalues of the eigenvalue problem 

Aum + Xmum = 0 in fi , um = 0" on 3fi , 

and every eigenvalue is counted as many times as its multiplicity. Then 

1 1 C2{^E+[M(eyn)]~1},. 

if n ^ 3y and 

1 
C3{^a£ln(e/2ae) + [M(eyn)r1}y 

Xm
e Xn' 

if n = 2y where M(£yn) was defined in Theorem 4, and C2> C3 are constants indepen
dent of £. 

On the basis of Theorem 3 we have 

THEOREM 6. Let {/If } be a nondecreasing sequence of eigenvalues of the eigenval
ue problem (63) and let a\ ~n en —» C0 as £ —» 0, C0 = Const > 0, {Xm } be a nonde-
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creasing sequence of eigenvalues of the eigenvalue problem 

iAum + Amum = 0 i n f l " , 

\At*+/*Qum + Xmum = 0 in p + , 

\um = 0 on 9Q, 

and every eigenvalue is counted as many times as its multiplicity. Then 

if n ^ 3, and 

if n = 2. 

J 1_ 
1/K 1 « 

c4{ue
1-"c--c0) + v t F 1 } , 

j i_ 
A7 A" 

<C5\ U e - 1 £ 2 - C 0 ) + ^-j\n{e/2ae 

APPENDIX 

P R O O F OF LEMMA 3. Let us extend the function &(x) for x e R" \£2 setting u = 0 in 

R" \£2. It is easy to see that such a function u eHl (Rn \G£ ). Consider the cell Y£. For 

simplicity we assume that G0 is a ball with radius Q < 1 whose center coincides with the 

center of Q, £( 1 - 1 / y 2 ) > a£g. Then the function u is defined in T£/yji\a£GQ, where 

T a is the ball of radius o with its center coinciding with the center of eQ. Let P ea£S0, 

P erSi, a£Q < r ^ s/\2 and P , P lie on the same radius-vector. Then for n ^ 3 we 

have 

fc/V5 e/v5. 

(64) ^2(P)^2^2(P) + 2 ^ rl~ndr J" -|*-
*£e 

^ ^ 

«/V2. 
2U e p ) 2 ~ * > \ 3U 

n - 2 J I or 
asQ 

[dr. 

Multiplying (64) by 7 U . ^ = < V l®(<t>u . . . , 0 « - 1 ) , where / = 
= rn~1<P((/)i, . . . , 0„ _ ! ) is the Jacobian for the spherical coordinates, and integrating it 
with respect to <pif . . . , 0 ^ _ j , we obtain 

(65) an
£~

lQn~l\u2{P)d<j>l...d<t>n_l^2 j " u2(P)dsx + 

a e SQ 

du 'r»-l<l>{<t>l,...,<l>n-l)drd<t>x...d<t>n-

T£/^\TaEQ 

where Si is a sphere of radius 1. 
Then multiplying both sides of inequality (65) by rn~ l and integrating it with re 

l > 
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spect to P over re(aeQ, e/yl), we deduce the estimate 

an
e~

lQn~l \ u2dx^K0le
n f u2dsx + aee" j |V x « | 2 <fc l . 

Te/y/2\Tae0 [ a^ TE/tf\TaeQ J 

From that inequality we conclude 

(66) ||«||£2(r£/0\r^)^KW-»£1IH|£2(.E5„) + «r^BIK«IE2(T£/V5\T^,}. 
Thus, we have an estimate of the form (7) for cell Ye. In the same way we can get an 

estimate of all form (7) for any cell YE + ez (z is a vector with integer components). 
Summing up the inequalities of the form (66) over all cells of the form Ye + ez, we get 
(7). In a similar way we can get estimate (8). 
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