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Abstract

Locally convex quasi *-algebras, in particular Banach quasi *-algebras,
have been deeply investigated by many mathematicians in the last decades
in order to describe quantum physical phenomena (see [7, 8, 9, 15, 21, 35,
46, 47, 61, 68, 70]).

Banach quasi *-algebras constitute the framework of this thesis. They
form a special family of locally convex quasi *-algebras, whose topology is
generated by a single norm, instead of a separating family of seminorms (see,
for instance, [14, 19, 20, 22]).

The first part of the work concerns the study of representable functionals
and their properties. The analysis is carried through the key notions of fully
representability and *-semisimplicity, appeared in the literature in [9, 14, 20,
38]. In the case of Banach quasi *-algebras, these notions are equivalent up
to a certain positivity condition. This is shown in [3], by proving first that
every sesquilinear form associated to a representable functional is everywhere
defined and continuous. In particular, Hilbert quasi *-algebras are always
fully representable.

The aforementioned result about sesquilinear forms allows one to select
well behaved Banach quasi *-algebras where it makes sense to reconsider
in a new framework classical problems that are relevant in applications (see
[13, 25,44, 49, 58, 69, 72, 73, 74]). One of them is certainly that of derivations
and of the related automorphisms groups (for instance see [4, 6, 12, 17, 26]).
Definitions of course must be adapted to the new situation and for this reason
we introduce weak *-derivations and weak automorphisms in [4]. We study
conditions for a weak *-derivation to be the generator of such a group. An
infinitesimal generator of a continuous one-parameter group of uniformly
bounded weak *-automorphisms is shown to be closed and to have certain
properties on its spectrum, whereas, to acquire such a group starting with
a certain closed * derivation, extra regularity conditions on its domain are
required. These results are then applied to a concrete example of weak *-
derivations, like inner qu*-derivation occurring in physics.

Another way to study representations of a Banach quasi *-algebra is to
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construct new objects starting from a finite number of them, like tensor
products (see [5, 36, 37, 41, 43, 52, 53, 59]). In [2] we construct the tensor
product of two Banach quasi *-algebras in order to obtain again a Banach
quasi *-algebra tensor product. We are interested in studying their capac-
ity to preserve properties of their factors concerning representations, like
the aforementioned full representability and *-semisimplicity. It has been
shown that a fully representable (resp. *-semisimple) tensor product Ba-
nach quasi *-algebra passes its properties of representability to its factors.
About the viceversa, it is true if only the pre-completion is considered, i.e.
if the factors are fully representable (resp. *-semisimple), then the tensor
product pre-completion normed quasi *-algebra is fully representable (resp.
*_semisimple).

Several examples are investigated from the point of view of Banach quasi
*_algebras.
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Introduction

In the last century, many mathematicians put their effort in describing
quantum systems with rigorous mathematical models. Among them, in a
celebrated paper [40] about algebraic formulation of Quantum theories, R.
Haag and D. Kastler employed C*-algebras as suitable tools in order to de-
scribe physical phenomena. Despite this, there are quantum models not
fitting in this formulation. For instance, in certain spin lattice system with
long range interactions, the thermodynamical limit does not converge in any
C*-topology (see [9, 21, 50, 51]).

In order to give a rigourous mathematical formulation of this kind of
problems G. Lassner introduced and studied locally convex quasi*-algebras in
[50, 51]. The simplest example is given by the completion of a locally convex
*-algebra with separately continuous multiplication [9, 15, 35]. Clearly, in
this case the multiplication is not necessarily everywhere defined.

For what concerns representations of locally convex quasi *-algebras,
bounded operators are not enough, despite they have nice properties and they
can be handled without any trouble. For this aim, the family of £L7(D,H)
is employed. It is made of closable operators with the same domain D, i.e.
a dense subspace of a Hilbert space H, such that the domain of the Hilber-
tian adjoint contains D. This family of unbounded operators can be made
into a partial *-algebra by defining a partial product between operators. The
latter were introduced by J.-P. Antoine and K. Karwowski in [8] and then
extensively studied by many authors (see [9]).

This thesis aim to present results about continuity of representable func-
tionals, i.e. those functionals that admit a GNS-like construction, and their
applications to derivations arising as infinitesimal generators of *-automor-
phisms groups and topological tensor products in the special context of Ba-
nach quasi *-algebras.

