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Teoria dei numeri. — A strengthening of the Nyman-Beurling criterion for the

Riemann hypothesis. Nota (*) di Luis BAez-Duarte, presentata dal Socio E.
Bombieri.

AssTrRACT. — According to the well-known Nyman-Beurling criterion the Riemann hypothesis is
equivalent to the possibility of approximating the characteristic function of the interval (0, 1] in mean
square norm by linear combinations of the dilations of the fractional parts {1/ax} for real a greater than
1. It was conjectured and established here that the statement remains true if the dilations are restricted
to those where the a4’s are positive integers. A constructive sequence of such approximations is
given.

Key worps: Riemann zeta function; Riemann hypothesis; Nyman-Beurling theorem.

Riassunto. — Un rafforzamento del criterio di Nyman-Beurling per l'ipotesi di Riemann. 1l noto crite-
rio di Nyman-Beurling per la validita dell’ipotesi di Riemann ¢ equivalente alla possibilita di approssima-
re la funzione caratteristica dell'intervallo (0, 1] in media quadratica per mezzo di combinazioni lineari
delle dilatazioni delle parti frazionarie {1/ax} con a reale e maggiore di 1. In questa Nota si stabilisce la
validita della congettura che il criterio resta vero se le dilatazioni sono ristrette a quelle dove il parametro
a & un intero. Si da inoltre una costruzione esplicita di tali approssimazioni.

1. INTRODUCTION

We denote the fractional part of x by o(x) = x — [x], and let y stand for the chat-
acteristic function of the interval (0, 1]. 4 denotes the Mobius function. We shall be
working in the Hilbert space € :=L,((0, ), dx), where our main object of interest
is the subspace of Beurling functions, which we define to be the linear hull of the fami-
ly {0,|1 <aeR} with

0,(x) :==0(1/ax).

The much smaller subspace B" of natural Beurling functions is generated by
{0,]aeN}. The Nyman-Beurling criterion [14, 6] states, in a slightly modified form
[4] (the original formulation is related to L,((0, 1), dx)), that the Riemann hypothesis
is equivalent to the statement that y € B, but it has recently been conjectured by sev-
eral_authors (see [1-5, 9-13, 17, 18]) that this condition could be substituted by
yx € B". We state this as a theorem to be proved below.

TrueoreM 1. The Riemann hypothesis is equivalent to the statement that y € B"™.
To properly gauge the strength of this theorem note this: not only is $" a rather

thin subspace of B but, as is easily seen, it is also true that B is much larger than
8”“[.

(*) Pervenuta in forma definitiva all’Accademia il 6 settembre 2002.
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By necessity all authors have been led in one way or another to the natural
approximation

(1.1) F,:= él w(a) o,,

which tends to —y both a.e. and in L, norm when restricted to (0, 1) (see [1]), but
which has been shown [2, 3] to diverge in ). Other related sequences have been stud-
ied with little success (see [3, 9, 18]). This is probably connected to the fact that
should they converge at all to —y in IC they must do so very slowly, since [4, 7] for any

F= 2 €404 ap =1, if N=max a;, then
k=1

C
(1.2) IF = xllsc= :
i Viog N

This, as well as considerations of summability of series, led the author to define for
£>0and x>0

1 ﬂ<a)[1]_

ax

<o ula) _ _
(13) Je(x) -—; T e par s S

Assuming the Riemann hypothesis we shall prove that £ € B for all small positi-

9
ve &, which then implies, unconditionally, as shall be seen, that ,— —y as € | 0, so
that y € B".

