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LAURENT VERON

BOUNDARY TRACE OF SOLUTIONS OF
SEMILINEAR ELLIPTIC EQUALITIES AND INEQUALITIES

AssTrACT. — The boundary trace problem for positive solutions of
—Au+glx, u) =20
is considered for nonlinearities of absorption type, and three different methods for defining the trace are

compared. The boundary trace is obtained as a generalized Borel measure. The associated Dirichlet pro-
blem with boundary data in the set of such Borel measures is studied.

Key worps: Laplacian; Poisson potential; Singularities; Radon measures; Borel measures; Balayage;
Convergence in measure.

1. INTRODUCTION

Let Q be an open domain of RY with a C? boundary and g: 2 X R—>g(x, 7) a
continuous real-valued function. If ze C'(Q) is a solution of
(1.1) —Au+glx,u) =0 in Q,
a natural problem is to associate to this function an extended notion of boundary
value called the boundary trace of u.

It is wellknown that if « is a positive harmonic function in 2, there exists a Radon
measure 4 on 022 which is the boundary trace of # on 992 in the following natural
sense:

(12) lim jma, NE (0, 1)dS, = jg(o)dﬂ,
s, 9Q

for any ¢ e Cy(3R), in which formula ¥, = {xe Q: o(x) =¢} (+>0) and
olx) =dist(x, 9Q2), VxeQ.
We denote by dS, is the induced surface measure on X', 0 = o(x) the orthogonal pro-

jection of x on 92 and put ,(0, #) = &(0). The above formulation is consistent since
the mapping

II:(0,t)—x
is a local diffeomorphism from 82 X (0, #)) onto 2, = {x€ 2 : o(x) <t,}, for some

ty>0. Moreover, if £ admits a Poisson kernel P¥ (this is always the case if it is
bounded) the Herglotz formula asserts that # admits an integral representation

(1.3) ux) = [ P2(x, )duly) = PE(x), VxeQ.

50
The extension of the above results to positive super-harmonic functions has been per-
formed by Doob. If « is a positive super-harmonic function in £, it admits a boundary
trace which is a nonnegative Radon measure u, and, for any compact subset K of RV,
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[Au] € L' (2 N K; odx). Furthermore if 2 is bounded and G is the Green kernel in
Q, there holds:

(14) ux) = [G2(x, I-duldy + [ P2(x, y)du(y).
Q 50

In order to extend the linear theory to the semilinear one, we consider positive
solutions of (1.1), assuming that g(x, ) = 0 (notice that the case g(x, #) <0, is de-
scribed by Doob’s result). Actually, in the subharmonic framework, the nonlinear
term plays a crucial role.

There are several approaches for defining the boundary trace of positive solutions
u of nonlinear equations such as (1.1) and we present three of them here.

® The first method is based upon convexity and duality arguments. It was first de-
veloped for the following type of equation

(1.5) —Au+u?=0,

where ¢ > 1 [13-15, 10, 11, 3, 4]. The boundary trace Trso(z) of « exists in the class
B7¢(9Q) of outer regular positive Borel measures, not necessarily locally bounded.
There exists a critical exponent g,= (N+1)/(N—1). If 1 <g <g, the generalized

Dirichlet problem
—Au+u?=0 in 2,
(1.6) {

Trao(u) =veVE(0Q),

is uniquely solvable for any v. This is no longer the case if ¢ = ¢,. The study of the
boundary trace problem is extended in [8] to

(1.7) —Au+e"=0,
and in [6] to

(1.8) —Au+ uln® (u) =0,
for a>0.

® The second method is introduced in [18] to handle equations with a non-uni-
form absorption term. In such equations the duality-convexity argument is no longer
valid because of the boundary degeneracy of the non-linear term, and it has to be re-
placed by a localization principle called the strong barrier property. The typical case is
(1.9) —Au+o(x)*u?=0,
with & > —2 and ¢ > 1. For such an equation, many of the results obtained for (1.5),

(1.6) are extendable, but their proofs are much more intricate.