Representations constitute an important tool to look at abstract struc-
tures (see [3, 9, 16, 17, 23, 24, 38, 71, 65]). In the case of C*-algebras,
*_representations have a deep link with positive functionals, because these
can be regarded as "blocks” used in the process of building *-representations,



namely the GNS-construction. The lack of an everywhere defined multipli-
cation makes it impossible to deal with positive functionals. However the
notion of representable functional, introduced in [65] plays a similar role in
this context. A representable functional is positive on the core *-algebra and
some appropriate conditions guarantee the existence of a GNS-like triple, as
in the classical case.

In spite of this reasonable behaviour, complete results on the continuity
of representable functionals are still missing and no example of a discontinu-
ous representable functional is known so far, whereas examples of continuos
functionals that are not representable do exist. (see, for instance, [9, 38]).

Prior to investigation, Chapter 1 is devoted to background material need-
ed for the ongoing work in the thesis. Chapter 2 concerns representable func-
tionals on Banach quasi *-algebras and some related concepts like full repre-
sentability and *-semisimplicity, devoting a special attention to the case of
Hilbert quasi *-algebras, i.e. completions of Hilbert algebras under the norm
defined by their inner product. The investigation of the problem concerning
continuity starts looking at sesquilinear forms associated to representable and
continuous functionals. These forms turn out to be everywhere defined and
bounded, hence the notion of full representability reduces to the sufficiency
of the family of these functionals, in the sense that they distinguish points
in the Banach quasi *-algebra. In the case of a *-semisimple Banach quasi
*_algebra, the family of representable and continuous functionals is shown to
be always sufficient, thus *-semisimple Banach quasi *-algebras are always
fully representable. The converse is true under the condition of positivity,
satisfied in many examples.

Having a representable functional at hand, it is possible to associate to
it a second sesquilinear form defined through the GNS-representation of the
functional (see [3, 65]). This form is everywhere defined and, in the case
the functional is also continuous, it coincides with the closure of the above
sesquilinear form defined through the funcitonal. This remark suggests that
these sesquilinear forms might be useful to characterize continuity. Indeed,
it has been shown that every representable functional is continuous if, and
only if, there exists another representable and continuous functional less or
equal to the given representable functional. Nonetheless, the results gives no
algorithm to construct such a functional.

Our investigation continues focusing on the case of Hilbert quasi *-alge-
bras, that turn out to be fully representable. In this situation, representable
and continuous functionals are in 1-1 correspondence with bounded and weak-
ly positive elements of the Hilbert quasi *-algebra. The definition of weakly
positive element is indeed a generalization of the notion given in [38].

Positivity plays an important role in studying the continuity for repre-



sentable functionals. Indeed, the existence of a continuous module function,
i.e. a sort of generalization of the absolute value in the case of Hilbert quasi
*_algebras, owning certain invariance properties, guarantees the continuity of
representable functionals that are positive on the set of all weakly positive el-
ements. The latter condition is difficult to verify though, hence we examine in
details the Hilbert space of square integrable functions, that is a Hilbert quasi
*_algebra over continuous functions first and then over essentially bounded
functions. In these examples, it is shown that every representable functional
is continuous.

The previous chapters show the particular role of *-semisimple and fully
representable Banach quasi *-algebras. These properties motivate the study
of specific problems usually treated in the context of C*-algebras, in particu-
lar those more relevant for applications such as derivations and the generation
of groups of automorphisms (see [10, 11, 18]). For this reason in Chapter 3, we
examine derivations obtained as infinitesimal generators of automorphisms
groups. We employ sesquilinear forms in order to define what a derivation on
a Banach quasi *-algebra is. In this framework, the main point is to define
a suitable Leibnitz rule for the derivation, since a priori its image doesn’t
belong to the universal multipliers, i.e. those elements for which the left and
right multiplication operators are everywhere defined.

Our first step is to look at densely defined derivations on a Banach quasi *-
algebra (2, 2,), starting our investigation from inner qu*-derivations, namely
those that can be written as o,(x) = i[h,z] for x € 2, and fixed h € A. In
the *-semisimple case, it is shown that every inner qu*-derivation is closable,
independently by the nature of h € 2. The closure, in general, is not again a
derivation in the classical sense, because the domain is not a quasi *-algebra
over 2,. Therefore, we need to weaken the Leibnitz rule through the employ-
ment of sesquilinear forms, achieving a more general kind of derivation, i.e.
a weak *-derivation.