2. Tue Proor

2.1. Two technical lemmas.

Here s = 0 + /v with ¢ and 7 real. A well-known theorem of Littlewood (see [16,
Theorem 14.25 (A)]) about the convergence of the Dirichlet series for 1/&(s) can be
generalized and stated with a precise error term (see [5, Lemme 2]) as follows:

Lemma 1 (Balazard-Saias). Ler 1/2 <a<1,0>0, and € > 0. If &(s) does not van-
ish in the bhalf-plane N(s) > a, then for n =2 and o+ 6 <N(s) <1 we have

& ula) 1 Y e
1) 421 a’ _W—FOG’(}’E(ﬂ (1+|T|))'

It is important to note that the next lemma is independent of the Riemann or even the
Lindel6f hypothesis.

LemMA 2. For 0 < e < e, < 1/2 there is a positive constant C = Cle ) such that for

all T

—¢e+1T

N |[—

(2.2) <C(1+ |7])r.

E

C(%-I—s—i—z’r)
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Proor. We bring in the functional equation of &(s) to bear as follows
g (% —&— z'r)

F(l +%e+%z’r)
B ‘ C(%ﬂ—e-i—z’r)

4

—&

>

‘ C(%—sﬂ—z’r)

C(%ﬂ—e-i—z’r)

r(l — Lot lz’r)
4 2 2

then the conclusion follows easily from well-known asymptotic formulae for the gam-
ma function in a vertical strip [15, (21.51), (21.52)]. O
2.2. The Proof proper of Theorem 1.

It is clear that we need not prove the #f part of Theorem 1. So let us assume that the
Riemann hypothesis is true. We define

fiyi= > “(f) L (e>0).

a=1 4

It is easy to see that

ula) - ,M(d)[ 1 ]

a=1 at ax

23) fonl) = &

then, noting that the terms of the right-hand sum drop out when > 1/x, we obtain
the pointwise limit

L B 1 3 ula) [ 1
24 70 = Jim o) = i = 3 S |
Then again for fixed x >0 we have
. 1
(2.5) ghf}) felx) = —a;;/xpt(a) [H] = —x(x),

by the fundamental property of Mobius numbers. The task at hand now is to prove
these pointwise limits are also valid in the C-norm. To this effect we introduce a new
Hilbert space

Ri=L,((— oo, ), (2m) 2 ds),
and note, by virtue of Plancherel’s theorem, that the Fourier-Mellin map M defined
by
(2.6) MOA)(E) =[x 77 flx) d,

is an invertible isometry from JC to XK.
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A well-known identity, which is at the root of the Nyman-Beurling formulation,
probably due to Titchmarsh [16, (2.1.5)], namely

‘@ - Jx"lch(x) dx, (0<N(s)<1),
0

&

immediately yields, denoting X, (x) = x ~¢,

c L _e+ir)
27 MX, fre (7)) = - <2 )

By Littlewood’s theorem [16, 14.25 (A)] if we let #— oo in the right-hand side of (2.7)
we get the pointwise limit

C(%—e%—z’r)

1 S\ 1 -
C(E—}—s%—zr) 5 —Eta

28 - > e - —

To see that this limit also takes place in I we choose the parameters in Lemma 1 as
a=1/2,0=e>0,e<1/2, and » =2 to obtain

i ula) _ 1

Iy + O ((1+ |z])).
7TETE C(%+e+z‘r)

azlaz

If we now use Lemma 2 and a consequence of the Riemann hypothesis, the Linde-
lof hypothesis applied to the abscissa 1/2 — &, we obtain a positive constant K, such
that for all real 7

<K, (1+ |z])1+2e,

It is then clear that for 0 < & < ¢, < 1/2 the left-hand side of (2.8) is uniformly ma-
jorized by a function in X. Thus the convergence does take place in )X which implies
that

I
Xs ][ZS,n_)Xe f2£-

But x “>1for 0<x<1, and for x>1

(2.9) foe, n(x) = % (x>1),

uniformly in 7, which easily implies that one also has I(-convergence for £, , when



A STRENGTHENING OF THE NYMAN-BEURLING CRITERION ... 9
n—> o . We have thus shown that

9 —
Jeon= fo€ B,

for all sufficiently small & > 0. Moreover, since we have identified the pointwise limit
in (2.8) we now have
d

