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Introduction

This Ph.D. Thesis is devoted to the study of some classes of elliptic boundary value
problems, associated with an anisotropic operator, in a bounded domain  of RV, N > 3.
The interest in these problems relies on the fact that they are nonlinear. Indeed the
anisotropic operator which we consider in our studies, weighs partial derivatives with
different powers, p; > 1, that is

N

(1.1) = 0|l o),

=1

where 0; = 0/0x;, for i = 1,..., N. Moreover it is non homogeneous. Therefore in
order to obtain existence, nonexistence and regularity results for both weak and dis-
tributional solutions, we need to perform some essential modifications of the classic
methods developed by several authors in the study of partial differential equations with
Dirichlet boundary conditions. We note that if p; = 2 for all ¢, then (I.1) reduces to the
well-known linear operator, the laplacian and if p; = p for all ¢ we obtain the pseudo
p-laplacian.

In the first chapter of the Thesis we study existence and regularity of the solutions
for Dirichlet problems, such as,

SN OG0 = f i Q,

(1.2)
u=0 on 01,

where f is a given function belonging to either a Lebesgue space L™ () or a Mar-
cienkiewicz space M™(2), m > 1. Moreover, we consider the case of the datum in diver-
gence form, that is f = sz\il 0; f;, with f; in some Lebesgue spaces for any i =1, ..., N.

We need to consider a different functional setting from the classical Sobolev spaces, in
order to develop our theory for both weak and distributional solutions for (I1.2), namely

e
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the anisotropic Sobolev spaces, to which the solutions for our problems naturally belong:
(1.3) WHE)(Q) = {v e WHH(Q) : v € LM ()},

' Wy Q) = Whed(Q) n Wy (Q).

We refer to [54], [68] and [79] for the theory of these spaces. Let us define
—_ DN

(14) Po = max{pmaX7 2_9*}7 Pmax = miax{pi}a b = N——]__?? p< N
and
N
1 1 1
(L.5) - = — —,
P NZ'pi

where p* is the “usual” critical exponent of the embedding theorems, related to the
harmonic mean p of p;’s. The existence of weak solutions ((1.2.3) in Section 1.2) for
problem (1.2), if f € L™(Q), with m > p._ = poo/(Poo — 1), is a consequence of the classic
Leray-Lions theorem (see [57] and [59]) and suitable embedding theorems (Section 1.2).
J. Leray and J.-L. Lions have showed that it is possible to extend the existence theory
for monotone operators to (I.1) and to more general anisotropic operators (see (1.19)
below). The same result is also obtained if f = S 8, f;, with f; € L™(Q), m; > pl,
for every i = 1,..., N (Section 1.4). Since the following inclusion between Marcinkiewicz
and Lebesgue spaces holds

(1.6) M™(Q) C L™ () Vm>1and 0<e<m-—1,

we also obtain the existence of at least a weak solution for (I.2) if f € M™(Q) with
m > pl, see Section 1.3.

The principal and more interesting subject of the first chapter of this Thesis concerns
the regularity of solutions. If m > p/_ (resp. m > pl_) we show that the weak solutions,
a priori only belonging to the energy space W, (P i)(Q), have an extra summability, that
is u € L*(2) (resp. M?*(Q2)) for some s depending on the summability of the datum
fo It fel™Q),1<m<p,(resp. fe M (Q),1<m<pl), weprove that
the distributional solutions belong to some anisotropic Sobolev spaces, not finite energy
spaces but better than VVO1 ’1(9), to which u a priori belongs, as well as its existence
(using an approximation method, a priori estimates and compactness results in suitable
spaces).

We recall that problems as (I.2) have been studied by several authors. In [26], the
global L*>-boundedness of solutions for some differential problems including (I.2) has
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been studied with f in a divergence form, that is f = Zf\il Oifiy, fi € L™ (), m; > pf,
fori=1,...,N and

=%k

/
(L.7) P mm{-&}>L

Pmax m;

with p* and pmax as in (1.4). Moreover similar results for minimizers of some functionals
of the Calculus of Variations are proved. Subsequently, the result of [26] has been
improved in [76], replacing the assumption (I.7) with the more general condition

/
mln{ — &} > 1.
7 ml
The case

—% /
(1.9) ptmm{ — &} <1,

b m;

(L8)

ST

has been studied in [25] for minimizers of some functionals, always with datum f in
divergence form. To be complete we also report these results in Section 1.4 but we will
give slightly different proofs (see Theorems 1.29 and 1.31 in Section 1.5). In particular
to prove Theorem 1.31 we will use a new inequality: a weighted anisotropic Sobolev
inequality (Lemma 1.2, proved in Section 1.1).

Finally in [19] (I.2) has been considered, on the right hand side, a bounded Radon
measure. The existence of a solution is shown in the anisotropic Sobolev space WO1 o(o4) (),
as in (I1.3), with s; such that

N@ -1
l<s < P-1)

< Ty Vi=1,..,N,
p(N —1)

p as in (1.5) and with the additional assumption 2—1/N < p < N. It is well known that
in the classic case, i.e. p; = p for all i, if p € (1,2 — 1/N] one cannot expect solutions to
belong to W, (Q) and hence, the notion of weak derivatives and distributional solutions
breaks down. This problem is dealt with in literature using, for example, the notion
of entropy solutions and of “approximated gradient”, that has been introduced in [11]
(see also [21]). So, for an anisotropic problem as (I.2), we cannot expect solutions to
belong to Wol’l(Q) as long as p € (1,2 — 1/N], but we can extend the notion of entropy
solutions (see Section 1.6). This kind of solution is stronger than the distributional one.
They do not belong to Wol’(p")(Q) but their truncations to any level k > 0, Ti(s) =
max{—k, min{k, s}} (see also (1.1.7) in Section 1.1), are in the energy space. Moreover
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an entropy solution verifies the following inequality

(1.10) Z/ |O;u

VE>0 and V e WyP(Q)nLe(Q).

Pim29ud; Ty (u — ¢ /ka u—

This definition also allows us to obtain an existence result without further assumptions
on p, also for p € (1,2 — 1/N] and to prove a uniqueness result. We show that the
solution, obtained using approximation techniques (as in [19]) is an entropy one (see
Theorem 1.14 and Theorem 1.17).

As already mentioned, the aim of the first chapter is to complete the framework of
regularity, covering all the possible data f. We wish to call to the reader’s attention the
known results about the regularity of solutions for the problems

—Ayu=f in Q,

(I.11)
uw=0 on 0.

It is well known, that, if f € L™(Q2), then
la) m > N/p implies u € W, P(Q) N L*®();
2a) m = N/p implies u € W, (Q) and

/65“ < 400,
Q
for some constant § > 0;
3a) () = (p*) <m < N/p implies u € Wy*(Q) N L*(Q), s = “FE;
4a) 1 < m < (p*) implies u € Wy*(Q), s = %, with p > 1/m* + 1;
5a) m = 1 implies u € W,*(Q2), for all 1 < s < ( Jand 2 — L ~ <p<N.
Let f € M™(Q), then
1b) m > N/p implies u € W,?(Q) N L>®(Q);
2b) m = N/p implies u € W, (Q) and

/eﬁu < to0,
Q
for some constants 3 > 0;
3b) (ﬂ)’ = (p*) < m < N/p implies u € Wol’p(Q) NM3(Q), s = mN(p—1).

N—p N—mp
4b) 1 < m < (p*) implies u € Wy (Q) N M*(Q), s = % and Vu € M*(Q),
s:% always for 2 — - < p < N.
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For linear operators, that is if p = 2 in (I.11), 1a), 2a), 3a), 1b), 2b), 3b) were proved for
the first time by G. Stampacchia (see [75]). For the nonlinear operators the techniques,
introduced by G. Stampacchia, can be adapted to prove 1b), 2b), 3b). Hence, also la)

and 2a) hold, because of the following inclusion
(I.12) L™(Q) c M™(9Q), vV om>1

A different proof is necessary for 3a), see [23] and [24]. If f € L™(Q2), with 1 < m <
(p*)’, the existence and the regularity of the distributional solutions for problem (I.11),
(or more in general for a Leray-Lions type operator), have been proved in [16] and [17],
and in the case f belonging in a Marcinkiewicz space in the recent paper [14].

For anisotropic problems such as (1.2), we need to distinguish two cases: p,, = p*
and Ps = Pmax, as in (I.4). It is well known that both the theory of existence and the
regularity results for elliptic problems are strongly affected by the embedding results
concerning the spaces in which we look for solutions. For anisotropic Sobolev spaces the
critical embedding exponent depends on the type of anisotropy. Said exponent is p*,
if the anisotropy is concentrated, while it is pya.y, if the anisotropy is not concentrated
(see [45]). S0 if poo = P* > Pmax, roughly speaking, we prove the same results of (I.11),
by substituting p with the harmonic mean p of the p;’s, as in (I.5), and by substituting
the “standard” Sobolev spaces with the anisotropic Sobolev spaces (I1.3). Moreover,
we obtain new regularity results for some choices of m and p. close to p*, namely
Pmax € (N — 1)p*/N,p*) (see Remark 1.16). If po = pmax > P* we obtain new results
concerning both regularity and existence. As a matter of fact, if p/ .. < m < (p*) we
obtain weak solutions, not distributional ones and in particular finite energy solutions
(see Theorems 1.7, 1.17, 1.20, 1.26 and 1.25).

The plan of Chapter 1 is the following: we start dealing with f belonging to
a Lebesgue space L™(€2) (Section 1.2) and then we study the new case of f in a
Marcinkiewicz space M™(2) (Section 1.3). In Section 1.4 we consider a datum f in
divergence form. In Section 1.5 we give the proofs of the main results and in the last
section of Chapter 1 we deal with the uniqueness problem. For weak solutions, unique-
ness is a direct consequence of the monotone property of the operator (I.1) (see Remark
1.12). In order to obtain uniqueness for distributional solutions, we introduce the no-
tion of entropy solutions (Section 1.6). The main results presented in this chapter are
contained in [34].

In Chapter 2 we consider nonlinear elliptic problems as (I.2) but with additional
lower order terms, that play the role of perturbations terms. These have a so called
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natural growth with respect to the gradient, that means growths of the same order of the
operator (I.1), because they naturally appear if we write the Euler-Lagrange equations
of suitable functionals of Calculus of Variations. With no hope of being complete, in
the isotropic case, i.e. p; = 2 or p; = p for all 7, we mention some papers regarding
the study of these problems with natural growth terms, and the references therein [12],
[13], [18], [20], [22], [28], [29], [30] and [33].

In Section 2.1 we study the following problem

— S Ol Ol 20m) + pou = Yo bi(w,u, V) + f on Q,
(I.13)
u=>0 on Of).
where g9 > 0,
fe Lm(Q), m > _*p— and D" > Prax,
P — Pmax

bi(z,5,6) : A x Rx RY =R,

is a Carathéodory function, for all © = 1,..., N and there exists v > 0 such that the
following inequality is true for all (s,£) € R x RY and a.e. x € Q

(I.14) |bi(x,8,8)] < v|&]|P Vi=1,.. N.

In this problem we do not have any information about the sign of b;, for all 7, and so we
must add the zero-th term pou to prove the existence of a weak solution. As a matter
of fact, it is well known, as in the special case p; = 2 or p; = p for all ¢, that the sign
condition has a strong regularity effect that allows us to easily obtain a priori estimates
from the equation. On the other hand, if the sign condition is not satisfied, the problem
(I.13) may not even have solutions. In fact, also if uy = 0, a solution for problem (I.13)
exists only if we assume that the norm of the datum f is small. We present an existence
result following the techniques in [30] and [13].
In Section 2.2 we analyse the following problem

-3 dillow

uwe Wy P(Q)  gi(w,u, Vu) € LY(Q) Vi=1,..N.

Pim29u] + Zfil gi(z,u,Vu) = f in Q,

(I.15)

where g; : Q x R x RY — R are Carathéodory functions such that for almost every
r € Qandforall s € Rand ¢ € RY

(1.16) gi(x,8,&)s >0, Vi=1,..,N,
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(117> ’gi(xvsvfﬂ < b(|8|) 1 P

Vi=1,..N,

where b : R — R is a continuous and nondecreasing function. Hence in this case we
assume the sign condition (I.16). Moreover we also suppose, as well as (1.17), one of the
following two assumptions: either f belongs to the dual space of VVl (o) (Q)or f e LYQ),

but we also require a sort of coercivity, namely that o > 0 and ~ > 0 exist such that

Pi when |s| >0, Vi=1,...,N.

We prove the existence of weak solutions for problem (I.15) belonging to the finite
energy space W, P(Q), also in the case f only in L'(2). This fact depends on the
extra assumption on g;, (I.18). So the presence of the terms g¢;’s turns out to provide
more regular solutions. The role of (I.18) is to give an a priori estimate in energy space
W, (P )(Q) which allows us to deal with the lower order term.

Both (I.13) and (I.15) do not correspond to the Euler-Lagrange equation of any
functional of Calculus of Variations. So we will use, as in Chapter 1, direct methods to
deal with them. Namely we build approximating problems, we derive from the equations
a priori estimates and then we use compact results for anisotropic Sobolev spaces.

We highlight that all the results in Chapter 1 and 2, are still valid if we substitute
the operator (I.1) with a more general one, namely as

— N Ofai(x, Vu)] = f in Q,
(1.19)
u=0 on 01,

with a;(z, &) : Q x RY — R¥, Carathéodory functions that satisfy, for some constants
a, B> 0, for a.e. x € Q, and for every &, n € RY with £ # 7,

N

(1.20) > (ai(x,€) — ai(z,m) (& —m) >0,

=1

(I.21) Zai(x

and

1-o-
(1.22) la;(z,€)| (me) ., Yi=1,..,N.
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Note that the last growth condition is satisfied (see [61]) for example if a;(x,§) =
O, Az, €), with A(x,&) a Carathéodory function, convex with respect to  and such

that N
|A(z,&)| < C (Z ’§i|pi> :
i=1

This kind of equation belongs to a more general class

(1.23) — Z Olai(z, Vu)] = f,

where a;(z, ) satisfies the so called (p, ¢)-growth conditions (in our case ¢ = pmax and
P = Pmin = min;{p;}), that is for every ¢ € RY and for a.e. z € Q, for some a, 5 > 0
and g >p>1,

N
(1.24) > iz, )& > algl
=1
and
(1.25) lai(z, )] < BA+[E1T7Y),  Vi=1..,N

The interest in the study of this type of problem is rather recent and it has been
increasing in the last few years. After sporadic papers (see for instance [81] and related
references) a systematic study of regularity of solutions for these kinds of equations (or
minima of functionals), with growth of (p, ¢)-type, was initiated by P. Marcellini, (see
[61], [62], [63]). He pointed out that suitable smoothness assumptions assure existence
and regularity of solutions for equations of type (1.23), and of minima of functionals,
since a related notion can be introduced for functionals. We do not deal with them in the
first part of this Thesis. We also recall some interesting papers about the regularity of
minimizers of functionals of Calculus of Variations with non standard growth conditions:
(1], [2], [46], [47], [48] and [73]. All of these papers focus principally on local and
higher regularity, such as boundedness of Vu, Hélder continuity, Lipschitz regularity,
without assuming Dirichet boundary conditions. As we will see later, Dirichlet boundary
conditions allow us to avoid restricting the interval covered by pis. In fact Marcellini’s
approach works if the ratio ¢/p does not differ too much from 1, depending on the
dimension N; which, roughly speaking, means that the numbers ¢ and p cannot be
too far apart. If we take (1.20), (I.21) and (I.22) into consideration, we obtain better
results than the ones obtained assuming the (p, ¢)-growth condition, since the functions
a; are bounded from above and from below by the same quantity. Another relevant
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class of anisotropic operators, for which a general and almost complete theory is now
available, is without doubt one of the equations with the so called p(x)-growth, i.e. the
p(z)-Laplacian equation, that is

(1.26) —div(|Vu[P™2Vu) = f,

with p : © — (1,00) a bounded and continuous function. We recall some papers (and
references therein), in which this theory is developed: [36], [37], [38], [39], [43], [52],
[55], [71] and [72].

In Chapter 3, whose main results are contained in a joint work with Eugenio Mon-
tefusco (see [35]), we study the question of existence, nonexistence and multiplicity of

positive solutions for a class of semilinear elliptic problems, associated to the operator

(I'1)7

N
- Zai [|az‘u|pi_2 Ou] = Aul'u in Q
(1.27) —
u=0 on 0f)

where € is always a bounded subset of RY, but N > 2. Moreover A > 0 is a real
parameter. In particular we are interested in the case

(1.28) Pmin = min{p;} < ¢ < pmax = max{p;}.

In this chapter we exploit the methods of Calculus of Variations, that is, we consider
the functional associated to our equation

Al A
1.29 J(v) = —/ ék-vpi——/ vt|9,
(12) =3 [ =2 [0

where v* = max{v,0} is the positive part of the function v, and we try to determine

critical levels for it. The study of semilinear elliptic equations has produced a large
amount of functionals, topological and variational techniques (and results) about exis-
tence and nonexistence of solutions for the Dirichlet problem (see for example [7], [53],
[77]). Much less is known about anisotropic elliptic problems like (1.27), let us recall
some recent works only [4], [43], [44], [58], [64], [65], [67]. Many of these articles con-
cern the p(z)-operators. Recently two interesting papers on anisotropic elliptic problems
appeared, connected to the problem (1.27): [45] and [78]. In [45] many existence and
nonexistence results of positive solutions are proved. In particular, using variational

methods, the case ¢ > puay is thoroughly investigated. In [78] a more general problem
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than (1.27) is handled: with respect to our problem the authors prove the existence of
a solution, also for ¢ positive and subcritical, using approximation methods.

In both the previous papers the case puin < ¢ < Pmax 18 Not investigated in order to
study a new situation. Indeed if (I.28) holds then the reaction term (that is the right
hand side in the equation) has an “intermediate” growth with respect to the differential
operator and the problem (1.27) looks in some sense like an eigenvalue problem. More
precisely we are able to prove the existence of at least two positive solutions for suf-
ficiently large values of A (Theorems 3.9 and 3.13) and nonexistence (see Proposition
3.7), for small positive A.