® The last method is intended to treat not only equations, but inequalities such as
(1.10) —Au+glx, u) =0,

where g(x, ) =0 for (x, r) e 2 X R, . It is no longer based upon localization, but on
a balayage principle in which the main role is handled by the solutions v, (whenever
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they exist) of

—Av,+g(x,v,) =0 in Q,
(1.11) { nTES

v, = U on 092,

where u is a positive Radon measure on 99 Let 2t (3Q2) be the set of measures such
that problem (1.11) is solvable (always uniquely if g(., r) is nondecreasing with respect
to 7). Then min {«, u,} is a supersolution of (1.10) which admits a boundary trace in
N (0Q). If we denote by y,(u) this boundary trace, it is proven that the
formula

(1.12) v=sup Trsoly,(u)),

e & (092)

defines a Borel measure, not necessarily regular, that we call the extended boundary
trace and denote by Tr, («). This method, developed in [19] (and in [20] for the asso-
ciated parabolic inequalities), is well adapted to treat highly degenerate inequalities
such as

(1.13) —Au+exp(—1/0(x)) flu) 20,

under a very weak assumption on f.
Our article is organized as follows: The power case; The strong barrier method;
The balayage method.

2. THE POWER CASE
Let ¢>1 and QcRY be any domain. By a solution of
(2.1) —Au+ |u| 'u=0 in Q.

We mean a C?(£2) function. Keller [9] and Osserman [21] proved independently that
the set of solutions of (2.1) is locally uniformly bounded, and more precisely
that

(2.2) |u(x) | < C(N, q)Q(x)’Z/("’l), Vxe Q.

The result is more general since it holds for subsolutions with a much larger class of
nonlinearities. As a consequence there exists always a maximal solution # to (2.1). If
Q is smooth enough, the maximal solution is unique and satisfies [1, 23]

2(q+1)
(g—1)
In the case ¢ =2, and using probabilistic methods Le Gall [10] obtained the first
boundary trace result for positive solutions of (2.1) in the unit ball of R?. Three years

after Marcus and Véron [13] extended Le Gall’s result, using only analytic tools, to
any exponent ¢ > 1, in any space-dimension. The result is the following.

1/(g—1)

(2.3) Q(li)rgo Q(x)Z/(qf l)u(x) _ (

THEOREM 2.1. Let Q¢ RY be a smooth domain and g > 1. Let u be a positive solu-
tion of (2.1). Then for any w e 3R the following alternative occurs,
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(i) either for every relatively open subset OC Q containing

(2.4) lin}) ulo, 1)dS, = o,
i 5
(1) or there exist a relatively open subset O C Q containing w and a positive linear
functional 0 on C”(O) such that for every e C”(0),

(2.5) lirr% u(o, )E, (o, t)dS, = ((L).
t 5
We write 902 = S(u) U R(u) where S(«) is the closed subset of boundary points
where (7) occurs, and R(x) = 92\ S(«). By using a partition of unity, there exists a

unique positive Radon measure u on R(x) such that

(2.6) lim [uo, 06,00, 0ds,= [ E(0)du,
R(u) (u)

KR KR

for every e C.(R(u)). Thus we define the boundary trace by the following
couple

2.7) Trao(u) = (S(u), ).

The set S(«) is called the singular part of the boundary trace of «, while u € D¢, (R(«))
is the regular part. To the couple (S(«), ) is associated in a unique way an outer regu-
lar positive Borel measure v (an element of B (92)), with singular part S(«) and
regular part u.

Proor or TueEOREM 2. The following dichotomy holds for every boundary point w.
(7) Either there exists an open ball B, (w) such that
(2.8) J u?odx = o,
By(@) N2
(&) or for any >0,
(2.9) f ufodx < 0.
B.(w)N Q

Then S(«) is precisely the set of points where (/) occurs, and R(«) the complement,
where (7) occurs. The original way to prove that (2.8) implies (2.5) is based upon the
fact that for any smooth open subset Gc 2 and any ¢ € C2(G),

op
(2.10) (—udp +u?¢)dx = — udS.
GJ 8('! anG

There exist test functions ¢ >0 in G such that,

(2.11) [ |ap| dx < o,

G
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(with ¢" = g/(¢g — 1). By Holder’s inequality

1/q' 1/q
s(j¢-q/q’|4¢|q’dx) (juwdx) .