As for weak *-derivations, we need a suitable notion of *-automorphisms,
namely weak *-automorphism, in order to extend the well known result
of Bratteli-Robinson about the 1-1 correspondence between certain closed
*_derivations and continuous *-automorphism groups in a C*-algebra (see
[25, 26]). In our case, in order to get a closed weak *-derivation as infinites-
imal generator, we have to ask the group to be made of uniformly bounded
weak *-automorphisms, condition automatically verified for C*-algebras. On
the other hand, for a weak *-derivation to be the generator of a weak *-
automorphisms group as before, stronger conditions have to be required, as
for instance the domain should consist of bounded elements 2, . Despite that,
these extra conditions are verified in some classical examples, thus appear to
be reasonable for our work.



The last step consists of computing one parameter group generated by
inner qu*-derivations and give a physical examples motivating our choice
to examine derivations in a more general context when the implementing
element is unbounded.

In the last chapter, Chapter 4, we construct the tensor product Banach
quasi *-algebra and we explore its properties in relation with its factors.
There is few literature about tensor products of unbounded operator algebras,
despite the wide applications of topological tensor products (see [36, 37, 41]).
This construction aims to study representations of the factors through the
tensor product.

We first analyse the algebraic candidate for the tensor product Banach
quasi *-algebra. A quasi *-algebra 2 over 2, can be regarded as a bimodule
over ,. The problem is that two quasi *-algebras are bimodules over different
rings. In order to solve this problems, one might sum the rings and construct
a bimodule structure of the direct sum, but this leads to a trivial tensor
product, if one of the factor is unital. Then, we suppose the existence of an
embedding between the *-algebras involved in the tensor product. In this
way, both the quasi *-algebras are bimodules over the same ring. Moreover,
if we extend the scalars and compute the tensor product, what we obtain is
the same structure obtained constructing the tensor product on the smallest
*_algebra.

Having at our hands a notion of tensor product quasi *-algebra, the defi-
nition of topological tensor product of normed (resp. Banach) quasi *-algebra
is given. We endow the tensor product quasi *-algebra with an admissible
norm, for instance the injective or the projective norm, in order to get a
tensor product normed quasi *-algebra. The completion of the latter will be
for us the tensor product Banach quasi *-algebra.

At this point, the existence and the relation between representations of a
tensor product normed (resp. Banach) quasi *-algebra and those of the tensor
factors are explored. If the tensor product Banach quasi *-algebra possesses
*_representations, hence representable functionals, then also the tensor fac-
tors do. Although, the converse is true if we consider the pre-completion, i.e.
the tensor product normed quasi *-algebra possesses *-representations if the
factors Banach quasi *-algebras admit them.



Chapter 1

Brief review on quasi *-algebras
and their representations

1.1 Partial *-algebras of operators

Partial *-algebras of unbounded operators play a relevant role in repre-
sentation theory. We recall here the basic definitions and facts; for further
details, see [8, 9].

Let D be a dense subspace of a Hilbert space H[(:|-)]. Denote with
L1(D,H) the set of all closable linear operators X : D — H for which
D(X*) D D, where X* indicates the adjoint of X. In symbols,

LY(D,H)={X:D—H:DX*) DD}

LT(D,H) is a complex vector space with respect to sum and scalar product
defined in the canonical way.
In LT(D,H), it is possible to identify the following subspace

LY(D)={X:D—-D:D(X*) DD, X*DC D}

If we define an involution as X — X = X 'p and a partial multiplication
XoY := X™Y whenever YD C D(X™) and XD C D(Y*) on LI(D,H),
then LT(D) equipped with the involution T is a *-algebra, whereas £7(D, H)
is a partial *-algebra in sense of the following definition

Definition 1.1.1 A partial *-algebra is a complex vector space 2l endowed
with an involution such that (x 4+ A\y)* = z* + Ay* for A € C and 2™ = z,
coupled with a subset I' € 2 x 2 such that

(i) (z,y) € I'if, and only if, (y*,z*) € T}

5



6 1. Brief review on quasi *-algebras and their representations

(i) (z,y) € T and (z,2) € T then (z,\y + puz) € T for all A\, u € C;

(iii) whenever (x,y) € I, there exists an element x - y € 2 that satisfies the
following

rz-(y+A2)=x-y+Azx-z)and (z-y)" =y" -z
for (z,y),(x,2z) € I'and X € C.