We point out to the reader the papers [15], [5], [6], [9] (see also the references
therein) where some isotropic elliptic problems with convex-concave nonlinearities are
considered. The nonlinearity produces some multiplicity results of positive solutions for
small values of the parameter A > 0 and nonexistence results for large A. These results
are to a certain degree, contrary to ours. We think that the nonlinearity of the reaction
term produces a “superlinear” (or convex) effect interacting with the small growths
of the operator (I.1), and a “sublinear” (or concave) effect with the higher exponents
which appear in the differential operator. The key point in all of our arguments is
the presence of different homogeneities. Clearly, such a situation does not hold if the
operator is of an isotropic type, but it appears if the reaction term is the sum of different
nonlinearities. As we have already mentioned, all the results we obtain are due to the
variational structure of the problem. We want to stress that any critical point of J) is
a weak non-negative solution of (1.27) (see (3.0.3)).

The plan of Chapter 3 is the following: first, in Section 3.1, we recall some known
results, and we give a more possibly complete image of the actual stage of research on
this topic.

® ( > Puax: the Mountain-Pass theorem can be applied in order to show that for
any A > 0 a weak solution of problem (I1.27) exists.

® ¢ < pmin: the Ekeland Variational Principle can be used in order to prove
the existence of A\* such that, for any A € (0, \*) there is a nontrivial positive
weak solution of (1.27). Moreover, the energy functional, Jy, has a nontrivial
minimum for any positive A large enough. So for any A € (0, \*) U (A\**, 400)
at least one weak solution of (I.27) exists.

In the first case the result is due to [45], (for more general case p; = p;(x) fori =1, ..., N,
see [64] and [65]) while in the case ¢ < pmin to [64] and [65]. In Section 3.2 we begin with
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the new results. We prove that a weak solution of problem (I1.27) does not exist, different
from zero, for A small (Proposition 3.7) and that there exists a global minimum for Jj,
which is a weak non-negative solution of problem (I1.27), (Theorem 3.9). In Section 3.3
we show (under suitable assumptions) that the functional J also possesses a Mountain-
Pass critical point, that is a second non-negative solution of (1.27) (Theorem 3.13). In
Section 3.4 we prove a maximum principle for anisotropic operators which implies that
the weak solutions found in the preceding sections are positive. Finally, in Section 3.5
we study some global properties of the branch of positive solutions of (1.27) and we

present some open problems connected with our studies.






CHAPTER 1

Existence and regularity in the monotone case

1.1. Notations and basic tools

We briefly recall the functional analytic framework of the differential operator which
we are going to study. We assume ) to be an open, bounded domain of RY, N > 3.
Let

(1.1.1) p;>1 for i=1,...,N, Pmax = max{p; }, and Pmin = min{p; }.
Without loss of generality, we can assume

p1<p2<..<pn,

so that pmax = py and pnin = p1. We will see that the “natural” spaces in which
we search for solutions to Dirichlet elliptic problems (I.2), are the anisotropic Sobolev
spaces

WLed(Q) = {v € WH(Q) : dv € LP(Q)},

(1.1.2) o on o o
WeP)(Q) = Whe)(Q) n WE(Q).

W, (2 )(Q) can also be defined as the closure of C§°(2) with respect to the norm

N
||U||W017(pi)(9) = Z 1050 Le: () -
i=1

In [45], [54], [68], [79], the theory of these spaces is developed and in particular the
corresponding Sobolev embedding theorems are studied. Let

Np

1.1.3 pr=——-—

N
1 1
for ]_) < N, = N ; E and Poo = max{pNvﬁ*}‘

1
D
In [79] it is proved that if 7 < N, then

(1.1.4) Wy P(Q) < L'(Q), ¥ re[1,p].
1
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This embedding is continuous and also compact if » < p*. The following Sobolev type
inequality is also proved: there exists a positive constant C', depending only on 2, such
that

N
1
(1.1.5) W@ < CT[10wl o), ¥ reLP],
=1

for any v € C}(2) where p; > 1 for i = 1,2,..., N, and p* as above. By density, (1.1.5)
also holds for any v € W, p )(Q) The inequality (1.1.5) then implies that

N
(1.1.6) [vllro) < CD NOwllim@, Y re[Lp]

i=1
If p > N, then (1.1.4) holds for any r > 1. Subsequently in [45] it is proved that
the critical exponent depends on the kind of anisotropy. If the p;’s are not “too far
apart” (i.e. the anisotropy is concentrated) the critical exponent is p*, like in [79], that
is the “usual” critical exponent related to the harmonic mean p of the p;’s. While if the
pi’s are “too spread out” it coincides with the maximum of the p;’s, i.e. py. Hence
the effective critical exponent is p.., as in (1.1.3). This fact produces some technical
difficulties as we will see later.

We consider the composition of functions in I/VO1 e ’)(Q) with some useful auxiliary
functions of real variable. One of the most used, in the following, is the truncation
function at level k > 0, T}, that is

2 |s| >k,
(1.1.7) Ti(s) = ¢ Il
s if |s| <k;

$ T (s)

>F - =
»
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Moreover, let

(1.1.8) Gi(s) = s —Ti(s), with k>0,

Now we recall some known lemmas we need in the following.

LEMMA 1.1. Let p1, pi, pn and p* be as in (1.1.1) and (1.1.3), and let B > 1. Then
the following inequality holds

(1.1.9) H,U|p <CPNNPN 1 ppN—p1

Q)

=1

for allv € Wy (Q) such that
0| Lriy < B, Vi=1,2,..,N.
PROOF. See [26]. =
We remember also this Poincaré type inequality, valid for all v € VVO1 P i)(Q),
(1.1.10) o] Lr) < —H@vHU Vor>1,

where a = diam(2) (see [45]).

Now we prove a new technical Lemma that plays an important role in showing some
results presented in the following sections, and in extending some techniques used in the
isotropic case. It is a weighted Sobolev type inequality.

LEMMA 1.2. Let v € Wol’(pi)(Q) N L=(R2), with the p;’s as above and suppose that
Zf;l 1/p; > 1, that is D < N. Then it results
1
Zpl) ‘ ,

o () el (e

@\\2

pi
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for every r and t; > 0 satisfying

1 w(N=1)—1+1/p _
1_ ol ) =1+ Vi=1,.,N,
T tz—f—l

(1.1.12)
Zfilf}/l:la ’71207 VZ:1,,N

The constant C' depends only on p;, i = 1,..., N and N. Moreover, (1.1.11) holds also
if t; <0, v and v as above, but we must already know that the integrals, which appear
in the right side hand of (1.1.11), are finite.

PROOF. Using the techniques introduced by Troisi (see Theorem 1.2 of [79]), we

N-1 N—-1 N
(Lrer) = ([rorme) <TT [ suplopeovas,
Q Q s m

where S;, for every ¢ = 1, ..., N, is the intersection between €2 and the hyperplane z; = 0
and ~; > 0 for all 7 such that sz\; v; = 1. On the other hand we have

obtain

“+o0
o(2) D < (N — 1) / [N D 5,0/

—00

Hence it results

N-—1 N N
(1.1.13) (/ |v|7") SCH/ o] "D 9| :CH/ 00| |v
Q i=1 Q =1 Q

where t; > 0 and ; > 0 are chosen in such a way that

ti|,|Bi
)

()

ti + B = yir(N — 1) — 1, Vi=1,.. N,

that is
Bi = —ti +yr(N —1) -1,
and C' = r(N — 1). By applying Hoélder inequality with exponents p; and p} to each

1

7

ol
ﬁz‘%) v

1

Py
tipi) !

term of the product which appears in (1.1.13), we obtain

(frr)” <eTt(fare) (1

Now we define r = §;p}, for every i =1, ..., N. We get

() e (fer) ™ T e

pi’U

pi

()
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Observing that
N

1
> —<N-1 & p<N,
i=1 11

(1.1.11) then follows. n

REMARK 1.3. We note that if p > N, then (1.1.11) holds for every r > 1, v; > 0,
such that Zi]\;% =1, and ¢t; > 0, where 7 = 1, ...,
depends on the measure of the set €.

N. Moreover in this case C' also

Finally, let us devote a few words to positive constants. We will write C' to denote
positive constants, possibly different depending on the data, that is they are fixed in
the assumptions we make, as the dimension /N, the bounded open set €2, etc. During
the proofs of our results, similar constants will also be indicated by C;, 1 =0,1,2, ... to
distinguish possibly different values. In any case the constants are always meant to not
depend on n.

1.2. Data in Lebesgue spaces

In this and in the following sections, we present some results contained in [34]. We
consider the following problem

=3 0|0

Pi20u] = f in €,
(1.2.1)
u=0 on 0.

We will give some results concerning existence and regularity of weak or distributional
solutions of (1.2.1), where f is a given function belonging to a Lebesgue space.

Now and in the following, we assume that p < N, otherwise the problem is more
simple, because (1.1.4) holds for any r > 1.

We know, by a simple modification of the classic Leray-Lions theorem (see [57] and
also [26]), thanks to the anisotropic Sobolev embeddings, that if f € L™(2), with
m > pl, and

- I\ - L
(1.2.2)  poo = max{pn, D'}, pn = miax{pi}, = N 7 and - = NZE’

there exists a weak solution to our problem, that is u € W, P )(Q) such that

(12.3) i:;/g O

pi*Q&-u@iv = / f’U, V v E WOL(pl)<Q)
Q
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Since
(1.2.4) M™(Q) C L™ (), Vm>1and 0<e<m-—1,

we also obtain the existence of at least a weak solution of (1.2.1) when f € M™(2) with
m > pl, defined in (1.2.2).
Now we consider p,, = p*, as in (1.2.2). We have the following result.

THEOREM 1.4. Let f € L™(Q).

i) If m > %, then there exists a bounded weak solution u for the problem (1.2.1),
as in (1.2.3).

i) If m = %, then there exists a weak solution w for the problem (1.2.1) and a
constant 5 > 0 such that

(1.2.5) /eﬁ'“ < 0.
0
ii) If (p*) < m < %, then there exists a weak solution u for the problem (1.2.1),
belonging to L*(Y), with

(-1 mNE-1)
mp+p —mp N —mp

REMARK 1.5. i) and ii) are a direct consequence of i) and ii) of Theorem 1.19, in
the following section, thanks to the following property of Lebesgue spaces

(1.2.6) L™Q) c M™(Q), VY m>1

REMARK 1.6. We note that the result ii) implies that the weak solution u of (1.2.1),
that we obtain, belongs to L*(Q2), V 1 < s < +00.

In the case po, = py = max;{p;} we obtain this theorem.

THEOREM 1.7. Let f € L™(Q2). i) and i) of Theorem 1.4 hold true. Moreover

iii) if % <m < % then there exists a weak solution for the problem (1.2.1),

belonging to L*(Y), with

mp(p-1) _ mN@-1)
mp+p —mp- N —mp

iv) If pyy <m < SR

belonging to L*(SY), with § = m(py — 1).

then there exists a weak solution for the problem (1.2.1),
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REMARK 1.8. We note that, since py > p*,

N<pN_]_7) s\ / /
——— > D) > DN
p(pN_]-> ( ) N
and
~ mN(p—1) N(pn —D)
1.2.7 S=mpy—-1)>s=—o—2 o m<—
(12.7) v = 1) N —mp plpy — 1)

so that we have obtained a better summability of w, if (p*) < m < % and a new
result if pfy < m < (p*)’. While if (p*)" < m < ply < N/p, (pn < D*), (1.2.7) never

holds, so we do not improve the summability of u, obtained in Theorem 1.4.

REMARK 1.9. We note that s = m(py — 1) > py, since m > p/y. Hence we improve
the regularity, already known by the embeddings, of the weak solution of our problem.

REMARK 1.10. We highlight that there is a continuity in our summability results.
As a matter of fact, if py = p*, m = (p*)’, we have

=Y - =7

and this is the same exponent which appears in iii) of Theorem 1.4, with m = (p*)'.

REMARK 1.11. Obviously the case iv) of Theorem 1.7 is new because our operator
is anisotropic. If it is isotropic, py = p = p and p < p*. Moreover

N(pn — D)

— 0,
p(py — 1)

as we expect.

REMARK 1.12. Tt is easy to prove that if f € L™(Q), with m > pl_, the weak solution
of the problem (1.2.1) is unique due to the monotone property of anisotropic operators

as (I.1). If we suppose that two solutions u; and uy exist, we have

N
;/Q |@;U1

Pi=2 0,00 = / fu ¥V ouewrPQ)
Q

and

N
;/Q ’aiu2

P2 QpugOpv = / fu ¥V ooe WP ).
Q
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Now we take as a test function v = u; — uy in both of them. We note that such a choice
is possible since uq, uy € VVO1 (P )(Q) Then, subtracting the two expressions, we obtain

é[)[\&-ul

Then, if p; > 2 forallt=1,..., N,

(|01 P20y — |0;ug piiQ@i“Q]ai(ul — ug) > Cyl0i(uy — uz)

piiQaﬂbl — ’ailb2|pii2aiu2]ai(ul - UQ) =0.

s )
‘ vV .
Hence

p’LSO

)

i/ﬁ |0i (u1 — uz)

that implies u; = us. A slight modification is needed to obtain the same result with
p; < 2.

REMARK 1.13. We note that in our results we do not need to suppose that p* > py,
thanks to the embeddings proved in [45]. This fact does not contradict the counterex-
ample in [60] (see also [49]). As a matter of fact, in the cited paper, it is shown that
(1.2.1) with f = 0 may have unbounded weak solutions, but the counterexample is not
in the case of homogeneous Dirichlet boundary conditions.

Now we consider always the same Dirichlet problem (1.2.1) but if m < p/_. We prove
the existence of a distributional solution, that is u € VVO1 ’1(9), such that,

N
(1.2.8) > / |DyulP 2 0ud;p = / fo, Y o€ Q).
— Ja Q
If poo = P*, we have the following theorem.

THEOREM 1.14. Let f € L™(£).

i) If m = 1, then there exists a distributional solution u for (1.2.1), belonging to
Wol’(si)(ﬂ), for all

NE-1)

PN = 1)

i) If 1 < m < (p*), then there exists a distributional solution u for (1.2.1),
belonging to W()l’(si)(ﬂ), with

1l<s;<p \V/’L:].,,N

mN({—1)
1<si=pi—p—,
p(N —m)

forallt=1,...,N.
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REMARK 1.15. Since s; > 1, for any 7 = 1, ..., N, we deduce that

1
p>2——
P N
in i), and in ii)
1
]_9>1+—*,
m

as we expect recalling the classic case, i.e. p; = p for all 1.

REMARK 1.16. Also in this case, we note that, since p* > py,

Np _ﬁ g—
S D) <y
p(py — 1)
and
N —) (N —1 N -1
plpy — 1) N-—-D N
p(N

1)<p <7p* and1<m<,((p§ S)

As a matter of fact we have a distributional solutlon of (1.2.1) belonging to Wo (Q),

Hence we can improve the previous theorem if

with 1 <s; = p; , for all i =1, ..., N and by the restriction on m, it holds

Np-—-1 N -7
(1.2.9) mﬁ»m%, Vi-lL..N & m< =P
Py p(N —m) plpy — 1)
Also in this case, since s; > 1, we have the following condition on p
p> v
m

Moreover if f € L}(Q), u € Wy ®)(Q), for all
§i<& and D > ply, Vi=1,.. N.
PN

In the case ps = pn, we have the theorem below.

THEOREM 1.17. Let f € L™(Q).

i) If m = 1, then there exists a distributional solution u for (1.2.1), belonging to

Wy S(Q), for all

5 < & and P > ply,
N

Vi=1,.,N.
i) If 1 < m < (p*), then there exists a distributional solution w for (1.2.1),

belonging to Wol’(s")(Q), with s; = p; o= foralli=1,..,N.

N
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REMARK 1.18. We note that, if 1 < m < p/_, the distributional solution may not be
unique. In fact already in the isotropic and linear case the solution is not unique (see
the counterexample presented in [74]). But it is possible to extend, in a natural way
(see [11]), the definition of entropy solutions for the problem (1.2.1), see Section 1.6,
to achieve an existence result without further assumptions on p and to have a unique

solution.

1.3. Data in Marcinkiewicz spaces

In this section we present some results concerning the case of f belonging to a
Marcinkiewicz space, M™(2). As we have already mentioned, we know, by a simple
modification of the classic Leray-Lions theorem, that if f € M™(Q), with m > p/_ there
exists a weak solution, as in (1.2.3), of problem (1.2.1), due to (1.2.4). We begin to
consider the case p,, = p*, where p,, and p* are as in (1.2.2). We have the following

result.

THEOREM 1.19. Let f € M™(Q).

i) If m > %, then there ezists a bounded weak solution u for the problem (1.2.1).
i) If m = %, then there exists a weak solution w for the problem (1.2.1) and a
constant 8 > 0 such that

(1.3.1) /eﬁu < 0.
Q

ii) If (p*) <m < %, then there exists a weak solution u for the problem (1.2.1),
belonging to M*(S2) with
_ mp'(p-1) _mNp-1)
mp+p —mp*  N-—mp

If poo = pn > P*, we have the theorem below.

THEOREM 1.20. Let f € M™(Q2). i) and i) of Theorem 1.19 hold true. Moreover

iii) zf pN p <Sm< 3 X then there exists a weak solution u for the problem (1.2.1),
belongmg to M*(Q), with

_ mpE-1) _ mNE-1)
mp +p* — mp* N—-—mp

iv) If py < m < %, then there exists a weak solution u for the problem

(1.2.1), belonging to M*(2), with 5 = m(py — 1).
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Remarks 1.6, 1.8, 1.9, 1.10 and 1.11 hold true also in this case.

REMARK 1.21. We note that if, in the previous theorems, we let m tend to N/p, we
obtain s — 4+00. Moreover the values of s and s obtained in Theorems 1.19 and 1.20
are the same of Theorems 1.4 and 1.7, as we expected.

REMARK 1.22. By (1.2.4), also if f belongs to M™(2), with m > p/_, the weak
solution of (1.2.1) is unique.

For the case 1 < m < p/_ we prove the existence of a distributional solution for the
problem (1.2.1), as in (1.2.8).
As before, we distinguish between p,, = p* and p,, = py. In the first case we have

the following result.

THEOREM 1.23. If f belongs to M™(Q2), with 1 < m < (p*)', then there exists a
distributional solution u for (1.2.1), belonging to M*(QY), with
mpE-1) _ mN@-1)
mp + p* — mp* N —mp

and O € M*(Q2), with
mN({—1)
IL<si=pi———,
PN —m)
forallt=1,...,N.