G G

‘ JuA(bdx
G

Now (2.10) implies the next two inequalities

1/q’ 1/
(2.12) fuq¢dx+(f¢—q/q’|4|¢|q’dx) ' ( J’uq(pdx) q; —f ;‘7’ udSs,
oG

ng
G G G
and
- ' 1/q' 1/q 3¢
(2.13) fuqqsdx—(qu 71 A | dx) (J’uwdx) < —f%uds.
G G G oG

Next we choose G=Gs ={x=(0,8):0e0,1<t<7,} for some 0 <7<71,
and O c 99 relatively open and smooth, and ¢(0o, ¢) = ¢$(0)(¢t — ) where ¢ is the
first positive eigenfunction of the Laplace Beltrami operator in W 2(O) and « is a po-
sitive real number larger than (¢ +1)/(¢ — 1). Then —3¢/dns= ¢ ¢ on {x = (0, 7):
o€ O} and (2.11) holds uniformly with respect to 7. By using inequalities (2.12) and
(2.13), it is clear that the behaviour (blow-up, or boundedness) of the boundary term
as T—0 is governed by the integrability or nonintegrability of #7¢ in G, and the re-
maining of the proof is straightforward. O

The reverse problem is to find a function #, solution of (2.1) in Q with a given
boundary trace in ®B’#(3R2). The following result is due to Marcus and Véron [14, 15].

Tueorem 2.2, Let Qc RN be a bounded domain of class C* and 1<g<
< (N+1)/(N—1). Then for any ve B4 (3RQ), there exists a unique uec C*(R) sol-
ution of the problem

—Au+|u|"71u=0 n Q,
(2.14)

TV@Q(M) ="V.

ReMARK 2.1. (7) The case g = N = 2 was first treated by Le Gall [10], by probabilis-
tic methods.

(22) When v is a Radon measure, a former result of Gmira and Véron [7] gives exis-
tence and uniqueness, always in the range 0 < g < (N + 1)/(N — 1). This is different
from the L' case which was solved by Brezis (1975) under the mere assumption
g>0.

(¢z7) In the range 1 < ¢ < (N + 1)/(N — 1) the main point is that the local average
blow-up (2.4) which occurs for any w € S(«) implies a pointwise blow-up, namely, for
every compact cone ¢, C 2\{w} with vertex w, there exist a constant C depending on
the opening of the cone ¢,, on ¢ and N, but not on # and w, such that

(2.15) ux)=2Clx—w| 7Y, VxeQ.
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(zv) When ¢= (N+1)/(N — 1) existence does not hold for any Borel measure,
even any Radon measure, as observed by Gmira and Véron [7]. Furthermore (2.15)
does not hold, and as a consequence uniqueness does not hold too. Necessary and suf-
ficient conditions for existence of a maximal solution have been found separately by
Marcus and Véron [14, 15, 17], and Dynkin and Kuznetsov [3, 4].

RemaRrk 2.2. By using a similar convexity method Grillot and Véron studied the
boundary trace of the solutions of the 2-dimensional conformal Gaussian equa-
tion

(2.16) —Au+K(x)e** =0 in Q.

Assuming that K > 0 is bounded from below, they showed the existence of a boun-
dary trace in D¢ (9Q) and gave sufficient conditions for solving the corresponding
Dirichlet problem

[ —Au+K(x)e2*=0 in Q,

(2.17)
Troo(u) =v e UE(00Q).

In [6] Fabbri and Licois obtained somewhat similar results for the weakly super-linear
equation

(2.18) —Au+uln u*=0 in Q

for a >0, and the associated generalized Dirichlet problem.

3. THE STRONG BARRIER METHOD

In this section we assume that £ is a smooth bounded domain and
g:(x, r) = g(x, r) is a continuous function defined on Q X R such that g(x, ) =0
for »= 0. The method for proving the existence of a boundary trace of positive
solutions of the semilinear equation

(3.1) —Au+glx,u) =0 in Q.

Relies on two notions: the coercivity property and the strong barrier property which al-
lows us to define a boundary trace in the class of outer regular positive Borel
measures.

From the linear theory, it is known that, if # e C?(£) is a positive solution of (3.1)
in Q such that g(., #)o € L' (), then # admits a boundary trace on 9L in the class of
Radon measures. Moreover a representation formula similar to (1.4) holds. It is not
difficult to prove the following local version of this result.

ProposiTION 3.1. Let ue C*() be a positive solution of (3.1). Suppose that for
some point w € 9 there exists an open neighborhood U such that

(3.2) j glx, w)o(x)dx < .
unge
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Then ue L' (KN Q) for any compact subset Kc U, and there exists a Radon measure u
on UN 3R such that

(3.3) lim | o, 0)E, (0, 1)dS,= j &(o)du,
thUOZ[ unao

for every e C.(UN Q).
As a consequence we are led to the following definition.