Definition 1.1.2 A f-invariant subspace O of £T(D,H) such that XoY € O
whenever X, Y € O and X is a left multiplier of Y is called partial O*-algebra.

If § is a T-invariant family of operators of LT(D, H), the weak commutant

(§, D)., of § is defined as follows
(3.D), = {B € B(H) : (BX¢ln) = (BE[XTn), VX € 5,60 DY. (L)

(§, D)., is stable under involution and it is weakly closed, but it is not an
algebra, in general.

A rich collection of examples of partial *-algebras of interest might be
analysed. For this aim, provide D of a locally convex topology 7 finer than
the topology induced by the Hilbert norm, then the conjugate dual D* of
D(r], i.e. the linear space of al continuous conjugate linear functionals on
D|7], contains a linear space isomorphic to H.

If we endow D* with the strong dual topology 7* = 3(D*, D) generated
by the family for semi-norms

D* > f = sup|f(&)]
¢eB

for B running over the family of all bounded subsets of D[r], then H is dense
in D*[7*] and we achieve a rigged Hilbert space

Dr] — H — D*[r™],

where all the inclusions are continuous and have dense range.
A familiar example of rigged Hilbert space is given by triplets of distri-
bution spaces; for further details, see [9].

Consider now the following family of operators
L£(D,D*) ={X :D[r] - D*[r*] : X is continuous}.

In general, LT(D,H), as well as LT(D), is not contained in £(D, D*), because
the operators X € LT(D,H) need not to be continuous when D is endowed



1.1 Partial *-algebras of operators 7

with its original topology. Hence we denote by £7(D, H ), respectively £1(D),
the subspaces of those operators that are continuous.

If X € £(D,D*), then X can be interpreted as a separately continuous
sesquilinear form Bx : D x D — C defined as Bx(§,n) = (X&|n) for £,n € D.
In particular, if X € £7(D), then S is jointly continuous.

With the above identification, it is easy to see that (£(D,D*), £1(D)) is
a special partial *-algebra, named quasi *-algebra.

Definition 1.1.3 A partial *-algebra 2 containing a *-algebra 2l, is called
quasi *-algebra with distinguished 2, (or shortly over ) whenever (x,y) € I’
if, and only if, x € 2, or y € A,. Since the structure is determined by 2l and
2,, we will denote by (2, %2,) a quasi *-algebra.

If D is a dense subspace of a Hilbert space H, we have seen the partial
*_algebra L£T(D,H). The mentioned partial *-algebra of operators can be
provided of several locally convex topologies.

Among them, we introduce the weak topology 7, the strong topology s,
the strong *-topology 7.

These topologies are generated respectively by the following families of
semi-norms

7ot LI(D,H) 5 X = pey(X) = [(XEn)] for &, € D;
70 LI(D,H) 3 X — pe(X) = || X¢]| for € € D;
Ty £H(D,H) 3 X o5 pe(X) = | X€]| + | XT¢]| for € € D,
If we denote with £} (D) the bounded part of L(D), i.e.
LI(D), = {X € LY(D) : X € B(H)},
then the couples (L(D, H)[r.], £1(D),) and (L1(D, H)[rs+], L1(D)) are locally

convez quasi *-algebras.

Definition 1.1.4 Let (2(,2,) be a quasi *-algebra and 7 a locally convex
topology on 2. (2, 2,) is called locally conver quasi *-algebra if

(i) the map a — a* is continuous;

(ii) for every z € 2, the multiplication operators a — ax and a — za are
continuous in A[7];

(iii) A, is 7-dense in 2A.

If 2(,[7] is a locally convex *-algebra, then the completion E/ZlvO[T] is a locally
convex quasi *-algebra, if the multiplication is not jointly continuous.



8 1. Brief review on quasi *-algebras and their representations

1.2 Concrete examples of quasi *-algebras

In this section we give some further examples to give the reader the flavour
of (locally convex) quasi *-algebras.

Example 1.2.1 Let S(R) be the Schwartz space, i.e. the space of all rapidly
decreasing C*-functions on R. If we provide S(R) of the locally convex
topology generated by the family of semi-norms

prr(f) =sup|a* D" f(z)|, f€SR);k,r €N,

zeR

then its topological dual S'(R) is the space of tempered distributions. S’'(R)
endowed with the strong dual topology can be thought as a locally convex
quasi *-algebra over S(R) with partial multiplication defined as

(£ f)lg) = (- F)(g) = F(fg), FeSR)fgeSR)

Example 1.2.2 Consider the commutative von Neumann algebra L>(1, d\)
for I to be a compact interval of the real line and A\ the Lebesgue measure.
Define on L*[0, 1] the usual norm p for p > 1 as

£l = ( / |f|PdA)” FeLN(Lan).