REMARK 1.24. So s; > 1, for every i =1, ..., N, on the condition that

1
m
REMARK 1.25. We note that since p* > py,
Np _2_9 —x
:LL_Q<@y
p(py — 1)
and N _ SN — 1
Nox=p) 4 o , - PN-1)
p(py — 1) N—p

N(pn—D)
p(pn—1)7
by (1.2.7). As a matter of fact, we have a distributional solution for (1.2.1) belonging

to M3(2), with § = m(px — 1). Moreover du € M%(Q), with 1 < 5; = p; - for all
N
i=1,...,N, since it also holds (1.2.9). We note that, in order to have s; > 1, we assume

So we can improve the previous theorem if T?(]{]V__—;) <pv <pfand 1 <m<

/
5>
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In the second case, poo = pn, We get the following result.

THEOREM 1.26. If f belongs to M™(Q), with 1 < m < ply, then there exists a
distributional solution u for (1.2.1), belonging to M*(Q)), with § = m(py — 1) and
Ou € M (Q), with 5; = p, ;%’ foralli=1,....N. We also suppose that

N

/
5>y

REMARK 1.27. Under the assumption py > p*, it holds

N(pN _2_9) —x\/ /
— > ) >Dp
P(pN . 1) ( ) N
and if
N o
m < _(pN P)’
plon — 1)

(1.2.7) and (1.2.9) are true.

REMARK 1.28. We recall, as already mentioned in the introduction, that if we choose
pi =2, for any i = 1,..., N, (or equivalently p; = p, for any i = 1,..., N), we obtain the
classic regularity results.

1.4. Data in divergence form

In this section we consider the problem (1.2.1), with datum f in divergence form,
namely

— SN 0illoulP20m) = =SSN 0, in Q,

(1.4.2)
u=20 on 0f),

with f; € L™(Q), m; > p, for all i =1, ..., N.

This problem has already been studied by several authors, see [19], [25] and [26].
For due diligence we report these results, but we give slightly different proofs. In [26]
it was proved that if

—% /
(1.4.3) p—mjn{l—&} > 1,
PN ¢
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that is

]3* > PN,
(1.4.4)

ﬁ*
P"—0pN

then any weak solution of (1.4.2) is bounded. This result can be proved without the

m; > p;, VZ:L,N

Y

assumption p* > py and under the following weaker regularity assumption on the data

/ —%
(1.4.5) n@{—&}£>L

7

(see [76]). We have the following theorem.

THEOREM 1.29. If f; € L™i(QY), such that (1.4.5) holds, then there ezists a bounded
weak solution w for the problem (1.4.2).

REMARK 1.30. The assumption (1.4.5) is equivalent to require that

N
(1.4.6) m; > fp;-, Vi=1,.. N.
P
Moreover
. N
sy
b —DPN p

Hence the boundedness of a weak solution u also holds true if f;’s are less regular and

For the case

/ —%
(1.4.7) mm{1—li}§;<L
¢ m; ) p

see [25], in which the following result is presented for minima of some functionals.

THEOREM 1.31. If f; € L™(R2), with
N YN
(1.4.8) @m{_%}%:%m{_%}N—ﬁ<L

then there ezists a weak solution w for the problem (1.4.2) and it is belongs to L*(),

where
PN d . { m; }
s = — and @ =min{ — 5.
N —pu I
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REMARK 1.32. We note that if min; {1 — %} % goes to 1, s goes to infinity.
Moreover if f € L™(Q) and p; = 2, for all i = 1,..., N (or equivalently p; = p, V
i=1,...,N) we obtain the known classic results, that is if

9 o
M72 231 o  m>N,
m 2

then there exists a bounded weak solution for the isotropic problem, corresponding to
(1.4.2) and if m < N a weak solution belongs to L*(2) with s = m*.

REMARK 1.33. All the results, except the uniqueness results, presented in these
sections also hold if our anisotropic operator is exchanged by a more general one, i.e.,

A a non linear differential operator from VVO1 (P L)(Q) into its dual of the form
A(u) = —div(a(z, u, Vu)),

where a(z, s,€) = (a;(, s,£)) is a Carathéodory vector valued function on © x R x RY

such that, for some constant > a > 0

N
> ai(w, 5,08 > a ) |6
=1

=1

N 1-1/pi
IML&M§B<§]&W> C vi—in

=1
and forae. r€QandVscR, & neRY, €4

N

3 (ai(w, 5.6) — ai(z, s,m)(& — 1) > 0.

=1

1.5. Proofs of the results

Now we wish to prove the results presented in the previous sections.

1.5.1. Proofs of Theorem 1.4 iii) and Theorem 1.7. We only prove the part
iii) of Theorem 1.4, because i) and ii) are a direct consequence of i) and ii) of Theorem

1.19, shown in the following, since

(1.5.9) L™Q) c M™9Q), ¥V m>1.
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We take as a test function in (1.2.3) v = |Tj(u)|"?i Ty (u), where j = 1,..., N, T} is as in
(1.1.7) and t;’s are positive real numbers which we will fix later. We have

(1.5.10) Z/ |0;u

V j=1,...,N. For the first term in (1.5.10) we have

P20, (| T(at) [P T () / AT () 575 T (),

N
> [ 1ol 0uai( TP Tw) = G [ 9T L],
i=1 78 Q

V j =1,..,N. For the second term of (1.5.10), by applying Hélder inequality with

exponents m and m’, we obtain

/fm )[1925 Ty, () (/ |f|’")m (/ |Tk(u>|<tfpf“>m’>m . j=1,...,N.
Q

From the previous inequalities, by multiplying on j, we deduce

(1.5.11) (/ 103 T (w) || T (u )w)”j <c1 (/ T ()| Pi+Dm )

By (1.1.11) of Lemma 1.2, with v = T}, (u) and r = s, and (1.5.11), we have

(1.5.12) (/ T (u ) <02-1]jl(/9 |Tk(u>|<tjpj+1>mf) T

Since we also want s = (t; p; + 1)m’ in (1.5.12), for any j = 1, ..., N, we have to solve
iPj

m\z

the following system
(

_ 14t; .
s=sowv—n—rrim VJ=L.N,

§s=(tp;+1)m';, V j=1,..,N,

\ZL%:L >0 and t;>0 V j=1,.,N.

From the first two equations in the previous system, after some lengthy but easy calcu-
lations, we have

2mp; —m —p; —mp;v;(N — 1)
pi(mp;y(N —1) —p;m+1)

1.5.13 ¢ = . ¥ j=1,.,N,
J
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and

1 N —mp 1 1 ‘
1.5.14 =1 - — 1— . — Y 7=1.....N.
(15:14) ( _m)N@—nmw>n+( mm)N—r J=Ls

It is easy to prove that 7;’s satisfy the condition Zj\;l v; = 1. Moreover v; > 0, since
m > 1and p; > 1, forall j =1,...,N. Also by (1.5.13) and (1.5.14), we have

(pj — D[Np(m — 1) —=m(N —p)] _ Np(m —1) —m(N —p)

tj:

pj(p; — 1)(N — mp) pj(N —mp)

Hence t; > 0, for all j = 1,..., N, by the assumptions on m. As a matter of fact

N
N—-—mp>0 & m<—,

p

and

Npm—1)—m(N-p)>0 & m>-—2P  _ .
- " Np—N+Dp

Moreover, by the choice of ¢; and v;, we have

mN@ - 1)
 N—mp '’
as in iii) of Theorem 1.4. Therefore, thanks to (1.5.12), by noting that N/p—1 > N/m/p,
since m < N/p,
[T (u)

Using Fatou Lemma we can pass to the limit as £ — +oo to obtain

o) < Cs, vV keN.

||| Ls ) < Cu,

as desired. -

REMARK 1.34. The proof of iv) of Theorem 1.7, is very similar to the previous one.
For the sake of simplicity, we omit it, by remarking that we must only use Poincaré
type inequality (1.1.10), with » = py and ¢ = N, instead of the Sobolev type. This is
the same reason for which we do not prove Remark 1.16, Theorem 1.17, iv) of Theorem
1.20, Remark 1.25 and Theorem 1.26.

Now we prove the existence and regularity results if f € L™ (), with 1 < m < (p*)".
We use the techniques of [19], introduced for the first time in [16] and [17].
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1.5.2. Proof of Theorem 1.14. We begin with the case m = 1, i). We consider
a sequence {f,} C L>(), such that

fo— fin LNQ) and || fulliie) < 1l

and let w, be the solutions to the following problems

N
(1.5.15) up € WP (@) N L2(Q) « = 0|0,

=1

piiQaiun] = fm

which exist due to the previous results. We take as a test function in the weak formula-
tion of problems (1.5.15), v = T1(Gx(uy)), where Ty and Gy, are defined in Section 1.1.
We have

N
S [ ol < Il
i=1 Y Bk,

with By, = {x € Q: k <|u,(z)| <k+1}. So,

(1.5.16) / |05t
Bk,n

<\ fllevey, Vi=1,...,N.

Let s; = Op;, 6 = (1799 5 and 0 € <0, ;\gg:ig). By using Holder inequality with exponents

pi/si and (p;/s;)’, we obtain

/ O | = / 1Oyt (1 + )77 (1 [un]) 50 <
Q Q

Since on By,

s:
2 .
1— %0

Pl runM)m ( Ja+ runwpfsii) "

1 - 1
1+ Ju,|  k+1°

> 1
Sq < .
- (% (1+ k)P /Bk [Gutn

By (1.5.16) and since § > 1 we obtain

= 1
; (1 +l€)ﬁ /;k’n ’azun

k=0

we have

Sq

;i 651'
) ( R
Q

s

(1.5.17) / |05ty
Q

bi S CO)
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hence

& L\ (E2)R
(1.5.18) (L) <o ([a+imh=) .
Q Q

Now we apply the anisotropic Sobolev inequality (1.1.5), with r = §*, to obtain, thanks
to the choice of 3,

|-

(1.5.19) |t || 5+ < Oy (/Q<1 + |un|)5*)<él

By (1.5.19) and (1.5.18), we get that O;u, is bounded in L*(Q2) uniformly in n. So we
can assume that, for some u and for some subsequence, which we still denote by u,,,
that

(1.5.20) Oun, — Oju weakly in L*(Q), Vi=1,..N,

(1.5.21) u, — u strongly in L(Q),

5, the harmonic mean of the s;’s. It is not enough to pass to the limit, but we can claim
that

(1.5.22) Oiu, — Osu strongly in L7 (), Vor < s,
1=1,...,N. In fact we have, for all n > 0 and for all : =1, ..., NV,

{lun—un|<n}

If we fix 2 and p; > 2, we deduce that

/ 19yt — un)
{|un_uh‘§n}

and so by Hoélder inequality with exponents p; /r; and (p;/r;)" and by simple calculations,

[ 1oitu =)

We obtain the same result also for p; < 2 by a slight modification. We recall that w,

P20, — |Ozup,

pi_2ﬁiuh) 8Z(un - uh) S 27]||f||L1(Q).

P < Oy

we have _ )
i< Cynri 4 Csmeas({|u, — un) > 1))

converges to u in measure because u, — u in L3(2). So, since the above inequality
holds true for any n > 0, we obtain that du, is a Cauchy sequence in L"(2). So, by
(1.5.22), we have

Pim29u in L'(Q).

now we can pass to the limit for n — +oo in the weak formulation of (1.5.15) and we

pi*Qaiun — \&u

’aiun

obtain that w is a distributional solution for the equation (1.2.1).
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Now we deal with the case 1 < m < (p*)’, part ii) of Theorem 1.14. As above we
consider a sequence {f,} C L>(2), such that

fo= [ LQ)and [[fallim@) < I fllom@

and let u,, be the solutions of the problems (1.5.15). We use, as a test function in the
weak formulation of (1.5.15), v = T1(Gk(u,)), to obtain

N
) RN A
=1 Bk,n Ak,n

with Ay, = {|u,| > k}. We get
(1.5.23) / |0yun|P g/ ful, VYi=1,..,N.
B Apm

k,n

If we go on as in the case m = 1, we have

s
i )
Si

0 J 1 p; Bs; 1*171,
8in8i_ n PEAY) n|)PiT .
[ 10l <(;/Bm|f|;(l+k)ﬁ) ([ )

j
1
Z ——— < Co(1+5'77),
—~ (L+k)

Since

we obtain, by some calculations and by using Holder inequality with exponents m and
1

/
rym™ Z% Bsg 1_;’7
1 fall L) (/Q(l+ Iunl)(lﬁ)m> </Q(1+ Iunl)”i“*i> :

m7
/ |0sun|™ < C4
Q
for all i = 1,..., N. Now we take s; = 0p;, with 6 € [0, 1), such that
Bs; po

pl _ SZ 1 _ 07 v Z ) Y
and we choose 3, such that
Be - / _ m(l — 0)
1_9f(1—ﬁ)m & = e
We obtain
Om
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and therefore

T o\ () i
(/ O ) < (/(1+\un|)me)  Vi=1,..N
Q Q

By Sobolev type inequality, we have

mo (%_%)Np
(1.5.24) ltn]| s < Cs (/(1 + |up )n@) ,
Q
with
. OpN
- N—-6p
Now we take 6, such that
OpN D —
P — = om & 0= M’
N—-6p m-—40 P(N —m)
and hence
Np-1
_mNp-1) Vi=1,.N.

Si = — = DPis
p(N —m)
!

We remark that the value of 6, which we obtain, is smaller than 1, since m < (p*)".

Besides
1 <1 1)1 N
— > - = m< —.
5* 0 m)p p

Then, if we proceed as in the case m = 1, we can pass to the limit in the approximating
problems (1.5.15) to obtain the desired result. "

1.5.3. Proof of Theorem 1.19. We take v = Gi(u) in (1.2.3). We have

N

</Q|8Z-Gk(u) P)N < (/Q ka(u))”N.

Therefore, by (1.1.5), with r = p*, we get

P20,00,Ge () = /Q FGi(u),

it implies

1

G () < cﬂ ([1cun)™ = [ 176t

=
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By applying Hoélder inequality with exponents p* and (p*)’, due to the fact that f €

LP(Q) by (1.2.4), we obtain
NG
<a( 16w )
0

Co (/Q |ka(U)|)

where Ay = {|u| > k}. Hence

1

([

=
=

We note that

which is true, since p; > 1 for every i = 1,..., N. Since f € M™(Q)) and m > (p*)’, we
have

@)

[ < Cpmeas(an =5
Ak

Hence by applying Hélder inequality with exponents p* and (p*)’ to [, |Gx(u)| and by

simplifying, we obtain

S|

@)’ 1y 1 1
(1.5.25) / G(u)] < Cy meas(Ay) (1= ) (0= 7) -
Q
We define g(k) = [, |Gr(u)| and we recall that ¢'(k) = —meas(Ay), for almost every k
(see [51], [56]). We obtain, from (1.5.25), that
g(k)7 < ~Cag'(k),
with v = (1 — (f;n) ) (1 — %) fﬁ +1-— %. Therefore
Co
1—

2=

(1.5.26) 1< —Cyg(k)g(k)™ (g(k)' 7).

1
v
If we are in case i) of Theorem 1.19, we note that
1
1——>0.
v
Therefore, by integrating (1.5.26) from 0 to k, we get

k< —Cyg(k) ™3 = g(0)' 3],

1.e.
1 1-1
Csg(k)' ™7 < —k + Csllull . -
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Since g(k) is a non-negative and decreasing function, from the latter inequality we
deduce that there exists kg, such that g(kg) = 0, and so u € L*(Q). In case ii) of
Theorem 1.19, since m = N/p, v = 1, we have

By integrating from 0 to k, we have

k ||u||L1(ﬂ>]
T <o | ML) |
Cy — s [ g(k)

and since the function ¢ — e’ increases, we obtain

& llull L1 (o)

k
- - V7 ke < 1
< EO o ket < ull

So, recalling that

(1.5.27) g(k) = /Q G| > /A (G(u)] > ki meas(Ag),
if £ > 1, we have h

g(k) > meas(Ay) = meas(As)e® < ||uflpio
Hence, if k > 2, we get
(1.5.28) meas(A;)e™s < |Jufli o).

We prove now that the previous inequality implies that

+oo
Z e"meas(A}) < 0o
k=0

with 0 < 8 < 5¢-. Indeed, by (1.5.28),

—+00

u
Z e"meas(A;) < (1 + e)meas(Q) + Z | HLl(Q

ek(1/2C2—p
k=0

Since
—+o0

Zeﬁkmeas(Ak) <400 & / All < 40,

ii) is proved.
To conclude, we consider case iii). In this case we have

1
1—-—-<0.
f)/
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Therefore,
1

L < Cylg(k)" >

By integration from 0 to k, we obtain
k< Cilg(k)' ™7 —g(0)' 7] < Cuag(k)' ™

and so

Cy
k =
Therefore, by (1.5.27), it holds true that

g(kk‘) < 05 05 ‘

(k)7 <

meas(Ag) <

I
2

By recalling the definition of v, we obtain
1 mN@p-1)
1—7 N —mp
so that u € M*(9Q2). n

)

Now we use an idea, presented in a recent paper (see [14]), to prove the Theorem
1.23, namely the case f € M™(Q), with 1 <m < p/_.

1.5.4. Proof of Theorem 1.23. We consider a sequence { f,} C L*>(£2), such that

fo = £ i M™(Q) and || fullarm) < 1 fllam@),

with 1 < m < (p*)" and let w,, be the solutions of the following problems, which exist
by the previous results,

N
(1.5.29) u € Wy PN(Q) N LX(Q) = 0il|0unlP200u,] = fin

i=1
If £ >0, and if
N = 1)E-1)

1.. i = 1—1 —
(1.5.30) o= (=)

Vi=1,..N,

and r < m, we take as a test function in the weak formulation of the problems (1.5.29)
Ve = [(e+|Gr(un)|)7 =P —goi=(Pi=V]son (u,,), where G (s) has been recalled in (1.1.8)
and o; as in (1.5.30), to obtain

(1.5.31)

m—@—mé@@m»

P (e + [Grun)]) 7 s/Q|fn|\va,n\, Vi 1N
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We know, by the assumptions on m, that

We note that if we pass to the limit for ¢ — 0 in (1.5.31), we have, by Fatou Lemma,
and for every k,n € N,

(15.33)  [oi— (pi —1)] /Q 10,G ()

DPi

TiTPi < anHLoo(Q) HunHLOO(Q) < 00,

Vi=1,...,N. So even if o; — p; < 0, by (1.5.33), we can apply Lemma 1.2 with
v = Gg(u,), r=s and t; = 0;/p; — 1, to obtain
1
n) Ui(pil)) " )

Iz

(1.5.34) (/Q IGk(un)!S)

§= pz'Yz(N 1l) (pi—1)7 v 7/: 1,...7N’

N
<all ([ 1m1Gi

SN =1, 5>0, Vi=1.,N.