1 S\ 1 o
qg+g+n)2 e+ir

—e—i—z'r)

N[

M(Xe ][ZS)(t) = -

Now we apply Lemma 2 and obtain, at this juncture without the assumption of the
Riemann hypothesis, that M(X, £,,) converges in X, thus X, /5, converges in I(, and
this means that £, also converges in I as ¢ |, 0 by an argument entirely similar to that
used for £, ,. The identification of the pointwise limit in (2.5) finally gives

fgi—x. m

Remark. The proof of Theorem 1 provides in turn a new proof, albeit of a stronger
theorem, of the Nyman-Beurling criterion bypassing Hardy space techniques.
It should also be clear that we have shown this criterion to be true:

CoroLLARry. The Riemann hypothesis is equivalent to the I(-convergence of f. , as
n— o for all sufficiently small € > 0.

3. A CONSTRUCTIVE APPROXIMATING SEQUENCE

In the proof of Theorem 1 we did not employ the dependence on # in the Bala-
zard-Saias Lemma 1. After the first version of this paper M. Balazard and E. Bombieri,
independently of each other, mentioned to the author that a suitable choice of ¢ would
lead to a quantitative estimate of the error term. We owe special thanks to M. Balazard
for the statement and proof of the following theorem:

THEOREM 2. If the Riemann hypothesis is true then there is a constant ¢> 0 such
that the distance in IC between y and

loga

(3.1) —_ 2 ‘L‘(d) e_floglog;z Qa

a=1

is < (loglogn)~1”.
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Proor. We shall only sketch the proof of this proposition. Applying the Fourier-
Mellin map (2.6) to /. , + x we have from Plancherel’s theorem that

o ula) 2 |dz
27l £, + 2l = f ‘C(z) 2 -1 | l <
=F B
R(z) =172
r, ula) 1 2 |dz|
<2 [ |wS 8-
|C (a—ld“'s C(Z+S) |Z|2
N(z) =172
2 |d
+9 J’ ‘ 8z |dz| .
Gz +e) |z|2
R(z) =172
The second integral on the right-hand side above is estimated to be <<&2” as follows.

If the distance between z = % + it and the nearest zero of £ is larger than 9, say, the
upper bound

C(Z) _ -1 1/4
‘—C(z+8) 1’<<ga (J¢] +1)

follows from the classical estimate
&' (s) . E 1
ts) <1 s—0
where s=0+71,1/2<0<3/4,7eR and ¢ = 8 + 7y denotes a generic zero of the
function, by integration and exponentiation, provided &/0 is small enough. In the

other case, one uses an estimate of Burnol [8] stating that under the Riemann
hypothesis

+ O(log(Z + |T|)),

C(Z) &2 S —
(32) | m ‘<<|Z| 5 LR(Z)—l/Z, 0<8S1/2

Integrating these two inequalities on the corresponding sets, one gets an upper bound
Ke2/0%+ 8, and chooses 6 = 2. The first integral, on the other hand, succumbs to
a special form of the Balazard-Saias Lemma 1, namely

N (a) :
a = 1 +O(n =P et) ¢/loglogn<e<1/2,

§(%+s+z‘z‘)

where £(¢) :=log(|¢] +3)/loglog(|#| +3). We thus have

©

2ﬂ||fs,ﬂ + x |3 n 2P j £ OLL)

— o

1 -
a=1 d7+s+zt

- dt T 2By b 4 52/3,
7+ 12

provided that & = ¢/loglog 7, whereupon one chooses € = ¢/loglog#n to reach the
conclusion. O



A STRENGTHENING OF THE NYMAN-BEURLING CRITERION ... 11

ACKNOWLEDGEMENTS

We owe thanks to E. Bombieri for helpful comments and suggestions, to M. Balazard and E. Saias
for pointing out Lemma 1, to M. Balazard for Theorem 2, and to J.F. Burnol [8], who, after the initial
version of this paper, provided an interesting approach centered on the zeta estimate (3.2) used in Bala-
zard’s Theorem 2.