In this situation, LP(I,d\) = L>(I,dN)[|| - ||,] and (LP(1,dX), L>=(1,dN)) is a
proper CQ*-algebra for every p > 1 (see Definition 1.3.3).

We want to stress that the Banach space LP(I,d\) can be coupled with
several *-algebras of functions to obtain a Banach quasi *-algebra, for in-
stance, the space C*(I) of all smooth functions over the interval I, the
Sobolev space WP(I) of all LP-functions admitting a first weak derivative
in LP(I,d\) or the space C([) of all continuous functions over 1.

Example 1.2.3 Let 91 be a general von Neumann algebra and ¢ a normal
faithful finite trace defined on 9", the cone of all positive operators in 1.
For each p > 1, let us define now a norm through ¢ in the following way

X1l = e(X7)r, X €M

We indicate with LP(¢) the completion of 9t with respect to || - ||, and with
L>(p) = M. By [22, Proposition 2.1], (LP(¢), L>(p)) is a Banach quasi
*-algebra and, then (LP(p), L=(y)) is a proper CQ*-algebra.
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1.3 A special case: Banach quasi *-algebras

Some of the examples in Section 1.2 are Banach quasi *-algebras, a special
case of locally convex quasi *-algebras in which the locally convex topology
is generated by a single norm.

Definition 1.3.1 Let (2, 2l,) be a quasi *-algebra. (2, 2l,) is called normed
quasi *-algebra if a norm ||-|| is defined on 2 for which the following conditions
hold

(i) the involution a — a* is isometric, i.e., ||a|| = ||a*||, for every a € ;
(i) A, is || - ||-dense in 2A;
(ili) the map R, : A 3 a +— azx € A is continuous.

If (2| -|) is a Banach space, we will refer to (2(,2(,) to a Banach quasi
*_algebra. The norm topology of 2 will be denoted by 7,.

Remark 1.3.2 Certainly, if the right multiplication operators R, for ele-
ments x € A, are continuous, then also the left multiplication operators
L, :2A > aw— xa €2 are continuous.

If the Banach quasi *-algebra (2(,2,) is unital, , i.e. there exists a unique
element 1 € 2, such that al = a = 1a for every a € 2, then we can assume
that ||1|| = 1 without loss of generality. As well as for quasi *-algebras, it is
always possible to embed a Banach quasi *-algebra without unit in a Banach
quasi *-algebra with unit.

To avoid trivial situations, we assume that

If a €2 and ax =0 for every = € 2, then a =0. (A)

This is clearly true if 1 € 2.
Let us define now a new norm on 2,: if x € 2,, we put

[0 == max{[ll, [[ L[], [| e[},

where ||L.||, ||R:|| are the familiar operator norms defined for bounded op-
erators. Then 2,[]| - ||o] is a normed *-algebra and

laz| < lallllzllo,  llzall < llzllollall, Va €242 A,

Definition 1.3.3 Let (2, 2l,) be a Banach quasi *-algebra. (2, 2l,) is called
a proper CQ*-algebra if 2[|| - ||o] is a C*-algebra.
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The definition of CQ*-algebra is more general than that given above. It
involves two different *-algebras and 2l, usually denotes their intersection. In
the proper case the two *-algebras coincide with 2(,. For further information,
see [9, 20].

Let (,%2,) be a normed quasi *-algebra. Suppose that the norm is in-
duced by an inner product (:|-). In this case, we deal with a Hilbert quasi
*_algebra.

Definition 1.3.4 A Hilbert algebra is a *-algebra 2A, which is also a pre-
Hilbert space with inner product (-|-) such that

(i) the map y — zy is continuous with respect to the norm defined by the
inner product;

(i) (zy|z) = (y|z*z) for all x,y, z € A;
(iii) (zly) = (y*|z*) for all z,y € 2A;
(iv) 212 is total in 2.

Let H denote the Hilbert space completion of 2, with respect to the norm
defined by the inner product, then (#,%2l,) is a Banach quasi *-algebra named
a Hilbert quasi *-algebra.