If we use Holder inequality with exponents » < m and 7’ in (1.5.34) and since f €
M™(Q), we have
(1.5.36)
1
0'7, plil} > lpi 9

(/\Gkun ) < €} Cypmeas(Aj,) (! NPH</|GMH

Ak = {|un| > k}. Hence we have to solve the following system

-1

S|z

;

5= pz'Yz(N 13 (p271)7 v Z: ].,...,N,

(1.5.37) s=loi— (=1, Vi=1,.,N,

YV vi=1 %>0 ¥Yi=1.N

If 0; is as in (1.5.30) and

(1.5.38) _( 1 N —1rp 4 (1 1 1 +1 r—1
i T\ T h) Ne- (N 1) pi) N—1 pr(N—1)
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it is easy to prove that
N
> w=1 and >0 Vi=1..,N
i=1

Moreover

NG 1)
N—rp

S =

Therefore, we obtain

1

(1.5.39) ( /Q |Gk(un)|5)s < Cymeas(Ay,,) (7w

By applying Holder inequality, with exponents s and s' to [, [Gi(uy)|, from (1.5.39),

we have
/ |Gr(uy)] < Cy meas(Akm)l_m]fVV_(;*pl).
Q
If we define y =1 — m%?;?ﬁ) and g, (k) = [, |Gk (un)|, and we proceed as in the proof of

Theorem 1.19, we get

(1.5.40) 1<—

By the assumptions on m, we have 1 — 1/y < 0. By integrating, from 0 to k, the
inequality (1.5.40), we obtain

1 1 C
E < Cilga(9)'F = gu(0)H < — S
gn(k)™
it implies
Cs
gn(k) < —.
(k) =
Using (1.5.27) again, we have
Cs 0 mN(p—1)
App) < ——— d —4+1=—7-+—==
meas( k’>_kﬁ+1 an 1_7—1— N b s

Hence the sequence {u,} is uniformly bounded in M?*(Q2). For 0;u,, we proceed as
follows. We use as a test function v = T1(Gg(u,)) in the weak formulation of problems
(1.5.29), and we have

}jéuqua%»

m< [InInGm < [ 10
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Now we use the assumptions on f,, and the fact that u, is uniformly bounded in M*(),

and we obtain
al 1
1
(1.5.41) > / |0, [P < Cymeas(App)' ™ m < Cog——r )
— /By ps(1=)
with By, = {k < |u,| < k+ 1}. We note that
1 —x\/
0<s|l—-=)<1 & 1<m<(p),
m
and that for 0 < # < 1, we have that
(k=1 — 1
1—0 i

j=1
For k > 1, we have, by (1.5.41) and the definition of By,

N k-1
Z/ |0; Ty (un,) [P < Nmeas(§2) + C’yz ;1 < Cy Elos(=m)
i=1 Y = js(l_m)

It implies

Di S CS k‘l—s(l—#)

| 107t

tPimeas({|u,| < k} N {|0un| > t}) <

{lun|<k}

meas({|0;ju,| > t}) < meas({|0;u,| > ¢, |u,| < k})+

So we obtain

<

{lun] <K} {IB1un| >t}

Since we also have

+meas({|u,| > k}) < Cy G % + Cy %, Vi=1,..N.
If we minimize on k, we find k = k*(t), such that
meas({|0ju,| > t}) < %, Vi=1,..,N,
with NG 1)
Sizpiﬁ, Vi=1,.. N.

P Ok w) v =1,

)

Hence {0;u,} is uniformly bounded in M*®(2) for all i = 1,..., N. To pass to the limit
in (1.5.29), we proceed as in Theorem 1.14, by the property of M™()) and so we can

conclude the proof of Theorem 1.23.
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Now we prove the results concerning the regularity of the weak solution of problem
(1.4.2). This Theorem has been showed in [76]. In order to be complete we report the
proof of this result but here we give a little different proof.

1.5.5. Proof of Theorem 1.29. We use as a test function in the weak formulation
of the problem (1.4.2), v = G (u), as in (1.1.8), we obtain

N
0;
A

N
Pi=20.0,0,G = 0:G
ud G (u) Z/f ()
(!

iil/glain<u) P < i/gmaic;k(“”‘

We apply Holder inequality, with exponents p; and p, to each term of the sum which
appears to the second member of the previous inequality, we get

i oGt < fj ([ 1) ([1ouor )

where Ay, = {z € Q : |u(x)| > k}. Now we use Young inequality, for any ¢ = 1,..., N,

we obtain

Pi

N N N
’ 19
> / 9,Gu(w) S [ e 3 [ oG

By simplifying, we obtain

N N
€ Pi .
(1—]9—1) ;[2|aiak<u>| < CZ/A s

By choosing € : 1 —¢/p; > 0, we get

;

N

[acwr<ay [ 1

i=1 7 Ak
A2

o N N
@ i=1 /A

Therefore, by Sobolev inequality (1.1.5) with r = p*, we get

N %
1G]y < G ] ( 1060 )
=1

;

IN
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N N ﬁ N
|P% _ D%

By Hélder inequality with exponents m;/p; and (m;/p,)’, for any i = 1, ..., N, we obtain

=

3=

N
|Gk (W)l 7 () < C5 (Z ||fi||]Z"mi(mmeas(Ak)1‘pi/mi)
=1

Finally, for

/
(1.5.42) y = min{ - &} ,
k > ko and ko such that meas(Ag,) < 1,

(1.5.43) 1Gr(u)]] 7 (@) < Ca meas(Ay,)7 .

If we apply again Hélder inequality with exponent p* and (p*) to [, |Gr(u)| we get

/Q!Gk(uﬂ < (/Q|Gk(u)’p*>pl*meaS(Ak)l_pl*.

Therefore, by (1.5.43) we have
/ |Gi(w)] < Cymeas(Ag)7 5.
Q

We put g(k) = [, |Gr(u)|, then ¢'(k) = —meas(Ay) (see [51], [56]). We obtain

We define .
_ PP
' +Ppt =D
then
/ —a 05 1—a\/
(1.5.44) 1< —Cr g (Mg(k)™* = === (g(k)"*Y.
We remark that
: 2 N
l—-a>0 < min - — — > 1,
‘ m; ) N —p

as in (1.4.3). By integration from 0 to k of (1.5.44), we have
k< —Cslg(k)"™ = g(0)" "]

4
Cs g(k)' ™" < =k + Cs|lull ;1 (y-
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Since g(k) is a non-negative and decreasing function there exists k such that g(k) = 0
n

and so u € L®(Q).

By using the same techniques of Theorem 1.4 iii), by Lemma 1.2, we prove also the
Theorem 1.31. This problem has been already studied in [25], but we present a more
simple proof using the new Lemma 1.2, presented in Section 1.1.

1.5.6. Proof of Theorem 1.31. Also in this case we use as a test function v =
| Ty, (w)|%PiTy,(u), for all j = 1,..., N, in the weak formulation of problem (1.4.2), where

Ty is as in (1.1.7) and ¢,’s are positive real numbers that we will choose later. We obtain

N N pjtj pjt;
. . -7 JJ
Y [ mtrtpnir <Y [IRIn ] ml o),
i=1 /@ i=1 /@
vV j=1,...,N. By applying Young inequality, it holds true
N
> (c-a ) [mwpanwr <3 [ 1mer,
i=1

Vj=1,..,N. Now we choose ¢ such that Cy — C EI: >0, foralli=1,..., N, we have

N
/ TP 10T () < Ca ) / AT, Y j=1,.,N,
Q — Ja

By Holder inequality, with exponents m;/p; and (m;/p.)’, it holds

’ =

i, N :T;z 1,%
( / |Tk<u>|pﬂ~f|ajn<u>|pﬂ') e Z( / |fi|mi) ( / <1+|Tk<u>|>pﬂf<mi/pi>)
=1

vV j=1,...,N. Recalling that x = min;{m;/p,}, we arrive to the following inequality

/

1]_:[1(/ [T ()10, T )\pj)pj <y Z(/ 1+ | T3 )|)”“1“)1_mz

N
P

Now we can use Lemma 1.2, we obtain

wsa)  ([mr) <o (S (farmaps) )

|z
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with

1+t¢; .
S:m forall j=1,..., N,
(1.5.46)

Z;.V:l’yjzl, v >0, forallj=1,..N.

We also want in (1.5.45) s = 222 for any j = 1,..., N. So we must solve the following

p—17
system
( 1+t .
S—M, V]—l,...,N,
_ Lipjm C
S_L_Jla vj_la >N7
=1 v >0 and >0, Vj=1.N.

By the first two equations in the previous system, after some lengthy but easy calcula-
tions, we get

pw—1 .
(1.5.47) t = . Yj=1,.., N
Toppi (N =1) = (pj — 1) = (n—1)
and
1 1 N—7p
(1.5.48) y; = —L +—£ + i V=1, N,

Cpi(N=1)  ppi(N—1) PpNu(N —1)’

It is simple to show that Zjvzl v = 1,7 > 0 and t; > 0, by our assumptions of m;’s.
Moreover, by the choice of ¢; and «;, we obtain
Npp

N — pp

Therefore

1T (w)]

o) < Cs, V keN.

By Fatou Lemma we can pass to the limit as k — +00, we obtain

|| L) < Cr.
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1.6. Entropic solutions

In this section we want to extend a definition of solution, introduced for the first
time in [11], which allows us to prove a uniqueness result and a existence result for
1 <p<2—1/N. In the previous pages we have seen that there exists a distributional
solution for the problem (1.2.1), namely u belongs to W' (Q), such that

N

if f e L™(Q) with m < p_. Before all it is necessary to introduce functional spaces on

Q.

pi’28iu8i<z5 = / f¢7 v (b € Cé(Q)’
Q

DEFINITION 1.35. 7,51(Q) is the set of measurable functions u : Q — R such that
for any k > 0 the truncation function Ty(u), as in (1.1.7), belongs to W21 (Q).

DEFINITION 1.36. Set 1 < p; < oo, for all i = 1,...,N. 751’(’”)(9) is the set of
measurable functions u : 2 — R such that for any & > 0 the truncation function T} (u)
belongs to Wy #9(€).

Before giving the definition of the entropy solution we present the following result.

LEMMA 1.37. For all u € 761’(’”)((2), a unique, measurable function v; : @ — R, for
every i =1, ..., N, exists such that

0Ty (u) = ViX{zeQ:|u(z)|<k} a-€.
Moreover, if u € W()l’(pi)(Q), v; = O;u.

We do not show this result because the proof is pretty much the same of which in
[11]. Now we can define the entropy solution for the problem (1.2.1).

DEFINITION 1.38. Set f € L'(2). A function u € 761’(pi)(Q) is a entropy solution of
(1.2.1) if

(1.6.1) f;/ﬁ s

VEk>0 and V oe WyP(Q)nLeQ).

pi_231»u8,-Tk(u —p) < / fTi(u— )
Q

REMARK 1.39. We note that the above inequality is well defined because u &
7:)1,(%)(9)‘
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Now we want to prove that the solution, which we have found in the previous sections
by approximation methods, is an entropy solution. We have already proved in Chapter
1 (see i) of Theorem 1.14 and its proof) that the solutions w,, of approximating problems
(1.5.15) converge to u in W()l’(si)(Q) with

N(@-1)
8i < =y,
p(N —1)

Moreover T (u,) — Ti(u) weakly in W’ 2P () and also f, — f in L(€2). So we have

i, f 5t =)= L7200

Now by Fatou Lemma, we have
N
imint > [ o
=1
N
> lim inf ;
> lim inf ; /Q [|0itn
N
lim inf ;
Fmint 3 [ 0
N
>3 [l
+Z/|8g@pl 20;00;Ty,(u — Z/|8u

Hence u satisfies (1.6.1) and so it is an entropy solution.

Vi=1,..,N.

20,0, T (un — ) >

2~ Ohp PO Ty — )

pi_Z@W@'Tk(Un — ) >

pi*zaiu — \@go

P20;0)0,Th (u — @)+

Pim20:u0; T (u — ).

Now we prove the following result.

PROPOSITION 1.40. Set u an entropy solution for the problem (1.2.1). Then u be-
(1) N@E-1)
longs to M V= (Q) and d;u belongs to MP'*&=-1(Q), for alli =1,...,N.

PROOF. We choose ¢ = 0 as a test function in (1.6.1), we have

Z/]@u

N
3 / 0,T(u
=1 Q

Pi=20,u0; Ty (u /ka ) <kl fll @

4

W< Kl fllzr o
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It implies

(1.6.2) /Q 10T ()

Hence we obtain

([ om0

ﬁ( 1010

Now we use the anisotropic Sobolev inequality (1.1.5), with r = p* and v = T} (u) and

P< k| flp, Yi=1,...N

1

PN 1 1
pz') < knV || f|5

1
pi N
L1(Q)’

Y

\Nmy g1
pl) < kPl 710

we obtain

/Q TP < Collf k™
So

kP meas(Ay) < T () 7 < Col\f]]E(Q)k%,

"< [ m
As Q

that implies

5
COHfHLpl(Q)

=)
P

(1.6.3) meas(Ag) <

Hence

s

N(p—

)
u € M N-

S
=2

Now we consider (1.6.2), we have

Q {lul<k} {lul<k}n{|9iu|>B}

> BPmeas({|u| < k} N {|Ou| > B})

Pi >

and so

(1.6.4) meas({|u| < k, |9u| > B}) < LD

K[l fll 21
ﬁpz‘

for all e = 1,..., N. Then, for all £ > 0, we obtain
meas({|0;u| > f}) = meas({|;u| > B, |u| < k})+

+meas({|0u] > B, |u| > k}) < meas({|0;u| > B, |u| < k}) + meas({|u| > k}) <
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jl
< kIl fllz o) n Coll fll o

T FED Vi=1,..N,
by (1.6.3) and (1.6.4). We minimize on respect to k. We consider the function
¥(k) = Crogr + Co—y
We have
(k) = 66;1 el F@-1-7
So

Now we get

—p;p"(P—1) —p;p"(P—1) —p;p*(P—1)

Y(ko) = Cs 700 + Cef 7@ = Crf7 w17

Hence
—pip" (P=1)
meas({|Qju| > f}) < C7f7 -0+
N(p—1)
foralli=1,....N. So du € Mplg(N—U (Q) foralli=1,...,N. n

REMARK 1.41. We observe that if p;, = 2 for all i = 1,..., N (or equivalently p; = p
for all i = 1,...,N), we obtain the classic result (see [11]), namely u € M%(Q) and
Vu e M~™1(Q).

REMARK 1.42. We note that

oY P—-1)
PN - 1)
is the same exponent that we have found in Theorem 1.14, as we expect according to

the isotropic classic case.
Now we can prove the following result.
THEOREM 1.43. The entropy solution of problem (1.2.1) is unique.
For the following proof we use techniques introduced in [69].

PROOF. Let u be the entropy solution satisfying the regularity properties stated
in the previous propositions, obtained by approximation, as in Theorem 1.14. It is
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sufficient to show that every entropy solution of (1.2.1) coincides with u. Let z be a
second entropy solution, so z € 761’(" )(Q) and

Z/[@z

for all k € R+ \ {0} and for all ¢ € Wy ®)(Q) N L=(). Taking ¢ = u,, because we
know that wu,, € Wol’(p")(Q) N L>°(£2) (see the proof of Theorem 1.14), we get

(1.6.5) i/ﬂ@z

Now we choose Tj(z —u,) as test function in the weak formulation of problems (1.5.15).
It is possible since u,, € L>*(Q2) and z € 761’(’”)(9) and hence Ty(z — u,) belongs to
Wy ®(Q) for all k> 0. We have

(1.6.6) —Z/ D,

Then adding (1.6.5) to (1.6.6), we obtain

We note that the integral in the left hand side is non-negative, and it is bounded

pi= QGTkZ— /kaZ—

Pim20,20;Th(z — up) < / fTi(z — uy).
Q

Pi~ 28un8Tk (z —u,) = /fnTk Z— Uy).

p"_28iz — ]@un

P20 ) 0T (2 — ) < /Q(f — fo) Th(2 — un).

from above by a constant C k, independent on n. Moreover the integrand function,
[102|Pi 20,2 — |0 [P 2051, |0 Th (2 — ), goes to [|0;2|Pi20;2 — |O;u|Pi—20;u)0; Th (2 — u)
a.e., for all ¢ = 1,..., N. Hence, by using Fatou Lemma, we can pass to the limit as
n — 400, we get

pi_z&-z — ]@u

f;/g O,Tk(= — u)

if p; > 2. By the arbitrary choice of k, we have z = u a.e. in €). It is possible to obtain

Pim20uu]0; T (2 — u) < 0,

and so, we obtain

piSO,

the same result, by a slight modification, also if 1 < p; < 2, but for simplicity we omit
the proof. [






CHAPTER 2

Elliptic problems with natural growth terms

In this chapter we deal with some elliptic problems, as (1.2.1), studied in the first
chapter, with the presence of lower order terms, with respect to the gradient of w,
which play the role of perturbation terms. These terms are called natural growth terms
because they have the same growths of the operator (I.1), and they naturally appear if
we write the Fuler-Lagrange equation, associated to some functionals of the Calculus of
Variations. But the boundary value problems, which we study may not be the Euler-
Lagrange equation of some functionals. So we will use direct methods to solve these
kinds of problems. We see that a sign condition on lower order terms plays a crucial role
in finding solutions of our problems, since it allows us to easily obtain a priori estimates
from the equation. On the other hand if this assumption fails to hold true we may not
even have solutions. Moreover we prove that an extra assumption allows us to show an
extra regularity for the solutions of the problems, presented in this chapter, even if the
datum only belongs to L*(€2). Also this additional condition is useful to obtain a priori

estimate in the energy space Wy /().

2.1. Lower order terms without sign assumptions

In this first section we prove the existence of a solution for the following problem

— SN 010wl 20 + pou = N | bi(x,u, Vu) + f on €,
(2.1.1)
u=0 on 0f),

where pg > 0,
feLm@), m>—t— 7 >py,
P — PN

bi(z,5,6) : QxR xRY =R

is a Carathéodory function, for all ¢ = 1,..., N and there exists v > 0 such that the
following inequality is true for all (s,£) € R x RY and a.e. x € Q

Pi. Y i=1,..N,
37
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or more in general
N

=1

pi

First of all we note that it is impossible to use Leray-Lions Theorem (as in Chapter 1)
because the b;’s terms are not bounded and we do not have any information concerning
on their sign. To prove an existence result for (2.1.1) we use approximating techniques
and some results presented in Chapter 1. We also observe that the term, which appear
in left side hand of the equation in (2.1.1), allows us to achieve an existence results.
In fact if gy = 0 already in the isotropic case (i.e. p; = 2 for all i = 1,..., N) we have
a simple counterexample to the existence of solutions for the problem (2.1.1). In the
following section we see that if we assume a sign condition on b;, for i = 1,.., N, we can
even choose py = 0.