DeriniTioN 3.1. Let # be a nonnegative solution of (3.1). A point w € 9% is called a
regular point of u if there exists an open neighborhood U of w such that (3.2) holds.
The set of regular points is denoted by R(x«). It is a relatively open subset of Q. Its
complement, S(z) =92\ R(u) is the singular set of u.

By a partition of unity, it exists a positive Radon measure 4 on R(x) such that

(3.4) lim [uto, 0E.(0, 0d8,= [Lordu,

Rlu), R(u)

for every £ e C.(R(u«)). In order to be able to consider solutions of (3.1) with a strong
blow-up localized on a part the boundary, we introduce the following notions.

DeriniTION 3.2. A function g is a coercive nonlinearity in Q if, for every compact
subset Kc 2, the set of positive solutions of (3.1) is uniformly bounded on K.
A model example of coercive nonlinearity is the following:

(3.5) glx, r) = h(x)glr), Vix,r)eQ xR,

where b e C(R) is continuous and positive, and fe C(R ) is nondecreasing, and satis-
ties the Keller-Osserman assumption

-1/2

(3.6) jff(y)dx di< o, VO>0.
0 0

The verification of this property is based upon the maximum principle and the con-
struction of local super solutions by the Keller-Osserman method.

DeriNTION 3.3. A function g possesses the strong barrier property at w e 9Q if
there exists 7, >0 such that for any 0 <r<r, there is a positive super solution
v=uv, ,of 3.1) in B,(w) N 2 such that v e C(B,(w) N Q) and

(3.7) yhg}( v(y) = oo, Vxe Q2 X 3B, (w).

yef

If g(x, ) = f(r) where fsatisfies the Keller-Osserman assumption, then it possesses
the strong barrier property at any boundary point. If

glx, r)=o0(x)%r?,  V(x,7r) e xR,



308 L. VERON

for some a > —2 and ¢ > 1, it possesses also the strong barrier property, but the
proof, due to Du and Guo [2], is difficult in the case a > 0 (the nonlinearity is dege-
nerate at the boundary). Finally, if

gx, r) =exp(=1/0(x))r?, V(x,r) e xR,,

for ¢ > 1, then Marcus and Véron proved in [20] that the strong barrier property does
not hold.

The strong barrier property is used to derive that on the singular set S(«) of any
positive solution of (3.1) the integral blow-up occurs in the sense of (2.4), without
using the duality-convexity argument associated to Holder’s inequality, and more
precisely.

PrOPOSITION 3.2. Let ue C*() be a positive solution of (3.1) and suppose that
w € S(u). Suppose that at least one of the following sets of conditions holds:
L. There exists an open neighborhood U’ of w such that ne L*(U' N Q).
II. (a) g(x, ) is non-decreasing in R, , for every x e £2;
(b) 3U,,, an open neighborbood of w, such that g is coercive in U, N ;
(c) g possesses the strong barrier property at w.
Then, for every open neighborbood U of w,

(3.8) lim u(x)dS, = «.

t—0
unz,

This proposition, jointly with Proposition 3.1, yields to the following trace result.

THEOREM 3.1. Let g be a coercive nonlinearity which has the strong barrier property
at any boundary point. Assume also that r— g(x, r) is nondecreasing on R, for every

x€ Q. Then any nonnegative solution u of (3.1) possesses a boundary trace v in
B4 (9Q) with

(3.9) v="Trso(u) = (S(u), u), where we M, (R(u)).

This result applies in the particular case where g(x, ) = o(x)“7?. Actually, in this
case, the following extension of Theorem 2.1 holds, with a more difficult proof.

TueoreM 3.2. Let QC RN be a bounded open domain of class C?, a> —2 and
1<g<(N+1+a)/(N—1). Then for any veB'E(3RQ), there exists a unique
ue C?(Q) solution of the problem

—Au+ 0% |ul""'u=0 in Q,
(3.10) { 0% |u]

TV@_Q(H) =V.

Again g= (N+ 1+ a)/(N —1) is a critical value, above which conditions have to
be put on the Borel measure v in order the problem (3.10) be solvable.
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4. THE BALAYAGE METHOD
The method developed below, due to Marcus and Véron [19, 20], deals with the
definition of an extended boundary trace for positive solutions of
4.1) —Au+glx, u) =0.
The nonlinearity g is always supposed to be be continuous in £ X R and to satisfy
(4.2) g(x,0)=0,VxeQ; r—glx, r) is nondecreasing.

The solvability of the nonlinear Dirichlet problem with Radon measures as boun-
dary data plays a key role in this approach.