Remark 1.3.5 The property
(i) (zylz) = (x|zy*) for all z,y, 2z € A,

is a consequence of properties (ii) and (iii) in Definition 1.3.4.

1.3.1 Bounded elements

In order to study the structure properties of Banach quasi *-algebras,
we discuss bounded elements, i.e. well behaved elements with respect to the
multiplication defined on 2. For further details, we refer to [66, 67].

Definition 1.3.6 Let (2, 2(,) be a Banach quasi *-algebra and a € 2. We
say that

e a is left bounded if there exists vy, > 0 such that

lazl < vallell, Vo € 2.

e a is right bounded if there exists 7/ > 0 such that

[zl < allell, Vo e A
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e a is bounded if it is left and right bounded.

The collection of all bounded elements will be denoted by 2, .

Clearly every =z € 2, belongs to 2, . If a € A is left-bounded (right-
bounded respectively), then the multiplication operator L, (R, respectively)
will be bounded. 1f a € A is a general element in 2, we don’t know a priori
whether R, and L, are closable or not. In the case they are closable for all
a € A, we have the following

Definition 1.3.7 Let (2, 2,) a Banach quasi *-algebra. (2, 2l,) is said to
be fully closable if L, is a closable operator for every a € 2.

Remark 1.3.8 If all the left multiplication operators L, are closable, then
all the right multiplication operators are closable as well.

_In the case in which a is left bounded, it is possible to define the element
Lyb for every b € 2. As well, if b is right bounded, we can compute the
element Rya. In general these two elements do not coincide.

Definition 1.3.9 A Banach quasi *-algebra (2, 2,) is said to be normal if
L.b = Rya for every a,b € A, . In this case, we can define a weak multiplica-
tion e between bounded elements as

aeb:=L,b=Rya, VYa,be 2,
On 2, we define the norm
lall, = max {|[all, | Lall, [[Rall } -

Proposition 1.3.10 [66] Let (A,2,) be a Banach *-algebra. If (A,2A,) is
normal, then (A, | -1,) is a Banach quasi *-algebra with respect to the mul-
tiplication e.

Bounded elements of a normal unital Banach quasi *-algebra (2, 2l,) can
be characterized through their spectrum.

Definition 1.3.11 Let (,2(,) be a normal Banach quasi *-algebra with
unit 1. For every a € 2, two important subsets of the complex plane can be
defined

e the resolvent set p(a) := {\ € C: 3 € A, such that Rya = Lya = 1};

e the spectrum o(a) := C\ p(a).
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Similar properties to the classical case hold for the spectrum and the
resolvent in a normal unital Banach quasi *-algebra (2, 2A,).

Proposition 1.3.12 [66] Let a € A. Then:

(i) the resolvent p(a) is an open subset of the complex plane;

(ii) the resolvent function Ry(a): X € p(a) — (a — A1)~ is || - ||, -analytic
on each connected component of p(a);

(i1i) o(a) is non-empty set;

() if r(a) = sup |A| is the spectral radius of a, then a € 2, if, and only
Aeo(a)
if, r(a) < oo.

1.4 *-Representations of quasi *-algebras

If (A, 2A,) is a quasi *-algebra, we wonder whether it might be represented
as a certain class of operators introduced above. For this aim, a different
notion of representation is needed.

Definition 1.4.1 A *-representation of a quasi *-algebra (2, %,) is a *-ho-
momorphism 7 : 2 — LI(D,,H,), where D, is a dense subspace of the
Hilbert space H, with the following properties

(i) m(a*) = m(a)' for all a € A
(i) if a € A, z € A, then 7(a)on(z) is well-defined and 7(a)or(z) = 7(ax).

If (Al - ||], o) is a Banach quasi *-algebra, then we will say that 7 is
a (|| - ||-7)-continuous *-representation if 7 is continuous from 2A[|| - ||] into
LY(Dy, H,)[7].

Remark 1.4.2 In general, m(2l,) is non a subspace of LT(D). However, it is
always possible to construct an associated *-representation 7 through 7 that
verifies the pointed out condition. 7 is called a qu*-representation (see [65]).

If (A, A,) has a unit 1, then 7(1) = Ip for every *-representation 7 of
the quasi *-algebra (2, ,).

Definition 1.4.3 Let 7 be a *-representation of the quasi *-algebra (2, 2,).
7 is said to be faithful if w(a) = 0 implies a = 0.
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Definition 1.4.4 If 7 is a *-representation of the quasi *-algebra (2,2,),
then 7 is said to be cyclic if there exists £, € D, such that 7(2,)&p is dense
in D,, whereas 7 is said to be ultra-cyclic D, = 7w(2,)&o for some &, € D;.