We highlight that it is also possible to take a unique function b instead of a sum of
bi’s, if it satisfies, V (s,£) € R x RN a.e. z € Q, and v > 0, the following condition

N
(2.1.4) bz, s, <Y _l&I",  Vi=1,.,N.
=1

But the first possibility is more natural always by considering the relation between these

problems and some functionals of the Calculus of Variation. As a matter of fact, if we

n= [ g

where a is a bounded, smooth function, we obtain the following Euler-Lagrange equation

consider the following functional

(2.1.5) J(v) = Zé/ga(m,v)]@iv

N

N
- Z Oila(x, w)|OulP 0] + Z a'(z,u)|Ou

i=1 =1

=t

and in the right hand side a sum appears. We also note that, obviously, the problem
(2.1.1) does not correspond to the Euler-Lagrange equation of a functional, as (2.1.5).
Indeed if a(x,u) = 1 then a/(z,u) = 0 and so we find the problem (1.2.1) not (2.1.1).

To fix the ideas, one can consider, as a special example of (2.1.1), the Dirichlet
problem:

— Y Ail|0ulP 0] + pow =y YL Ol + f on €,
(2.1.6)
u=>0 on 0f2.
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Moreover we remark that since f € L™(Q), with m > p*/(p* — pn), we also must assume
p* > pny and 80 po = p*. We think that this hypothesis is technical, like we will see
better in the following.

We have the result below.

THEOREM 2.1. Let f € L™(Q)), m > p*/(D* — pn), D" > pny and
i) bi(z,8,€): QxR xRY =R is a Carathéodory function, for alli=1,...,N;
ii) there exists v > 0, such that the following inequality is true for all (s,&) €
R x RN and a.e. x €

(2.1.7) |bi(z,8,8)| <~|&lP, Vi=1,..,N.

Then there ezists a function u € Wol’(pi)(Q) N L>(Q), weak solution for the problem
(2.1.1), namely

N N
(2.1.8) Z/ yaiupf2aiuai<p+uo/ugo:2/bi(:c,u, Vu)<p+/f<p
i=1 /8 @ i=1 "% @

for all o € WP (Q) N L=(9).

The idea of the proof is taken from [29] (see also [13]). We consider for any n € N
the approximating problems

N N
(2.1.9) Z/ 1Ot Pi2aiunaiga+uo/ungo—2/b?(x,un,Vun)Wr/fnso
i=1 v Q i=1 Y8 Q

Vo e WrP(Q) n L>2(Q)

where . "

n _ i\Ly S, -

bi(l‘,S’é-)—1+%|bi($,8,5>’7 VZ—17...,N
e f(z)

T
fu(z) = m,

so that
(2.1.10)

07 (z,5,8)] < |bi(z,5,6)] and |fu(z)| <[f(x)], Vi=1,.,N, and neN
and

(2.1.11) b (z,5,€)] <n and |[f.(z)] <n, Vi=1,.,N, and n € N.
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Then there exists a solution u, € Wol’(pi)(Q) of (2.1.9) by a simple modification of

classic Leray-Lions Theorem. This solution is also bounded because f € L™(2) with
m > I,JE;N > %, (see Theorem 1.4 i) in Section 1.2). We divide the proof in several
steps.

2.1.1. A priori estimates. We prove the following result.

LEMMA 2.2. There exist § > 1 and a constant C' > 0, not depending on n, such that

N

(2.1.12) Z/ D
i=1 /@

PROOF. We use as a test function in (2.1.9), ¢ = (e~lunl —1)sgn(u,), where g > 1

is a real number, that we will fix later, because u,, € Wol’(p")(Q) N L>*(2). We have, by
(2.1.7) and (2.1.10)

N
sow - [ 1o
i=1 Y

N
SVZ/ |aiun|pie/8pN|un|_’_/|f|(eBpN|un_1)'
=179 Q

pieﬁpN\uM < C.

Pi oBPN |un| +,U0/ ‘un‘(eﬁpmun\ _ 1) <
Q

Hence

N
(5PN _ 7) Z/ |8Z~un|p"eﬁp“’|“"| + MO/ |un|(€ﬁpwlun| _ 1) < / |f|(eﬁpwlun\ _ 1>‘
— Ja Q Q

By recalling that (e?* — 1) > (e' — 1)? for every p > 1, and that for every M > 1 there
exists t* such that (e’ — 1) < M(e' — 1)? for t > t*, we obtain

N
(BpN - 7) Z/ |aiun|pieﬁpmun| + MO/ |un|(66|un| - 1)1?1\7 S
i=1 79 Q

f ﬁpzv\unl f ﬁpzvlun\ 1) + f Bonlunl _ 1 <
< [em—n= [ e [ e -

<M [ = G [ 1

Now we apply the Holder inequality with exponents m and m/, to obtain

N
(ﬁpN_fy)Z/ |05 pie/BPNun|+M0/ | (P10 — 1YPN <
i=1 /@ Q
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1

< M||f||Lm(Q) (/Q(eﬁlun _ 1)me/) +Co||f||L1(Q)-

Since py < pym’ < p*, (pym' < p* & m > ﬁfpr with px > py), we use the

interpolation inequality to have

N
(5PN—7)iZI/£)|aiUn

Un, 1-6 Un [%
< M| fllzm@lle”™ = 170G e = 11 o) + Coll fllr -

Pi PPN [un| —l—,uo/ |un|(eﬂ|“"| _ 1)pN <
Q

Now we apply Young inequality with exponents % and 6, to obtain

N
(ﬁpN—’Y)Z/QWiUn

Pi 8PN |un| +,LL0/ |un|(eﬂ|“"| _ 1)1)1\7 <
Q
N

< (M| f|lim@)? </Q(€'B“”' - 1)”*) +C; /9(65““' — DN+ Coll fll v

By Lemma 1.1, we obtain

N
(Bpn —7) Z/ Oy [PiePPhen] Mo/ [t (71— )P <
=179 Q

N
< (M| f|| )7 CYY NP =1 B Z/ 10; (Pl — 1) |Pi+
i=1 7§
+CE/(66|Un| _ 1)pN + Co||f||L1(Q) _
Q
N
1
— E(MHf||Lm(Q))§CfNNpN_prN_p1 Z / 5pz|azun|pleﬁpz‘un|+
i=1 Y

+CE/(€BIun, _ 1)pN + OonﬂLl(Q)-
Q

We choose 3 > 1 such that Spy —~ > 0 and, since e’ > 1 for any ¢ > 0 and p; < py for
any ¢ = 1, ..., N, we have

N
(5PN—’Y)Z/Q|3iUn

Pi oBPN |un| +M0/ ]un](em””' _ 1)pN <
Q

Pi PPN [t | T

N
< 5(MHfHLm(Q))%CfNNprprN*plﬁpN Z/ |8iun
i=1 7
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Hz/@W"—nW+CMMUQ.
Q

Setting Cy = (MHfHLm(Q))éCfNNpN_prN_plﬁpN, we get

N
[(Bpn —7) —C] Z/ |Gy [P PN 1T Ho/ [un (71T — 1) <
=1 Y8 Q

<C. [ (=19 + ol
Q

We take ¢ such that (8py — ) —eCy > 0 and we note that

Mo/ (Xl — 1) > Mo/ | (€Pnl — 1) > Og/ (el _ 1yon
Q {Jun|>52}

C
{lun|>C2}

Therefore, since
C’e/(em“” — 1)V =C. (ePlunl — 1)PN 4 CE/ (eFlunl — 1)P
Q {lun|>$=} {lun|< G2}

we have

Pi oBpn [un] <

[(Bpn — ) — ey Z /Q |0

Ce
< 05/ (@ =1 4 ol ey < CE/(e% — 1P 4 Col fll 1 e-
{lunl< 2} Q

At the end we get (2.1.12). "

The consequence of this lemma is that

N
(2.1.13) Z/ |B,un P < C.
i=1 /9

Now we claim the following lemma.

IN

LEMMA 2.3. There exists a constant C' > 0, not depending onn such that ||tuy|| £ ()
C.

PROOF. We proceed like in the previous Lemma. We put, as test function in (2.1.9),
¢ = (ePPNIGk(ua)l — 1)son(u,), where 3 > 1 is a real number that we will choose later.
We have

N
Bon Y / |Oiuy,
i=1 7/

pz‘28iunain(un>eﬁpNGk(un)|_i_,uo/ |un|(eﬁpN\Gk(un)| 1)<
Q
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N

pi(eﬁak<un>|_1)+/ |F|(PIGk )l _ 7).
Q

Therefore

N
(5]9N _ 7) Z/ |ain(un)|pi€,3pNIGk(un)| + MO/ |un|(6/8pN|Gk(un)| _ 1) <
=179 @

/mﬁw%—)

If we use that (e?* — 1) > (¢! — 1) for all p > 1 and that exists M > 1 such that
(Pt —1) < M(e' — 1)? for t > t*, we obtain

(Bow =) Y /Q Yen

g%/ m+M/m@mwunw
{|lun|>k} Q

We apply Holder inequality with exponents m > 1 and m’ to the second term of the

1) [P G () +uo/ 1y | (PIGx ] _ 1y <
Q

above expression, we have

N
(BpN—v)Z/ 10,Gp 11y ) PN |Gt +M0/ 1ty (G- )] _ 1ypn <
i=1 79 Q

1
7

< Co/ |1+ M| fll Lo (/ (ePICk ] _ 1)me,>
{lun|>k} Q

Since py < pym’ < p*, by interpolation inequality, we get

(Brn —7) Z/Q 10;Gy, (un)

1-60 PNO
< Co/ |fI+ M| fllzm@) (/ (ePICk ] _ 1)pN) (/ (PG| _ 1)p*) .

By Young inequality with exponents % and @, we obtain

(Bon —7) Z/Q 10;G, (un)

PN
< C'o/ |f| + s(M||f||Lm(Q))% </(eﬁGk(un)| — 1)p*> + C’E/(eﬁle(un” — 1)PV,
{lun|>k} Q Q

P BN |G () +M0/ (G- )] _ 1ypn <
Q

P BN |G () +M0/ (G- )] _ 1ypn <
Q
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We remark, since py > p; for all i = 1,..., N and €' > 1 for all ¢t > 0,

N N
Z/ 10,G () |Pi PPV 1G] > Z/ 10,Gle () |PiPPi1Gr(un)] >
i=1 7% i=1 79

N
1 . |
>3 = /Q|3i(eﬁpw|ak( S
=1

We choose § > 1, such that Spy — v > 0 and we apply Lemma 1.1, we have

N
1 1 A\
. ﬁpN|Gk (Un)‘ _ Di ﬁpN|Gk (un)| _ 7

We define Cy = PNCPN NPNTIBPN =PI we get,
P 0 e ([ 1) T
2 )

+k - C.) |

Q

(eﬁ\Gk(un)l _ 1)pN < Co/ |f|

{Jun|>k}
We take ¢ such that [m'”cv—;’ — €(M|]f||Lm(Q))%] > 0 and then we choose k such that
(uok — C<) > 0, we have

O | Mkl — 1PN, o) + Caf|eNEl =17, o) < Co /ﬂ >k} I
Un, | >

Since ¢! — 1 > ¢ for any ¢ > 0 and using Holder inequality with exponents p* and (p*)/,

we obtain

ﬁ/ |Gre(un)| < /(emG’“(“") 1)< meas(Akm)l—%* </ (eBICk(un)| _ 1)1,*)”* 7
Q Q o

where Ay, = {x € Q : |u,(z)| > k}. Hence we use the previous estimate and we obtain

1

B/Q |Gr(uy)] < meaS(Ak,n)l_%* Cs (/{|un>k} |f|)pN :

Now we apply Holder inequality with exponents m and m’, we have

1 1

1 ;% 1
8 / Gilttn)] < meas(Agn) 5 s [[£]175 oy meas(Ag) 75 v =

1
= 05 ||f||z%(ﬂ)meaS(Ak7n) P +PN PN™

We remark that
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We put

) = [ 1Gr(w)l e have (k) = —meas(A),
as in many proofs of the results presented in Chapter 1. Therefore

—%
P pN™m

gn(k>ﬁ*PNm*PNm+i*mfﬁ* < —Cg g;(k’)

_C’ _ Prpym
1 < 7*6 (gn(/{;)l E*meprmeﬁ*mfﬁ* )17
- _ b pNm
1 p*pNm—pNmM+P*Mm—p*

where 3

p'pnm
p'pym — pym +p'm —p*
always due to the assumptions on m. If we integrate the previous expression from 0 to

1-— >0

k, we obtain

1— Prpym
P*pym—pNm+pTm—p* ]
LY(Q) '

_C - m
L < 6 [gn (k) Fowm R 5w ||y |

-1 p*pNm
p*pNm—pNm+p*m—p*

By (2.1.13) estimate we can say that a constant C7 > 0 exists, which does not depend
on n, such that

[wnllz1@) < Cr
Hence we have

Ppym

Cigalk) FIRTITTT <+ Co,

If £ > Cy, the function g, (k) becomes negative; but it is impossible because g, (k) is a
decreasing and positive function. So there exists ko such that g, (ko) = 0. Hence

(2.1.14) |tn || o) < C,
where C' does not depend on n. [

If we want a solution for the problem (2.1.1) we have to pass to the limit in the
approximating problems. By (2.1.13) we have, up to subsequence, that u € I/VO1 (P )(Q)
exists, such that

(2.1.15) Vu, — Vu in LP(Q),
(2.1.16) u, — u in LP(§2)
and

(2.1.17) up, = u a.e. in Q.
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By estimate (2.1.14), we also have that g € L>(2) exists such that u, —* g in L>(2)
and, since () is a finite measure set, u, — g in LP*(€2). Hence, by (2.1.16), g = u and
Uy —F u.

2.1.2. The strong convergence of the approximate solutions. Now we want
to prove that the sequence of the approximate solutions strong convergence in I/VO1 (o) (Q).
We take as a test function in (2.1.9), ¢, = (e®P~lvn=ul — 1)sgn(u, —u), where 3 is a real
parameter that we will choose later. We get

N
B Z/ [Ostn [P Dy D (1, — w)eP¥Tn =t 4y / UnPp =
i=1 Y&

Q

N
—Z/b?(m,un,Vun)ganjL/fn(pn.
— Jo Q

We add and subtract the term

N
5PNZ/ |aiu
i=1 /9

pi—2aiu3i<un _ u)eﬁpw\un—UI 7

we obtain

p"*Q(?iun — |8Zu

pi*Q@-u]@i(un _ u)eﬁpzvlurul <

N
5PNZ/H31%
i=1 79

N
< —Ppy Z/ |0ulP 2 0ud; (uy, — w)elPlen vl — Mo/ UnPnt
i=1 /9 Q

N
= / ByunPiom + / Feonl.
=1

We note, since p; > 1 and py > p; for any i =1, ..., N, that

N N N
B e e B e P M ALY
i=1 7 i=1 79 i=1 79

Moreover, for all 4, the following inequality holds, if p; > 2 (it is possible to obtain the

Di
ngn-

same result also for 1 < p; < 2 for all 7),
105w [P 205w, — |0;ulPi 2 0] 0; (uy — w) > Co |0 (wn, — w)[P".
We have

Pi PPN un—ul <

N
CoBpy — 427! Oi(utn —
(CoBpx — 2 >Z/r (tn — u)
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N
<—pwy_ [ 10
i=1 v
N
_MO/un@n+72pN_1Z/ |azup2§0n+/|f§0n|
Q — Ja Q

We fix 3 such that C; = CyBpy — 2PN~ > 0 we obtain

pz‘—2aiuai (un _ u)e/BPNWn—U\ +

al N
Cy Z /Q 10; (uy, — w)[PrePPNlun—ul < _gp Z/Q |05 |P20ud; (un, — w)ePPNlun—ul 4
i=1 —

N
2.118) i [ wnga+ 9205 [ oo+ [ 1
Q i=1 Q Q

Now we claim that all the terms of the right hand side of the previous inequality go to
0. By (2.1.17), we get that ¢, — 0 a.e. on €, and we also obtain |¢,| < Cy by the
continuity of exponential function and the uniform boundedness in L*>(2) of u,, and u.

Hence
©n — 0 in LF'(Q).
Therefore
/ |0;u|Pip, — 0,
Q
/ | fon] — 0,
Q
and

_MO/ UnPn — 0.
Q

We also have that the first term in the right side hand of (2.1.18), goes to zero. So the
sequence strong converges in W, (o )(Q)

2.1.3. Passing to the limit in the approximate problems. Now we can pass
to the limit in the approximate problems (2.1.9). We have

N N
> / Ot | 2O Diip — > / |Osu
i=1 7% i=1 /@

/anso—>/gfso,

P20udyp,
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since f, — fin L™(2) and ¢ € L>(2). Moreover

uo/unwéuo/wp,
Q Q
by (2.1.16) and

/bﬁl(x,un,Vun)gp — / b (z,u, Vu)p, Vi=1,..,N,

Q Q

since d;u, — d;u in measure, by the strong convergence in W, (p )(Q) So we also have
b (2, Uy, V) — b (2, u, Vi), Vi=1,..,N

in measure, since b* is a Caratheodory function for all i = 1,..., N. Moreover, thanks to

the assumption (2.1.7) it also strongly converges in L'(Q2), for all i = 1,..., N and hence
b (2, U, Vg ) — b (2, u, Vu)p, in LY(Q) Vi=1,..N.
We get that, for all ¢ € Wy (Q) N L=(9),

N N
Z/ |8iupi_28iu8ig0+uo/wp:Z/bi(a:?u, Vu)go—i—/fgo
i=1 79 L i=1 79 @

and so we have a weak solution for the problem (2.1.9). n

REMARK 2.4. We note that we have used the assumptions p* > py in order to apply
the interpolation inequality. Moreover we know by Theorem 1.4 that wu,, solutions of
approximating problems (2.1.9), belong to L>(2) also if f € L™(Q), with N/p < m <
p*/(p* — pn). So we think that also for these values of m, we should have the same
result. Moreover if Theorem 2.1 holds for m > % we do not need to assume p* > py.

2.2. Lower order terms with sign conditions

In this section we prove the existence of a solution for the following problem
=20 Billow

we WyP(Q),  gi(z,u,Vu) e LNQ), Vi=1,.,N.