REFERENCES

[1] L. BAez-Duarte, On Beurling’s Real Variable Reformulation of the Riemann Hypothesis. Adv. in
Math., 101, n. 1, 1993, 10-30.

[2] L. BAez-DuARTE, A class of invariant unitary operators. Adv. in Math., 144, n. 1, 1999, 1-12.

[31 L. BAez-Duarte, Arithmetical versions of the Nyman-Beurling criterion for the Riemann hypothesis.
MMS, IJMMS/1324, 2002, to appear.

[4] L. BAez-DuarTE - M. BaLazarp - B. LaNDREAU - E. Saias, Notes sur la fonction & de Riemann, 3.
Adv. in Math., 149, n. 1, 2000, 130-144.

[5]1 M. Bavazarp - E. Saias, Notes sur la fonction § de Riemann, 1. Adv. in Math., 139, 1998,
310-321.

[6]1 A. BEURLING, A closure problem related to the Riemann Zeta-function. Proc. Nat. Acad. Sci., 41,
1955, 312-314.

[71 J.F. BurnoL, A lower bound in an approximation problem involving the zeroes of the Riemann zeta
function. Math., AIM01/048, 2001 Adv. in Math., to appear.

[81 J.F. BurnoL, On an analytic estimate in the theory of the Riemann Zeta function and a theorem of
Bdez-Duarte. Preprint, 18 Feb. 2002, available at arXiv.org as math.NT/0202166.

[9] J.B. Conrey - G. MYERSON, On the Balazard-Saias criterion for the Riemann hypothesis. Posted in
http://arXiv.org/abs/math.NT/002254, Feb. 2000.

[10] M. vaN FRANKENHUYSEN, Zero-Free Regions for the Riemann Zeta-Function, density of invariant Sub-
spaces of Functions, and the Theory of equal Distribution. Preprint, 1997.

[11] B. Lanpreau - F. RicHARD, Le critére de Beurling et Nyman pour I'hypothése de Riemann: aspects nu-
mérigues. Université de Bordeaux, preprint 2001, submitted to Experimental Mathematics.

[12] J. Leg, Convergence and the Riemann Hypothesis. Comm. Korean Math. Soc., 11, 1996, 57-62.

[13] N. Nikorski, Distance formulae and invariant subspaces, with an application to localization of zeroes
of the Riemann C-function. Ann. Inst. Fourier (Grenoble), 45, 1995, n. 1, 1-17.

[14] B. NyMaN, On some groups and semigroups of translations. Thesis, Uppsala 1950.

[15] H. RaDEMACHER, Topics in Analytic Number Theory. Die Grundleheren der mathematischen Wis-
senschaften, Band 169, Springer-Verlag, New York 1973.

[16] E.C. TrrcumarsH, The Theory of the Riemann Zeta-Function. Clarendon Press, Oxford 1951.

[17] V.I. VASYUNIN, Sur un systéme biorthogonal relié a I'hypothése de Riemann (in Russian). Algebra i
Annaliz, 7, 1995, 118-135. Also appeared as: On a biorthogonal system related with the Riemann hy-
pothesis, St. Petersburg Math. J., 7, 1996, 405-419.

[18] V.I. VasyunIN, On a system of step functions, J. Math. Sci. (New York), 110, 2002, n. 5, 2930-2943;
translated from the original Russian in Zapiski Nauchnyh Seminarov POMI, 262, 1999, 49-70.

Pervenuta il 21 agosto 2002,
in forma definitiva il 6 settembre 2002.

Departamento de Matemiticas

Instituto Venezolano de Investigaciones Cientificas
Apartado 21827 - Caracas 1020-A (Venezuela)
Ibaezd@cantv.net