In order to define the closure of a *-representation 7, consider the graph
topology 7, defined by the family of semi-norms

£33 D, — |Ir(a)]], a€

Now, let us indicate the completion of D, with respect to 7, with 5;[7}.-].

The closure T of 7 is defined as the restriction of 7(a) to D, for all a € 2.
If 7 = 7, then 7 is said to be closed.

In the case of a C*-algebra, a way to obtain *-representations is to build
them through positive functionals (see Theorem A.3.8). Due to the structure
of Banach quasi *-algebras, we need to introduce representable functionals.

Definition 1.4.5 Let (2, 2,) be a quasi *-algebra. A linear functional w on
20 is said to be representable if the following conditions hold

(R.1) w(z*z) > 0 for every z € 2;

(R.2) w(y*a*z) = w(z*ay) for every z,y € Uy, a € A

(R.3) for all a € 2, there exists 7, > 0 such that

[

lw(a*z)| < vow(x*z)2, Ve,

The family of all representable functionals of the quasi *-algebra (2, %2l,) is

indicated with R(2(,2(,). Furthermore, if (A[|| - ||],2%) is a Banach quasi
*-algebra, we denote with R.(2(,2(,) the family of all representable and con-
tinuous functionals on 2A[|| - ||]. w is said to be continuous if there exists a

positive constant 7 such that |w(a)| < 7l|a|| for every a € 2.

Remark 1.4.6 If wi,wy; € R(2A,2A,), then we have wy + ws, € R(A,2A,) and
Awy € R(2A,2,) for every A > 0. If y € A, and w € R(2A, 2,), then the linear
functional wy(a) := w(y*ay) belongs to R(A, 2A,).

Theorem 1.4.7 [65, Theorem 3.5] Let (A, 2,) be a quasi *-algebra with unit
1 and let w be a representable linear functional on (A,A,). Then, there exists
a triple (m,, Ay, H.,) such that

(1) 7, is an ultra-cyclic *-representation of A with ultra-cyclic vector &,;
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(11) Ao is a linear map of A into H, with N\,(Ao) = Dyr,, &w = A\(1) and
Tw(@) A (7) = Au(az);

(111) w(a) = (m,(a)éu|&) for every a € 2.

By Theorem 1.4.7, if w is a representable functional on the quasi *-algebra
(A,2(,), then it is associated with the triple (m,, A,,Ho). Through the
*_representation m,,, it is possible to define a sesquilienar form ©“ on 2
as

©“(a,b) := (mu(a)éu|mw(b)sw), a,b €L
©¥ belongs to the family Qg () of all sesquilinear forms on 2 x 2 such that
(i) ©“(a,a) > 0 for every a € 2;
(i) ©“(ax,y) = O(x,a*y) for all a € A, x,y € A,.

Through w, another sesquilinear form can be defined in the following way

oz, y) = w(y'z), z,y€U. (1.2)

Clearly, ©“ extends ¢,. Moreover, if w is continuous, then the sesquilinear
form ¢, is closable (see [38]).

A positive sesquilinear form ¢ : 24, x A, — C is said closable if for a
sequence {z,} in 2, the following condition is verified

Ty, I g and (T — Ty Tp — ) > 0 = p(x,,z,) = 0.
If ¢ is closable, then the sequence {¢(x,,x,)} is Cauchy. Therefore, ¢ can
be extended to a positive sesquilinear form @ on D(@) x D(p) through a limit
procedure
P(a,a) := lim p(x,,x,),

n—oo

where D(p) is given by

D(@) ={acA: Hz,} C AU such that z, LN
and ¢(z, — Ty, T — Tm) — 0}.
Example 1.4.8 Not every Banach quasi *-algebra has non-trivial repre-
sentable and continuous functionals. For instance, consider the Banach quasi
*-algebra (L*(I,d\), L=(I,d)\)), where I = [0,1] and X is the Lebesgue mea-
sure. Then, every representable and continuous functional on L*(I, d)\) would
be of the form

w(f) = / f@)wle)de, fe L'(I,aN),
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where w € L*°(I,d\), w > 0. In this case, the only way to satisfy the
condition (R.3) is for w = 0. Indeed, the condition (R.3) in Definition 1.4.5
translates into

1

w(f )| = ; F@)p(@)w(z)dz| < vy ( ; |1/1(93)2|%U(x)d1’> 2 Ve L¥(I,dA).