(Z gi(z,u,Vu) € Ll(Q)>

i=1

Pim20u] + Zf\il gi(z,u,Vu) = f in 0,

(2.2.1)

where g;(x,u, Vu) are nonlinearities with natural growths respect to the gradient of w,
for all i = 1, ..., N, which satisfy the sign condition g;(x, s,£)s > 0. We also assume that
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f belongs either to L#)' (), (or to the dual space of Wo'®(Q)), or to L'(£2). In the
second case we also suppose that |g;(x,s,§)| > v|&|P, for all i, and for |s| sufficiently
large. Let g; : © x R x RY — R a Carathéodory function such that, for almost every
x € Qand for all s € R and ¢ € RV,

(2.2.2) gi(z,5,&)s >0, Vi=1,..,N,

(2.2.3) |9, 5, §)] < b(|s])[& [

or more in general

(2.2.4) ersf b(|s1) ZI&

where b : R — R is a continuous and nondecreasing function. Finally we assume one of

9

the following two assumptions:
(2.2.5) fe [Wol’(’”)(Q)] ,
with * we denote the dual space of Wol’(pi)(Q), or

fe L),
(2.2.6) and there exists o > 0 and v > 0 such that
lgi(x,8,&)| > v|&|P" when |s| >0, Vi=1,.., N.

We have the following result.

THEOREM 2.5. Under the assumptions (2.2.2), (2.2.3) and either (2.2.5) or (2.2.6),
there exists at least a weak solution for (2.2.1), that is u € W&’(pi)(ﬂ) such that

(2.2.7) /lau“ 28u81<p—|—2/g1 z,u, Vu)p /f(p,

for all v € Wol’(pi)(Q) N L>(Q).

To fix the ideas we can take like a model problem the following

- Zfil a@[’azu‘pz_2azu] + Uzlzil |8ﬂb’p’ = f on Q,
(2.2.8)
uw=0 on 0.
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We observe that the solution of (2.2.1) is a solution of finite energy (u € Wy Q)
even if f € L'(Q). It seems to be strange since for f € L'(Q) the solution u of

-, allow

Pi29u) = f in Q,
u=0 on 0f,

is known to only belong to Wol’(si)(Q) for all 1 < s; < 1]7\25\?;:3 pi (see Theorem (1.14) i),

Section 1.2). But this better regularity of u is due to the second part of assumption

(2.2.6). In other words the sense of the result that we prove is that the term with natural
growth, satisfying (2.2.6), brings an extra regularity to the solutions for the problem
(2.2.1) with L'-data even implying the existence of solutions in W, #(Q)). The role of
(2.2.6) is to give an a priori estimate in the energy space W()l’(pi)(Q), which allows us
to deal with the lower order terms with natural growth. Under the assumption (2.2.5)
it is also true that ug;(z,u, Vu) € L*(Q) for all 4, which in contrast is in general false
(cf Remark 3 of [18]) if we only assume the first condition in (2.2.6). The proof of this
theorem is divided in two parts, depending on (2.2.5) or (2.2.6). Each one consists in the
following steps. Before we define approximating equations. Then we prove an a priori
estimate in W, (pi) () for the sequence {u, } of the weak solutions of these approximating
equations. At the end we prove that the truncations T} (u,) are relatively compact in
the strong topology of W, (o ’)(Q) (see [27]). The last result allows us to pass to the
limit in the approximate equations and to obtain the existence result.

PROOF. of Theorem 2.5 with the assumption (2.2.5). We consider the sequence of

approximate equations

— SN 0|0 P2 0un] + S 9P (%, U, Vi) = fr in Q,

(2.2.9)

up € WP Q)N L=(Q) g2, up, Vu,) € LY(Q) YV i=1,..,N.
where
(2.2.10) gz, 5,€) = 9:(z,5,¢) Vi=1,.,N

1+ %|gz<m7 S, §)|
and f, is a sequence of L*-functions such that f,, — f in [Wol’(pi)(ﬁ)}*. We remark that
gi(x,5,8)s 20, gi'(x,5,8)] <lgi(z,s,8)] and |g}'(z,5,)| <n  Vi=1.,N.

Since ¢! is bounded for all 4, for any fixed n > 0, (2.2.9) has at least one weak solution
u, by a simple modification of the result of J. Leray and J.L. Lions. Moreover by
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assumption of f,, and Theorem 1.4, uw,, € L>(€2). As in the previous Section we divide
the proof in three parts.

2.2.1. A priori estimate with the assumption (2.2.5). We take u, as test
function in the weak formulation of (2.2.9), we get

(2.2.11) 1l 100 ) < Co

(2.2.12) /ung?(x,un,Vun) < Vi=1,..,N.
Q

Then there exists u € W, (P )(Q) and a subsequence (still denoted by {u,}) such that

(2.2.13) Up — u weakly in W) ®9(Q)
and
(2.2.14) Uy, —> U a.e.

2.2.2. Strong convergence of T} (u,) with the assumption (2.2.5). We already
know that, for any fixed k € R*, T (u,) weakly converges to Tj(u) in Wy %9 (€). We
want to prove that this convergence is also strong. We choose in the weak formulation
of (2.2.9) as a test function o, = (T (u,) — Tp(w)) where 1h(s) = se***. It is simple to
see that if A > (b(k)/2)? the following numerical inequality holds for all s € R

(22.15) V() = BRI > 5.

Thanks to the previous step we already know that ¢, — 0 weakly in I/VO1 P )(Q) and
weakly* in L>(£2), we have

N
(2.2.16) Z/ |0,
i=1 /&

Since g!'(z, uy, Vuy)p, > 0 on the set {z € Q : |u,(x)| > k}, we obtain by (2.2.16) that

N
(2.2.17) Z/ 10,14,
i=1 79

where wy (n) is a sequence of real numbers which converges to zero when n goes to infinity.

N
#2000+ Y [ g, Vg 0
i=1 Y

N
pi_QaiunaiSOn + Z/ gzn(x7 U, Vun)@n S wl(”)’
i=1 7 {lun|<k}

Also in the following we will denote with w;(n), ¢ = 1,2, ... this type of sequences. For
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the first term in the left hand side of (2.2.17), we have, since 0;p, = ' (Tk(u,) —
T (w)0;(Ti(uy) — Tx(u)) and by easy calculation,

N
(2.2.18) > / |01t OsunOpr <
i=1 79

P20 T (u)] 0y (T (wn ) =T (w) )" (T () =T () )+

N

+ws(n).
On the other hand
N
(2.2.19) | Z/ 9: (@, tn, Vun)ion| <
i=1 {lun|<k}

N

<3 [ b <
; {lun|<k}

pi_Z@-Tk (un) - |81Tk (u)

P2 T ()]0, (Th ()~ To(w) [+ ().

Y [ 197w)

Putting together (2.2.17), (2.2.18) and (2.2.19), we obtain

EN; JACETS

Recalling (2.2.15) and that if p; > 2 holds true

pi_282-Tk (un) — |8ZTk (u)

P20 T ()] 0y (T (un) =T (w) ) [ = (k) [pnl] < ws(n).

[10: T (1) [0, T (1) —|0: T (w) [P0, T (w) 0 (T (1) =T () > C'a 05T () =T (w)

fori=1,...,N, we obtain

> [ 10:(w,) = Tu(w)

Pi < 2C ws(n)

that implies
(2.2.20) Ti(uy) — Ti(u) strongly in Wol’(pi)(Q)‘

A slight modification is needed to prove the case 1 < p; < 2.
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2.2.3. Passing to the limit with the assumption (2.2.5). The strong conver-
gence of Ty(u,) implies that for some subsequence, that we still denote by wu,,,

(2.2.21) Oiu, — O;u  a.e. Vi=1,..,N
and so
(2.2.22) Vu, = Vu ae..

It yields, since g; is a Carathéodory function for any 4,
(2.2.23) g (z, up, Vuy,) = gi(z,u, Vu) a.e..

Now we prove that g'(z, u,, Vu,) is uniformly equiintegrable for i = 1,..., N. For any
measurable E of Q and for any m € R", we have

/ 167 (s, V)| = / 02, tn, V)| + / 102, tn, Vi) <
E En{|un|<m} En{|un|>m}
- / () |Ost P + / 10 (s, V)| =
En{|un|<m} En{|un|>m}

(2.2.24) :/ b(m) |0 T, (un) [P +/ |97 (z, up, V),
En{|un|<m} En{|un|>m}

for fixed m and for i = 1,...,N. For the first term we recall that 9;T,,(u,) strongly
converges to 0;T,,(u) in LPi(§2) for all . For the second term in the right hand side of
(2.2.31), we have

[ g vl < [ g, V) <
En{|un|>m} {lun|>m}
1 1 C
< / — U g} (%, U, V) < — U g7, tn, Vi) < =,
{Jun|>m} [Un] M {fun|>m} m

thanks to (2.2.12). This complete the uniform equintegrability of g for any . So thanks
to (2.2.23) we get

gz, Un, Vuy) — gi(z,u, Vu), strongly in L'(9), Vi=1,.. N.
By strong L!'-convergence of g; and the fact that
|03 [P 20y, — |OsulPi20;u  weakly in LPi(Q), Vi=1,..,N,

it is easy to pass to the limit in (2.2.9). n
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PROOF. of Theorem 2.5 with the assumptions (2.2.6). We consider the sequence of
the approximating problems

- Zi\il ai[|aiun’pi_2aiun] + Zi\; 9i(, Un, Vu,) = f, in Q,
(2.2.25)
Uy, € Wol’(pi)(Q) gi(z, up,, Vu,) € L' () Vi=1,..N.

where {f,} is a sequence of L*-functions such that f, — f in L'(Q2). The solutions of
these problems there exist by the previous part of the proof, if we suppose (2.2.5). We
proceed as before.

2.2.4. A priori estimate with the assumption (2.2.6). In this case, the use in
the weak formulation of (2.2.25) of the test function T (u,) yields for any k£ > 0

N
(2.2.26) 3 / 0Tk ()" < Co k
i=1 v

(2.2.27) k:/ ygm,un,vunng/|fnuTk(un)| <Cyk Vi=1,.N
{|un|>k} Q

The last inequality combined with (2.2.26) and the second part of assumption (2.2.6)
gives (2.2.11) again, that is

Hun”WOl'(pi)(Q) < CD.

Then there exist u € W, (P J(Q) and a subsequence (still denoted by {u,}) such that u,
weakly converges to u in WH®)(Q) and a.e.

To prove the strong convergence of Ty (u,) in W, (p4) (©) we proceed as in subsection
2.2.2, so we can try to pass to the limit in (2.2.25).

2.2.5. Passing to the limit with the assumption (2.2.6). Obviously, as before,

the strong convergence of Ty (u,) implies that for some sequence

(2.2.28) Oiu, — O;u  a.e. Vi=1,..,.N
and so
(2.2.29) Vu, - Vu a.e.,

hence, it is also true

(2.2.30) 9i(, Up, Vup) = gi(z,u, Vu) a.e..
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Now we prove that ¢;(x, u,, Vu,) is uniformly equiintegrable for i = 1,..., N. For any
measurable E of Q and for any m € R™. As before, we have

/ 105(, n, V)| = / 1052, V)| + / 103, 0, V)| <
E En{|un|<m} En{|un|>m}
< / b(m) | Drun P + / 1052, s V)| =
B Junl<m) Er{un|>m)

(2.2.31) :/ b(m)|0; Ty, ()| —i—/ lgi(x, wn, Vuy,)|,
En{|un|<m} En{|un|>m}

for fixed m and for ¢ = 1, ..., N. The first term of the expression above is small uniformly
in n and in FE, recalling that 9,7, (u,) strongly converges to 0;1,,(u) in LPi(2) for all 7.
For the second term in this case we use as test function in the weak formulation of the
problem (2.2.25) T,,(Gp—1(uy,)) we obtain

N N
Z/ |87,un|pl_28zunasz(Gm—1(un)> + Z/ gz(% Unp, vun)Tm<Gm—1(un)) -
i=1 7 i=1 7

_ /Q FaTo Gy (),

it implies
N
S )< [ I
i—1 Y {lun[>m} {lun|<m—1}
and hence
s [ oo, V) < [ . Yi=1..N
n—-+oo {‘un|>m} {‘Un|§m_1}

So also the second term, which appear in the right hand side of (2.2.31), is small
uniformly in n and in £ when m is sufficiently large. Hence by (2.2.30) we obtain
9i(z, Up, Vu,) — gi(z,u, Vu), strongly in L'(Q), Vi=1,.. N.

So it is simple to pass to the limit in (2.2.25). This fact concludes the proof. [

REMARK 2.6. We note that in both of the previous sections the anisotropic operator
which appears in the problems (2.1.1) and (2.2.1) can be substituted by more general
one, that is

A(u) = —=div(a(z, u, Vu)),
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where a(z, s,€) = (a;(, s,£)) is a Carathéodory vector valued function on © x R x RY
such that, for some constant > a > 0
N

N
Z a’i(x7 S, 5)51 >« Z |§’L
=1

=1

pi
Y

N 1-1/p;
|ai(z, 5,8)] < B (Z |£j|pf> , Vi=1,.,N
j=1

and forae. r€QandVseR, EneRN, E#£n
N

S (ai(w, 5,€) — ailw, s,m)(& —m;) > 0.

1=1



CHAPTER 3

Multiplicity and existence results for a semilinear problem

In this chapter we principally talk about some results contained in [35]. We study
the questions of existence, nonexistence and multiplicity of positive solutions for the
following class of anisotropic semilinear elliptic problems

P2 0] = Mul'u in Q,

(3.0.1) =2 019

=1

u=20 on 02,

where

(3.0.2) p1 < q<pn.

For due diligence, we deal with also the cases

pN
N-—-p

l<g<p and py<q<p', with p*=

The previous cases have already been studied in several recent papers. We recall some
of these [4], [41], [42], [45], [64], [65], [66] and [67].

First of all we give the definition of a weak solution of (3.0.1), it is a function
belonging to Wo'®’(€Q), such that

(3.0.3) i:; /Q 19

for any ¢ € C§°(Q).

P2 Diudyp = /\/ |u| T up,
Q

REMARK 3.1. Note that any weak solution u of (3.0.1) is, actually, a strong solution
in the sense of [45], mainly u belongs to Wol’(p")(Q) N L>(Q). It follows from Theorem
2 in [45] and from assumption (3.0.2).

57
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All the results, in the following, are due to the variational structure of the problem.
Indeed, if we define the functional

Al A
3.0.4 Jr(v) = —/ @-vpi——/ vt|9,
(3.0.4) Av) ;pi Q! . Q! |

where v = max{v, 0}, then any critical point of J, is a weak non-negative solution of

(3.0.1).

3.1. Known results

In this first section we recall about the known results regarding our problem. We
report some results presented in [45], if ¢ > py. The authors of this paper obtain several
existence, nonexistence and regularity results. To be complete we give also these results.
The following theorem is valid.

THEOREM 3.2. Let ¢ < poo, defined in (1.2.2). Then for any vy > 0 there exist A, > 0
and u, € Wol’(p")(Q) such that [[u, ||, 1.m0
0
problem (3.0.1) when A = \,.

@ =7 and u~ s a bounded weak solution of

REMARK 3.3. We underline, as already said in [45], that this theorem cannot be use
to have existence of a solution to problem (3.0.1) for a given A. This fact is due to the
lack of homogeneity of the differential operator.

REMARK 3.4. Theorem 3.2 gives the existence of a continuum of pairs (A, u,) €
(0,00) x Wy'P)(2) which solves (3.0.1), seen as eigenvalue problem. Moreover it is not
clear which exponent ¢ yields a resonance situation, i.e. eigenvalue problem. In Problem
2 proposed in [45] the authors do a conjecture. They think that the resonance situation
occurs as soon as ¢ < py (see also Section 8.1 [45]), but maybe there are some ”spectral
gaps”, namely some ¢ € (p1, py) such that (3.0.1) admits a weak bounded solution for all
A > 0. This conjecture is partial confirmed by our following results (see Proposition 3.7,
Theorem 3.9 and Theorem 3.13). Obviously if p; = p for all ¢ = 1, ..., N, the resonance
problem corresponds to g = p, see for example [10].

To achieve an existence result for fixed A > 0, in [45] it has been proved Theorem
3.5 below, we report its proof.

In [45] an nonexistence result is also presented. The main tool to prove this result is
a Pohozaev identity. But also the weakest formulation requires solutions of class C'*(€2)
in order to have well defined boundary terms and it seems a challenging problem to
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obtain such regularity for weak solution of (3.0.1), see for example [49]. To manage this
difficulty they build a sequence of “doubly approximating ” problems, then they prove
a strong regularity result for the solution of the approximating problems (Theorem
5 in [45]). At the end they present their main nonexistence result (Theorem 6 in
[45]). It states that, in at least one critical case (3.0.1), does not admit weak solutions,
belonging to Wy ¥ (Q) N L@~V7i(Q), other than u = 0. This result needs two different
assumptions. First, the domain €2 must have a particular geometrical feature, which
modifies the classic notion of starshapedness, according to the anisotropy of operator.

Second, the exponents p;’s must be sufficiently concentrated, that is

N +2
N

(3.1.5) P > 2 Vi=1..,N and PN < D1

If (3.1.5) holds we necessarily have N > 3 and p* > py, 80 poo = p*. In [45] it is also
supposed ¢ > p* and this assumption is in according with our results (see Theorems 3.9
and 3.13). For the case py < ¢ < p* we follow [45], (see also [64] and [65] for the more
general case p; = p;(x), for all = 1,..., N). We have the theorem below.

THEOREM 3.5. Let q such that

(3.1.6) PN < q <P,
then, for all X > 0, the problem (3.0.1) possesses a nontrivial positive weak solution.