DEermNITION 4.1. Let v € M(9R). A function # = u, defined in Q is a solution of the
problem

—Au+glx,u)=0 in Q,
4.3)
u=u on 092,
if ue L'(Q), g(., u)oe L' (2) and the equality
_ __ [ %E €
(44) [(muat+ g m0de= - [ 2=,
7 30

holds for every &e C2(Q).

Existence may not hold for any measure, but the monotonicity implies uniqueness.
Since g(x, r) = 0 for (x, ) € 2 X R, u, is nonnegative whenever 4 = 0. Moreover #,
satisfies (1.2) for any ¢ e C(99), thus admits u as boundary trace.

DeriNtTION 4.2. Given a function g as above we denote by class D&, (992) the set of
positive Radon measures such that problem (4.3) is solvable. The function g is posi-
tively subcritical if (4.3) is solvable for any measure u € M, (9Q).

We give below some examples of positive measures belonging to the class
N (9Q) and some functions positively subcritical.

® The following implication holds
g, P,) e L' (Q; odx) = ued (0Q),

since P, is a positive super-solution such that g(., P,) e L' (Q; odx) of (4.1), and 0 a
solution.

® Let g(x,.) satisfy the 4, condition, uniformly with respect to x, that is there
exists K> 0 such that

glx, r+5) <K(glx, r) +glx,s5)) VxeQ, Vr,s=0.

Let u=u,+u,e P (2), with singular part #, and regular one u, with respect to
the (N — 1)-dimensional Hausdorff measure, be such that

g, P, ) el (Q; 0dx) = ued¥ (09Q),

then u e V& (9Q2). This follows from the fact that W =P, + 4, is a super-solution
and g(., W) e L' (Q; odx).
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® If there exist two continuous and nondecreasing functions 4 and f defined on
R, such that

0<glx,r) <hlox) f(r), Vix,rel xR,

1
“5) [h(s) flos' " N)sNds< o, VYo=0,
0

either A(s) =s“, for some =0, or fis convex.

It is proven in [19] that the following existence and stability theorem holds.

THEOREM 4.1. For any u e M, (3R), Problem (4.3) admits a unique solution u = u,,.
Moreover the problem is stable, in the sense that if {u,} c M, (0R2) converges to u in
the weak sense of measures on 3R, the sequence of corresponding solutions u, con-
verge to uy, locally uniformly in Q.

The balayage method is based upon the following result the proof of which follows
by Kato’s inequality, by using the monotonicity of g(x,.) and Doob’s theorem on su-
per-harmonic functions.

ProposiTION 4.1. Let g satisfy (4.2) and ue C(Q) satisfy (4.1), then for any
ueE (0Q),

w, = min {u, u,}
is a nonnegative super solution of (4.1) which admits a boundary trace y,(u) e
e N (0Q). Moreover the correspondence w7y ,(u) is nondecreasing and
0sy,(uspu.

As a consequence there holds,

THEOREM 4.2. Let g and u be as in Proposition 4.1. Then the formula

(4.6) v=sup y,(u),
e M (39)

defines a generalized positive Borel measure on 98 .

This measure v may not be a regular one since the localization property may not
hold. It is by definition the extended boundary trace of u and denoted by

4.7) v=Tréo(u).
If we denote by «* the largest solution of (3.1) dominated by #, there holds
4.8) Trso(u) = Trsg(u™).

RemARK 4.1. But for some particular cases that we shall see later on, it is unknown
if the extended boundary trace is a boundary trace in the previous sense.

If we assume that g is positively subcritical, all the positive Radon measures ¢ can
be used to define the extended boundary trace, in particular the Dirac masses. Since
g(x,.) is nondecreasing, the same property holds for u+> u,, the solution of (4.3). If
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w € 982 we put
(49) Uo ¢ = /ehrn U, -
Then #., , is a solution of (3.1) on {xe 2 : u., ,(x) < o }. This set may be whole £
if g satisfies the Keller-Osserman condition. Thus
wys, = min{u, uys } Sy, = supp.(y,(k0,)) = {w}.

Then

’)/u(’ééw) = ;u(k) w)aa),
where £+ ¥,(k, ) is nondecreasing. We set
(4.10) v.(w) = klim y,(k, ).
Since wy,,, is a super solution with boundary trace y, (£, @) 0, it dominates 5,1, o), -
Therefore

Zt;,u%,w)aws U, V/%?O = Z/t};u(w)aws U,

for every w e 9Q.