PROOF. We consider the functional (3.0.4). In this case it is not possible to apply
Weiestrass Theorem, which we will use in the next Theorem, because the functional is
not coercive, but it is possible to apply a Mountain-Pass Theorem in order to obtain a
critical level for J) and so a weak solution for problem (3.0.1). First of all we prove that
the functional (3.0.4) satisfies the geometrical assumptions required by Mountain-Pass
Theorem.

i) Obviously J,(0) = 0.
i1) There exists p € (0,1) and a > 0 such that Jy, > a > 0, for any v € Wol’(pi)(Q),

with [[v][ 1.6, = p- If we apply Hélder inequality, with exponents p*/q and
0

()
(p*/q)" (we recall that ¢ < p*), to the second term of our functional, we have
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Now we apply the anisotropic Sobolev inequality (1.1.6) to the last term of
above expression, we get

pi _ /\Cl

N
Jr(v) > Z;Haﬂj
i=1

We recall the following result, there exists C' > 0, that is not depend on p, such
that

Di
g;
Di

N N
0i>0 Vi, > o=pe(0,1) = > —=>Cp"
=1 i=1

We take o; = [|0;v||1ri (), we have

N
Zai = HUHWOL(PU(Q) =pc (07 1)
i=1

and so

ACY
PN q

= PPN (Cz _ )‘Clpq—pw) _
q

Since py < ¢, we can find «, p > 0 such that

1
Coq\ o on
D)y za ¥ llypen g =p< ()\_Cl) '

i7i) There exists v € Wol’(pi)(Q) and S > p > 0 with ||v||W01,(pi)(Q) > [3 such that
Jr(v) < 0. We consider v = tz for some z € W(]l’(pi)(Q) \ {0} and t > 1, we

obtain
N N
tP1 A4 1PN A4
Ja(tz) :Z—/ |(’9,~zp"'——/ 27 <) /|aiz|m——/ luzd.
—1 Pi Ja q9 Ja - Pi Ja q Ja

It is clear, by (3.1.6), that lim;_,~ J\(tz) = —oo. Then for ¢t > 1 large enough

we can take v = tz such that thHWL(pi)(Q) > [ and Jy(tz) < 0.
0

Now we prove the compactness hypothesis of the Mountain-Pass Theorem. Let {v,} a
Palais-Smale sequence, namely is such that

1) Jx(vn) = ¢,
2) Ji(va) =0,
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where ¢ = infer maxieo1) JA(v(t)), with I' = {y € C°([0,1]; Wol’(pi)(Q)) :v(0) =
0 and 7(1) = tz}, where tz has been chosen in 7). Moreover J3 is a Fréchet derivative
of J)\,

N
/ _ ) pi—2 o q—2
(T (v), &) _;/ﬂwm ey A/Q|U| v,

These two conditions are equivalents to the following ones.

1") There exists a numerical sequence {a,} which converges to zero, such that
I(vn) = a, + ¢, ie.

N

1 A
Z _/ |Osvn | — _/ [va|? = a, +c.
1 PiJa q Jo

2') There exists {y,} C [WoP(Q)]* : y, — 0 in [We®)(Q)]*, such that

N

Now we choose ¢ = v, in 2')

N
ain
e

pi”@vn&-(b = )\/ ’Un|q72vn¢ - <yn7 ¢>7 v (b € W()l’(pl)(Q)
Q

b= /\/ |Un|q - <ynavn>-
Q

We divide by %

N
1 A 1
250 [t =2 [ funlt = o)
4= 79 q Ja q

Then if we subtract this expression from 1’), we obtain
N N
1 1 A
S [ =03 [1owl =2 [
— PiJa 4= /9 qJa

A 1
:an+c__/ ‘Un|q+_<yn>vn>
q Jo q

and so
N

(5 y) L

=1

A 1
Pi— an + Cc+ 5<ynavn>

If we use the assumptions on v, a, and ¢, we have there exists M € R™ independent
on n such that
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Therefore we have, up a subsequence, we still denote with v,
vn — v, weakly in W, P(Q).
By the anisotropic Sobolev embedding (1.1.4), we get
v, — v strong in  L"(Q) YV or<p.

Now we choose in 2'), ¢ = v,, — v we obtain

N
az'n
X )er

We subtract from the terms of the above expression

N

P2 000,05 (v, — v) = )\/ 0|7 205 (V5 — V) — (Y, U — V).
Q

pi”@v@(% —0),

we have
N
Z/(|8ivn|pi_28ivn — 0;0|P20;0) 0 (v, — v) =
i=1 YO
N
= — Z/ |0 |P 2 000; (v, — v) + )\/ 102|720, (Vp — V) — (Y, Un — V).
i=1 Y Q
We use that

pi_2aﬂ)n — ]&v

P i=1,..,N,

/Q(‘aﬂ)n

and p; > 2 for all i, we obtain

N N
cgz/gzyai(vn—u) P < —Z/QW,-U
=1 =1

The same result holds also if 1 < p; < 2 by a slight modification. Now

Pim20.0)0i (v, — v) > C’g/ |0 (v, — v)
Q

Pi=20,00; (U —v)+\ / 0720 (V=) = (Y, Vp—0).
Q

(Yn, vy — V) = 0,

by the strong convergence of y,, in the dual space of VVO1 (o) (©2) and the weak convergence
of v, to v in WP (). Moreover

N

Pi29,00; (v, — v) — 0,
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since v, — v weakly in Wy '"?(Q). For the term

/ |vn|q_20n(vn — ),
Q

= ¥k /
we apply Holder inequality with exponents qp_—l and (%) , we obtain

q

a1 1-42
D 7* p*
/ lvn |1 21)" Up — ) </ v, |P ) </ |vp, — v|(qp—1)/) .
Q

We note that )
2—9* ﬁ* .
e < ,
(q - 1> poqtr1 ?

since ¢ < p*, and that ||v, || 7 ) < M, we have

/ |vn|q_21)n(vn —v) = 0.
Q

So
an - UHw&v(?’i)(Q) — 0
Also the Palais-Smale condition is true. Hence, as consequence of Mountain-Pass The-

orem, we deduce that J, admits a nontrivial critical point and so we obtain a weak
nontrivial solution of problem (3.0.1). (]

Now we deal with the case
(3.1.7) 1<q<pr.

This case has already been studied in [64] and [65] (see also the references therein).
The authors study the more general case p; = p;(x), for all i = 1,..., N. To prove the
next results we follow these two papers. The following result holds.

THEOREM 3.6. Let q : 1 < q < p1, then there exists \** > 0 and \* > 0 such that,
for any A > X* and X € (0, \*), problem (3.0.1) possesses a nontrivial positive weak

solution.

PRrOOF. We prove that the functional (3.0.4) is coercive and weak lower semicon-
tinuous. We use Holder inequality with exponents p*/q and (p*/q)’, and it is possible
because (3.1.7) is true. We have

N
1/ , /\C’o
v) > — o;vlPt —
) ;pi Q| [P — ——[v[|] 5



64 3. MULTIPLICITY AND EXISTENCE RESULTS FOR A SEMILINEAR PROBLEM

Now we apply Sobolev type inequality (1.1.6), with r = p*, we get

N 1 \NC N q
i 1
’U) > Z EHaﬂ)HIZ/m(Q) - q (Z ||aZ'U||LPz(Q)) .
=1 i=1

For a numerical inequality, i. e.

N
(Z II@UHLm(m) <0 Z 19:0[170:
i=1

we obtain

Ay

3

) > Z —||8v||m(m e > 0] )
=1

Since py > p;, for all i =1, ... N we have

ACs

3

> — Z [0;v] LPZ(Q) - T Z ||aiv||%Pi(Q)’
i=1

Now we note that g < p; for all ¢, because for hypothesis ¢ < p;, and
||v||W01,<pi)(Q) —+o0 = |0 v||L,,Z — 400 for some 1.
Hence we obtain the coercivity of Jy, that is

Ia(v) = +oo when ||v]|, 1m0 o — +00.
0

‘@
For the weak lower semicontinuity we consider a sequence {v,} C W, (e )(Q) such that
v, — v weakly in WoP(Q).

Since the embedding (1.1.4) is compact for any r € [1,7*), we also have

v, = v in L'(Q) Vor<p,

/ o7 / o],
Q Q

it implies

since ¢ < p; < Pp*. So

lim inf J) (v,,)
n—+400 n—-4o00

— — lim /\vn\q>
n—>+oo

Pi_é/‘U’qZ
q.Jo

pz

> — lim inf
Z p, it )
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N

1/ , >\/
> — [ [Ow|Pr — — [ |v|T = J\(v),
> ) = [ 1ot = 1

by the weak semicontinuity of the norm, that is

lrlzr—r}—&gof ”8/L"UnHLPi(Q) > Haﬂ}HLPi(Q), V1= 17 ,N

Now we can use a Weierstrass Theorem (see for example [77]) in order to find a global
minimizer of Jy, uy, that is a weak solution of problem (3.0.1). Now we show that wu, is
not trivial for A large enough. Let ¢ > 1, a fixed real number and €2y C €2, open, with
meas(§2;) > 0, we take a function vy € C§°(Q2) C Wol’(pi)(Q) such that vy = ¢y in Q; and
0 <wy <tpin Q\ Q. We have

B =3 L 1ol =2 [ fuol.
1 PiJa 1 Ja

Since vy € C§°(2) we have

so we get, by the definition of vy,

Cs A Cs A
Ia(vg) < == —Z [ Jupl? < =2 — Ztdmeas().
4 qJo, y4! q
Hence we can choose
Crq _ oy
~ pptd meas(€) ’

such that Jy(vp) < 0 for every A > A**. Since u, is a global minimum, it follows that
Ja(uy) < 0 for any A > A\** and thus uy is a nontrivial weak solution of problem (3.0.1).
So we conclude the proof of the first part of Theorem 3.6. For the second part we strictly
follow [65]. At the beginning we show that there exist p € (0,1) and o > 0 such that

Jr(v) > a >0 forany v € Wol’(p")(Q) with |||, 1.0 o, = p- Since ¢ < py, the imbedding
0

)
(1.1.4) holds. We have, for (1.1.6) with r = ¢,
1,(pi
]| Loy < C7||U||Wg,<pi)(m, VveW, (p )(Q)
So we get
i AC
Z1O:w P _ AT
Ia(v) = ;pi”aﬂ’ LPi(Q) p HUHWOLm)(Q)'

Now, since [|v[|;, 100, = p We get
0

@)
||aiU”Lpi(Q) < ||UHW017(P1‘)(Q) =P V= ]-7 7N
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and since p € (0,1) and py > p; for any i = 1,..., N, it holds

100173 ) < i () Vi=1,..,N.
Hence
A C7 )\07
> PN _ q N—q __ " °
B0 2 Gl = 0l gy = (G0 = 257
Then for any
C N—4q
(3.1.8) 0< A<yt < L8P
Cr
and v € Wol’(pi)(Q) with ||UHW1,(;,Z.>(Q) = p, we obtain the claim. Now we prove that there
0

exists z > 0, z # 0 and Jy(tz) < 0 for t > 0 small enough. Let z € C§°(€2) such that
supp(2) D Qy, 2=11in Qy and 0 < z < 1 in Q. Then for any 0 < t < 1 we have

A(tz) Z/—|az|:p——/| 7 <

Pt _ )\tq/
< pi Zq:
< Z/ B

(t“ ' floer = )

Therefore, since g < py, Jy(tz) <0 if

1
Y q P1—4
t < min 1,< ]Z\)[l fQ|Z| )
q i fQ |02 |Pi

Let A* > 0, as in (3.1.8), and A € (0, \*). By the previous considerations there exists a
ball centered at the origin and of radius p in Wol’(pi)(Q), B,(0) such that infsp ) Jy > 0.
Moreover there exists z € W, P l)(Q) such that Jy(tz) < 0 for all ¢ small enough and for
any v € B,(0),

1
) > —
PN

N N
A Cy
Z 19:wli75: ) = == D 10010 .
i=1

It follows that

—oo < c= inf J, <O.
B,(0)

Let 0 < e < infyp ) Jr — infp, o) Jr. By applying Ekeland variational principle (see
[40] and also [32]) to the functional Jy : B,(0) — R. We find v. € B,(0) such that
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o Jy(v) < infmj)\ + ¢,
[ ] J)\(Ug) < J)\('U) + €H’U - UEHW()L(pi)(Q)? v # Ve-
Since

J)\(Ug) < inf Jy+e< inf J,,
B,(0) 0B,(0)

v € B,(0). Now we define Iy(v) = J\(v) + ellv — vell 100
0

minimum of I, and thus

Q)" It is clear that v, is a

I)\(Ug + tZt> — I)\(’U€> > O,
for small t > 0 and z € B;(0). We obtain for J)
J)\(UE + tZ) — J)\(Qg)
t
Letting ¢ — 0 it follows that (J5(v.), z) + SHZHWL(W)(Q
0
We deduce that there exists {w, } C B,(0) such that

) > 0 which implies |5 (ve)|| < e.

(3.1.9) Jy(w,) —=c¢  and  Jy(w,) — 0.

Obviously {w,} is bounded in W, (pi) (Q). If we proceed as in Theorem 3.5, we obtain the
strong convergence of {w,} to w in Wol’(pi)(ﬂ). Thus for (3.1.9) we have Jy(w) =¢ <0
and J}(w) = 0, that is w is a nontrivial positive weak solution for the problem (3.0.1).

It completes the proof of Theorem 3.6. n

3.2. A global minimum

Now we begin to present the results obtained in [35]. This section is devoted to
prove the first results regarding the geometry of J,. In particular we show that the
functional is coercive (we prove that any level set is bounded, see Theorem 3.9 below),
and it implies that the functional possesses a global minimum. Since the problem is a
variational one, any critical point of Jy is a weak solution, as in (3.0.3). So we have
to prove that the functional has a nontrivial geometry, in order to obtain the existence
of nontrivial critical levels, and it depends on the size of \. In fact we also prove that
the functional does not possess any nontrivial critical points, for small values of the
parameter (see Proposition 3.7 below), because in this case J) behaves like the norm of
Wy 9(€2). We have the following result.

PROPOSITION 3.7. There exists X\ > 0 such that if X < X, (3.0.1) does not possess

any nontrivial weak solutions.
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PROOF. By contradiction, we assume that there exists a nontrivial weak solution of
(3.0.1), w. By multiplying the equation by u and by integrating on €2, we obtain

Z | 1o = ey = Al = [ o

By applying the estimate (1.1.1()) with » = p; and r = py, it holds

2 P1 2 PN
3.2.10 Sl PRI
(3:2.10) (p) . (apN)

Since p; < ¢ < py, by interpolation inequality, we have

o) = )‘H“”qu(Q)

< Nl 75 o el o iy

“u”%q(g) LP1(Q LPN () 7

where 6 € (0,1) is such that 1/¢ = 0/p; + (1 — 0)/pn, and so, using Young inequality,
we get

[l 7o) < OllullT ) + (1= O)lullfy o)
By the previous inequality in (3.2.10), we obtain

2 p1 2 PN
(=)l () ||u|LpN(Q+Z||au|m < MOl e+ (1=0) 28 )

api

and it implies

(32 11)

o= 0= () Wt + =00 (2)7 ] iy

Now we choose A such that

1 2 p1 1 2 PN
2.12 < min< = [ — — | — :
6212 e () e () )

so by (1.1.10), with r = p; for some 1 < 7 < N and (3.2.11), we have

ap ap
0 < ullfss ) < (“22)" 105l ) < ()" Z|

< ()" {po- () |l + pa-o - (%)] Jul, m}-

Since the right hand of above expression is negative, we obtain a contradiction. Then

u = 0 is the unique solution of (3.0.1). n
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REMARK 3.8. Since J, is a coercive functional (see the next result), if A is suffi-
ciently small, it follows that .J, is a small perturbation of the norm in the Sobolev space
W, (P )(Q) We want to emphasize that, in this case, u = 0 is the unique solution of the
equation (nonnegative or not) and 0 is the global minimum of the functional. Note that

a similar result is proved in Section 8 of [45] (see failure of the mountain-pass geometry).
Now we show the first existence result.

THEOREM 3.9. If A is sufficiently large, (3.0.1) possesses at least one non-negative
(and nontrivial) weak solution.

PROOF. We begin showing that the level sets J¢ = {v € W()l’(pi)(Q) : Ja(v) < b} are
bounded. For any v € J?, it holds

N

A
Z;”a |Lm « — E”UH%Q(Q) <b.

i=1
By applying Holder inequality with exponents py/q > 1 and (pn/q)" to the left hand
side of the previous expression, we obtain

N

)\ PN —4
Z iy = Il gymeas(@) 5 < b
iz P
Now we use (1.1.10) with r = py, we have
- A wmt fapy 7
PN —4 N
;p 100101 = G0NV qymens() B (55) <,
from which it follows
N-1
! A ex—1 fapy\?
Zp 19 o) T 108 Zo o [ [ONVIIT38 (o) — gmeas(ﬂ) N (%) ] <b.
i=1 "

If

)\ pe— quq
Ol Q)<z(pf;) meas()7 (LX)

then [|Onv||en () is bounded and so we also obtain from the previous inequality that
1 .
EH@UH%(Q) S b + C’07

for all i # N, where Cy = C'(pn, A, ¢, 2], a).
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Instead if

A _a
[ONV| Lon () > 2 <pN ) meas(Q)l/PN (GZ;N>17N .
q

we have proved that

A PN=d /q q
() = b, HaNUHLpN { HaNUHLPN — Emeas(Q) PN (%) } <b,

where 7 is different from N. Since the last inequality proves the existence of a bound K
(depending on b) also for ||Onv||zen ) (this because py > ¢), we have

N-1

1
||UHW017(P~L)(Q) < Z(bpz)f’ + K(b).
=1

The boundedness of level sets assures that the functional .J, is coercive. Moreover
Jy is weakly lower semicontinuous. In fact we consider a sequence {v,} C VV1 (p3) (Q)
such that

vn — v weakly in Wy P9(€).
Since the embedding Wol’(p")(Q) — L"(Q) is compact for any r € [1, ps), it follows

v, — v in L"(Q), V r < poo,
and, since ¢ < py, it follows
AR
Q Q
So we obtain
liminf Jy(v,) = liminf / |0v,|P* — = lim / v |? >
n—-+o0o nHJroo i1 Di n%Jroo

, 1/
> pi U‘]Z
-yl / o =2 [ ol = o)
C I piJa qJa

recalling that, for any ¢ = 1, ..., N, the norms ||0;v||r: (o) are weakly lower semicontinu-
ous. So, by a Weierstrass Theorem, we obtain the existence of a global minimum.
Finally let w € Wol’(pi)(Q), w # 0 be fixed, then, if A is sufficiently large Jy(w) < 0.

This assures that our minimum is nontrivial. n
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REMARK 3.10. Note that it is possible to show the above result using a slightly
different proof. Indeed J, satisfies the global Palais-Smale condition (in the follow-
ing (PS)-condition), by the compact Sobolev embeddings, and, since any minimizing
sequence is bounded, the existence of a global minimum follows.

We recall the definition of (PS)-condition: any sequence {v,} C W, P(Q)) such
that |Jx(v,)| < ¢ and ||J{(v,)]| = 0, has a strongly convergent subsequence.

3.3. A Mountain-Pass solution

In this section we want to prove that the geometry of Jy is rather involved, provided
A is sufficiently large. We show that the trivial solution 0 is always a local minimum of
the functional, so we can apply the Mountain-Pass Theorem (see [8], [70], [77]) between
the two minima found, in order to prove the existence of another solution of (3.0.1).

PROPOSITION 3.11. Assume (3.0.2) and suppose that one of the following conditions
holds

(3.3.1) p<N, p1 < q < min{p*, py} and P <

N—-p’

(3.3.2) p> N,
then 0 is a local minimum of the functional Jy.

PROOF. (3.3.1): p < N implies that the exponent p* is well defined and, by assump-
tion, we have that ¢ belongs to (p1,7*), so there exists 6 € (0,1) such that

1 1—
(3.3.3) —=%+ b

q P D1
Hence we can apply interpolation inequality, getting

0q

10110y < 10155 g 0l -
By the assumption ¢ < p* , we can use the amsotroplc Sobolev inequality ((1.1.5) Section
1.1) and we obtain

N
0q/N
1001900y < Co [T 017400, 011 Son o
=1

By Poincare type inequality (1.1.10), with ¢ = 1 and r = p;, we have

N
0q/N
10l190y < Co [T 00117406y 010l -
=1
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Since we want to prove a local property of Jy, we restrict to a suitable neighborhood of
0 and, without loss of generality, we suppose [|0;v| ey < 1, for all i = 1, ..., N, so we
obtain

O0qg/N+(1—0
[0l140 0y < Cullorol| 757

Hence we get

— Ol oy F4e

>Z

By (3.3.3) we get 0 = p*(q —pl)/[q(p —p1)]. So we want to show that

p*(q—p1) + Npi(p* — q)
N({p* —p1)

and it holds because the previous inequality is equivalent to

0
p1<ﬁq+(1—9)q:

Np? — (p*+ Nq)p1 + p'q > 0,

which follows by the assumption p; < p*/N =p/ (N — p). So we have obtained

>c>0

(3.3.4) Jr(v) > (p% —o(1 )) ||Ovv]|5 ) T Z

for [lv]l,y1m0 @ suitably small (we recall that o(1) stands for a quantity which tends to
0
0 as ||01v]|zr1 () tends to 0), and it implies the claim.
(3.3.2): when p > N the anisotropic Sobolev inequality (1.1.5) holds for any r > 1,
as we had already said in Section 1.1, so, arguing as above, we have

1-6(N—-1)/N
el zagey < ullfof o 1l @) < Calldwull o, ™,

where the exponent ¢ = r(q — p1)/[q(r — p1)] depends continuously on r. In particular
0 — (¢ —p1)/q, as r tends to +oo, and it implies that, choosing r suitably large, the
condition (3.3.4) is satisfied and the claim follows as in case 7). "

REMARK 3.12. Note that the assumption p; < p/(N — p) (contained in (3.3.1)) is
equivalent to

b1
1+pi’

(3.3.5) p>N

and this inequality is always true in case (3.3.2) of the proposition above.

Now we can prove the following result.
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THEOREM 3.13. Assume (3.0.2). Moreover suppose that X is sufficiently large and
that one of the following conditions holds

(3.3.6) D <N, p < ¢ < min{p*, py} and P <

(3.3.7) p> N.
Then the problem (3.0.1) possesses at least two nontrivial non-negative weak solution.

PROOF. Theorem 3.9 proves the existence of a nontrivial global minimum for A
large; since 0 is a local minimum by Proposition 3.11, we have the geometry required
by the Mountain-Pass Theorem. The (PS)-condition follows by the compactness of the
Sobolev embeddings, so the claim follows (see also [70]). "

REMARK 3.14. We note that the assumption (3.3.1) (or (3.3.5)) is a little bit unusual.
We do not know if it is only a technical condition, moreover we want to point out that,
since p > pi, the condition (3.3.5) (equivalent to (3.3.1)) is satisfied if p; > N — 1.
Hence this condition seems to be equivalent to require that p;’s are sufficiently large in
relation to the dimension V.

REMARK 3.15. Now we want to study some simple situations, looking for the validity
of Proposition 3.11. Clearly it implies the existence of two solution, at least for A
sufficiently large.

We start considering the case in which

Pp=-"=pr=p<S=pPjy1 ="' =PN-

With some easy calculations, we find that

_ Nps
P=Tsv v =0p
so the conditions in (3.3.1) (see Theorem 3.13) become
J N—-J J—1 N-—-J Nps ) J J
— >1> d p'= > ff 1>———
pjL s P t—y o e Js+(N—J)p—ps_8 : “p s
otherwise assumption (3.3.2) reads
J N-—J
1>—+
p s
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In particular, we want to emphasize that if N = 2 it follows J = 1 and, recalling that
p < s, the preceding inequalities are always satisfied and Theorem 3.13 holds assuming
only (3.0.2).

Now consider the case
Pr=-=p;=DP<pPjy1 =" =pPj+L =T < Pj+L+1 = "+ =DPN = S,

avoiding the calculations, it is easy to see that

Noprs
Jsr+ Lps+ (N —J — L)pr

ﬁ:

and that (3.3.1) is equivalent to suppose that

J L N-J-L J-1 L N-J-L
e ———— > 1> ————
P T S P r S

with

Nprs 1 1 1 1
5 — >s iff 1>J(-—-)+L(--=
b Jsr+ Lps+ (N —J — L)pr — prs — ot - <p s) * (r s)

and (3.3.2) now it is

J L N-J-L
1>+ =+ —=
p s
If N =3 and J = L =1 we have two non-negative solutions when either
1 1 1 P
->1—-—=->0 and p<gq<min{p,s},
P ros
or
1 1 1
—+-+-<1L
p r s

REMARK 3.16. We note that our results do not contradict the results in Section
8 of [45], in which the authors show an example of a functional J, (such that (3.0.2)
holds) which does not satisfy the Mountain-Pass geometry. Indeed they assume that
the parameter A is sufficiently small and it agrees with Proposition 3.7.

3.4. Strong maximum principle

In this Section we want prove a strong maximum principle for our problems. We will

use the techniques of [80]. The crucial result is the following weak Harnack inequality for
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weak supersolutions. A function u > 0, u € I/VO1 (P )(Q) is a positive weak supersolution
for (3.0.1), if it satisfies the following inequality

(3.4.8) é/@ |0

The estimate is of local nature. For convenience we shall work in cubes. We will

P20 >0, Y deC(Q),  ¢>0.

denote, in the following pages, with K, (p), the cube in RY of side p and center
whose sides are parallel to the coordinate axes. We also write K,,(p) = K(p).
To prove the Harnack inequality we need to the next lemma.

LEMMA 3.17. For all nonnegative measurable functions w € [Wol’(pi)(Q)]* and for all
u € Wol’(pi)(Q), with p; > 2 for any i =1, ..., N, we have

N
3.4.9 / Vuplng/w+ /w&;u
(3.4.9) Q\ | g Z; i |

PROOF. We use some arguments in [50]. If p; = p; for any ¢ we have

pi

N

El N N
/|Vu|p1w:/ (Z(@mﬁ) wg/2|8,~u|p1f§N/w—l—Z/ |0;u|Ptw,
Q Q Q1 Q i=1 79

i=1
by the convexity of the real function t — ¢2 (8 > 1) and the positivity of w. If p; # p

for some i = 1, ..., N we apply Young inequality with exponents p;/p; > 1 and (p;/p1)’.
So

pz‘w_

N N N
/|Vu\p1w§/Z@u!’“wg/Z(|8iupi+1)w:N/w+Z/ |0;u
f Qo S — Q — Ja

THEOREM 3.18. Let u be a weak non-negative supersolution of (3.0.1), such that
u < M in §2, and assume that py > 2. Then

=N .
(3.4.10) p ||u||L’Y(K(2p)) < C'minu,
K(p)

for v < A;E,p%;ll), if pt < N; for any v, if p1 > N.

Proor. Without loss of generality, we can suppose that u > ¢ > 0, otherwise we
can replace u by u + ¢ and let € — 0 in the final result.
We take as a test function in (3.4.8)

(3.4.11) ¢ =T’
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where 8 < 3y < 0 and 7 is a function in C§(Q2) defined as follows,

Dj

T]jv

Il
-:2

7j=1
where n; = n(z;), for j = 1,..., N, and 7 is a nonnegative real function, 0 < n < 1,
N
which will be chosen later. We also define 7, = H fr]fj

J=1,j#i
From (3.4.11) we get i = p 'nimu” + 7fu’'0u. By using its in (3.4.8), we

obtain

pznulg 1 > O

Zpl/mpz 2By T +BZ/\3U

This inequality gives nontrivial information only if 5 < fy < 0, so we obtain

N N
|50|Z/ |OpulPiu’ ! < sz/ |0;u
i=1 7 i=1 Q

Now we apply Young inequality to |Q;u|Pi=tnl"™

pzlpz

AR

B— B+p;—1 B+p;—1 .
Ynfu”T e v for all io=

1,..., N. Hence we get

N N i—1 N
_ 5 1\" . 1 sl
Y [loarmet <3S (2) [t tn e et 1) [ joalat
i=1 /O i=1 Q i=1 Q

So
pn—1 N
piﬁuﬁ—l S (E) \/\‘,',’Z

We choose ¢ such that (|G| — (p; — 1)e) > 0 for any i = 1, ..., N, so we take

o { 3 }
e=minql, —— .
2(py — 1)
We obtain

N o 2w — 1) ol N
o |Piss,, B—1 S = !
;/Q’@“ T g( % “) %o Z::/‘m

and taking w = 7u”~! in Lemma 3.17 we get
piuﬁ+p¢1ﬁ'> )

N
(3.4.12) / IVulP'u’ ! < Gy (/ ul + Z/ |7
Q Q i=1 7

Pi uﬁ+pz

Z[|50| —e(pi —1)] /Q |0u

=1

pz‘uﬁ-i-pi—l

ﬁi?
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Now we define

u® where p;s=p1+6—-1 B#1—pm

(3.4.13) v =
logu for g =1—p.

First we analyze the case 8 # 1 — p;, we obtain, since p; > 1 and 7 < 1,

(3.4.14) /WVU’M < /E\V”UP’“ = ]s|pl/ﬁu(s_l)1”1|Vu|f”1 =
Q 0 0

= |S|P1/ﬁuﬁ—1|vu|p1 <
Q

N
< |[s["Cy (/ u’t + Z/ | piuﬁﬂ’i_lﬁi) :

by (3.4.12). Now we use the classic Sobolev inequality

(3.4.15 (f mv\m)’l‘ <c [ v

where x = N/(N —py) if p1 < N, x is arbitrarily large if p; = N, and x = oo if p; > N.
Then

(3.4.16) [ < [ wape s+ [ v <
Q Q Q

N
< / |V7ProPt + Cs|™ (/ ﬁuﬁ_l—irZ/ I piu’B“’i_lﬁi) <
Q Q — Ja
N
< ( [rwaee+ [+ [ u6ﬁ>
Q 0 —'Jo

Let now 1 < A’ < h” < 2 and take 7 as a cutoff function for K(h') (7 € C§°(K(h"))),
such that 0 <n; <1 foralli, 7=11in K(h'), 7 = 0 outside K(h") and

, | o
il sy Visbe N Vil S

Now we want to estimate any integral in (3.4.16) with / vP*. By the choice of 7,
K(h//)
for the first integral we obtain

_ 2 2t
(3417) / |V7}|plvp1 S 05 <m) / VP,
Q K(h')
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By the boundedness of u, the second integral becomes

(3.4.18) /ﬁuﬁ—l g/ uPr = < 06/ vPL.
Q K(h') K(h'")

Finally, for the third integral we have, always by the assumptions on u and 7,
N N
(3'4.19) Z/ u5—1+pi|ng|piﬁi < Z/ up18—p1+pi|m{|piﬁi <
=179 i=1 7/ K1)
N

2 Di , ip 2 PN ,
< 18 i P1 < 1.
= Zl <h” - h’) /K(h,,) s (h” - h’) /KW,) Y

Putting together (3.4.17), (3.4.18), (3.4.19), (3.4.16) and (3.4.15) we arrive to

(/ UXP1> < C7|S|p1<h” _ h/)—pN/ Up1.
K (h') N K (h'")

By taking the p;-th root of each side of the previous inequality, we obtain
N
(3.4.20) [Vl xer gy < Csls|(h” — 1) 21 (o] o regaryy -

The above inequality allows us to conclude the proof proceeding in the same way of
Theorem 1.2 of [80]. For the case § =1 — p; we proceed in a similar way. [

The previous result easily implies the following statement.

COROLLARY 3.19. Let u be a weak non-negative solution for (3.0.1), and assume
that p1 > 2. Then either u is the trivial solution or u is strictly positive in 2.

3.5. On the set of positive solutions

Let us define A > 0 as the infimum of the A\ such that the functional J, has at
least a nontrivial critical point (or, equivalently, that (3.0.1) has at least a positive
solution). Obviously (3.2.12) gives a lower bound on A. Now we want to show some
global properties of the set of the positive solutions of (3.0.1). Throughout all this
section we assume that p; > 2 in order to have positive solutions of (3.0.1) and no

restriction on the range of the exponent ¢.
PROPOSITION 3.20. Let uy be the minimum solution of (3.0.1). Then

fuslly o0 gy = +00, a5 A = +ox.
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PROOF. It is easy to see that inf J, — —oc0 as A increases to +o0, then, using the
weak formulation of (3.0.1), we have that

N

1
n) =3 (5= 2 10, - —oc.
=1

Di

It implies that ||Q;ux||ri () — +00, at least for some p; > ¢, so the statement is proved.

PROPOSITION 3.21. Let uy be a positive solution of (3.0.1). Then
uallz@) < C(pi, q, A)a’meas(Q)?,

with
m(p* — p)
mp(p* — 1) —mp*(q —1) —=p*’

_ v [(v—1 (p—1)y
ﬁ‘pN—q( Y )@—m—(q—l)

and m > N/p is suitably chosen.

o =

PRrOOF. First of all, we want to recall that all the solutions of (3.0.1) are bounded
(see Remark 3.1), now we want to give an estimate on this bound depending on the
measure of . Using the weak formulation of the problem (3.0.1) (with uy as a test
function), we have

ZH

Now we use Holder inequahty Wlth exponents py/q and py/(py —¢q). By the assumption

= Alual ()

q < pn and Poincaré type inequality (1.1.10), we obtain

a,p q PN—4
Ol <A (Z5) I0wunlf o meas(2) v
Simplifying and using again (1.1.10), we get
p PN—4 _1 piN_ 1
uy [Py <\ APN AN eas(€) o = un|lzew ) < Arw=a (PN PN eas(Q)on
v () 5 © 5

It is easy to prove that

(3.5.21)
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Now by the result in [45], that is
uy € L*(Q2) Vs < oo,

and using, as in the previous chapter, the Stampacchia techniques (see [75]), we obtain

sl o Coll 7 oy
lall ey < ==,
!

with ( )
_ mp(p* — 1) —p*
f=X?4" and v = —— ,
A mp*(p — 1)

for all m > N/p. So we obtain

_g—1
@D~

Cillur iy AT [l T o

1-1

v

l|ua | Lo ()

Now we apply the inequality (3.5.21) with s = 1, and we get
e

1)y
L(a— 1)m( )

(y — 1)25;{&(1*%) -

1 1 P 1
,}/)\m(l—y)ﬁ-(p 1)7(apN)PNNq(1 ?)C’Qmeas(Q) WHU)\H

< 03”“/\||LM(Q)a%“*%)meas(Q)l_%Jrﬁ;

where the constant C3 does not depend on meas(2) and a = diam(Q2). So, since uy €
L>(Q), we have

_g—1

(3.5.22) ||U>\||Loo(p )lh <y Cle DS 77)meaS(Q)1_%+ﬁ.

In order to conclude the proof we note that

1-— > 0,
(p— 1)y
if and only if
p(p*—1) = (¢—1)p"]
If B
P _ N
PP —1)—(¢—1)p] — P
the proof is finished. If
P N
* =% > —
p(p*—1)—(¢—1)p*] P



3.5. ON THE SET OF POSITIVE SOLUTIONS 81

=%

we choose m = m and it is possible because the inequality holds true for

allm > X, n
p

REMARK 3.22. The above proposition implies that a positive solution of
- 25\21 O “az‘u‘pi_Q 8&} = )\|U|q_2u in

u =0 on O

where () is a non empty set strictly contained in €2, can be a subsolution of (3.0.1)
provided the measure of ' is sufficiently small. Indeed, since any positive solution
of (3.0.1) is strictly positive (see Corollary 3.19), it is possible to choose §¥ in such a
way that the corresponding solution wuy o (extended to zero in Q \ €) is very small
in L>-norm. Moreover Proposition 3.21 shows also that it is possible to build a con-
stant supersolution. So Lemma 8 in [9] proves the existence of a continuum of positive
solutions.

PROPOSITION 3.23. Let wy be the Mountain-Pass solution of (3.0.1). Then
Ja(wy) =0, as A — +o0.
PROOF. We define
R ={o e Wy(Q) : Jy(w) <0}

We note that, if A is sufficiently large, JY is nonempty. In fact uy, the minimum solution,
belongs to J}. We also have that J{ D J3, if A > X, so if v € J} then v € J} for all
A > Xo. Now we fix \g € R, sufficiently large, such that

0
U)\O E J)\O

For any ¢ € [0, 1], we have

N
1 . A
Jk(tuko) < — Z ||alu)\o| %Pi(ﬂ) P — _Huz\oH%q(Q) 9.
I R q
It is easy to prove that the real function

Pa(t) = Ja(tuy,)

has a maximum for )

N i a—p
" [Zi:l HaiuAO ZJZJPi(Q)] !
00— .

Allua, ||qu(9)
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Since uy, is a minimum of Jy,, using the weak formulation of (3.0.1), we get

qg—0p AP |
o (to) = (¢ —p1)Ag l!l nld ™
PN
Let
= inf J(~v(t
o = inf max v(t))
with

I'= {'y :[0,1] — Wol’(pi)(Q) : 7y is continuous, ¥(0) = 0 and (1) = u,\o} .
So if we choose y(t) = tuy,, we obtain the claim, since
0<cy<o(ty) -0 as A — +oo.
"

The above results seem to show that the continuum of positive solutions of (3.0.1)
has a C-shape. This because we have no solution for A small (Proposition 3.7) and at
least two positive solution for A large enough (Theorems 3.9,3.13 and Corollary 3.19).
Finally, this branch of solutions cannot bifurcate from the set of trivial solutions, since

there is no correct “linearized” problem for (3.0.1).
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