ProrosiTiON 4.2. Let g be positively subcritical and u satisfy (4.1) with extended
boundary trace v. Then

(4.11) UZ ity , = viw) =,
If we suppose moreover that g satisfies (4.5), then
(4.12) viw)=0 = uZu, ,.
We define the atoms of u as the boundary points w such that y,(w) > 0, the singu-
lar set of u as the closed subset S(x) of w €9 such that

(4.13) 2 7.(0)=0, VOeN,,
0eO
where N, is the set of relatively open neighborhoods of w included in 92, and the reg-
ular set of u as the relatively open subset R(«) of w € 92 such that there exists O e N,
such that
(4.14) > 7,(0) < .
6e O

The real numbers y,(w) play also an important role in the description of the point-
wise boundary behaviour of any positive solution of (4.1). We recall the following
notion.

DeriNiTION 4.3, A set of u-measurable functions x+— v ,(x) (» > 0), defined over a
measured space (E, X, u), with finite y-mass, converges in measure to ¥ when »—0,
if for any &€ >0 there holds

lin})ﬂ{er: |y, (x) —yp(x)| >e} =0.
The functions v, converges in measure to o, if for any £> 0,

}i_r}}),u{er: ¥, (x) Sk} =0.
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The convergence is equivalent to the following statement: from any sequence {7, }
converging to 0 one can extract a subsequence {7,,} such that v, converges to ¥
(or ), u-ae. in E.

DEerINITION 4.4. We say that the coordinates are proper at w = (w4, ..., wy) € 9Q
relatively to Q if the plane x; —w; =0 is tangent to dQ at w, and that the inward
pointing vector to 982 is the direction x; — w; > 0.

THEOREM 4.3. Assume g satisfies (4.2) is positively subcritical, u is a nonnegative
solution of (4.1) and w € Q. If the coordinates are proper at w relatively to Q, the fol-
lowing alternative holds. Either

() V,(w) is finite and the following convergence holds

(4.15) xh_)rrz) |x—w|N*1u(x)—C(N)f/u(a))r]l:O,
(x) —w1)/|x—w|—n,
in measure on SN 1,

or
(&) y,(w) is infinite and

(4.16) lim |x—w|N_1u(x)=00,

X—>w

in measure on SY L.

Finally, we recover the classical definition of the boundary trace if we assume that
g is not degenerate near the boundary in the sense that there exists a continuous non-
decreasing function f defined on R, such that

[ 0 <glx, r) <f(r), Vix,r) e Q2 xR,,

(4.17) 1
1ff(xlN)de5< o,
0

THEOREM 4.4. Assume g satisfies (4.2) and (4.17) and u is a nonnegative solution of
(4.1) with extended boundary trace v. Then for any w € 3R the following dichotomy oc-
curs. Either,

() v(O) = for any OeN,. In this case we S(u) and u=u., ,. Consequently

(4.18) lirr% u(y)dS,= ©, VYOelN,.
t—
)

Or

(¢7) there exists O e N, such that v(O) < o . In this case we R(u) and

4.19) sup u(y)dS, < o,

0<r<
'80(9,'
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for relatively every open subset O’ c O c O. Furthermore

(4.20) lim [ u(y)p(o(y))(»)dS,= | @(y)dv(y),
)

t—0
2, R(u

for every ¢ € C.(R(u)).

A consequence of this result due to Marcus and Véron is that the extended boun-
dary trace is an outer regular Borel measure which coincides with the usual boundary
trace.

Remark 4.2. (7)) If glx, r) =77, inequality (4.17) is verified if and only if
1<g<(N+1)/(N—-1).

(z2) If glx,r) =0(x)*r?, condition (4.5) holds if and only if a> —2 and
1<g<(N+1+a)/(N—1). In that case the it follows from Section 2 that the ex-
tended boundary trace coincides with the boundary trace.

(¢2) If g(x, r) = exp (—1/0(x))r? with ¢ > 1, then the condition (4.5) holds, but
not the barrier property. More precisely (see [19]), for any w e 98, the function
U o= kh_)rrio Uy, satisfies

—Au+exp(—1/0(x)u?=0 in 2,

(4.21) lim u(x) = .
o(x) =0

Thus #., , is a large solution. Moreover, by using the techniques introduced in [12]. It
can be proved that this problem admits a unique solution # = #;. Thus either the ex-
tended boundary trace is a bounded Borel measure, or u = uy,.
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