This condition has to be true for every f € L'(I,d)\), hence L'(I,d\) C
L3(I,wd\) for w € L®(I,d\), w > 0 . This is never true for w # 0.

In general, a continuous functional w satisfying (R.1) and (R.2) need not
to satisfy (R.3) and therefore it is not representable, as the next examples
show.

Example 1.4.9 Let us consider the Banach quasi *-algebra L*(I,d\) over
C(I) (I and X as in Example 1.4.8). Let w € L*(I,d\), w > 0. We define

/f Dd\z), [ e L2(I,dN).

It is clear that w satisfies (R.1) and (R.2). Condition (R.3) requires that, for
every f € L*(I), there exists 7; > 0 such that

@) < ( [ looPuli >)5, v6 € C(I).

> 0 a.e., this inequality implies that f € L*(I,wd)). Were
L?(I,wd)) then we should have that fy/w € L*(I,d)\), for every
). This in turn implies that w € L*(I,d)). So it suffices to pick
)\ L°(I,d\) to get the desired example.

Since w(x)
L2(I,d)\) C
fe L*I,adx
w e L*(I,d\

Example 1.4.10 Let D be a dense domain in a Hilbert space H and || - |1
a norm on D, stronger than the Hilbert norm || - ||. Let B(D,D) denote
the vector space of all jointly continuous sesquilinear forms on D x D, with
respect to || - 1. The map ¢ — ¢* with

©*(&,n) = p(n,§),

defines an involution in B(D, D) (see, [65, Example 3.8]).
We denote by £7(D) the *-subalgebra of LT(D) consisting of all operators
A € LT(D) such that both A and AT are continuous from D[|| - ||1] into itself.
Every A € £1(D) defines a sesquilinear form ¢4 € B(D, D) by

val§m) = (Alm), & neD.
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Indeed, we have, for every &,n € D,

loa(&ml = [(AIm)| < [1AL]lInll < v A&l < AlIEl Il

We put
B'(D) = {pa: A€ £/(D)}.
We have that ¢% = ¢, for every A € £1(D). Indeed, for every &, n € D,
Ya(&n) = pa(n.€) = (Anle) = (€|An) = (ATeln) = ¢ 1 (& m).
For ¢ € B(D, D), ¢4 € BY(D), the multiplications are defined as
(poa)(§n) =¢(ALn), &neD

(pac@)(&n) =& Alp), & neD.

With these operations and involution, (B(D, D), Bf(D)) is a quasi *-algebra.
A norm on B(D, D) is defined by

el == sup  |p(&n)l
€l =lnlli=1

Then the pair (B'(D), B'(D)), where Bf(D) denotes the ||-||-closure of BT(D),
is a Banach quasi *-algebra.
For every £ € D, we define

we(p) = w(&,6), ¢ €B(D,D).

Then we is a linear functional on B(D, D). Moreover,

we(@a 0 pa) = (P41 0 0a)(§,€) = (AEJAL) > 0.
we(ppt 09 0 pa) = P(AL, BE) = we(w 41 0 * 0 ).
Hence, w; satisfies (R.1) and (R.2) of Definition 1.4.5.

The functional we is representable if, and only if, for every ¢ € B(D, D),
there exists 7, > 0, such that

|P(AE O] < ]l AE)l, VA€ £l(D).

Indeed, we satisfies (R.3) if, and only if, for every ¢ € B(D, D), there exists
7, > 0 such that

we(@™ 0 pa)l = (o va)(& &) = lo* (AL §)] = [w(&, AL = |p(¢, AS)]
» 1
< Yowe (03 © pa)? < vl AL
The previous condition is clearly satisfied if, and only if, ¢ is bounded in

the second variable on the subspace M, = {A&; A € £1(D)}. If this is the
case, then there exists ( € H, such that

we(p o pa) = (AEJC), ¥V Ae £l(D).

Hence, every we is continuous but it need not be representable.
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1.4.1 Full representability

Example 1.4.8 suggests us the necessity of a new definition in order to
discern those Banach quasi *-algebras that have enough representable and
continuous functionals, i.e. fully representable Banach quasi *-algebras.

Definition 1.4.11 Let (2, 2l,) be a Banach quasi *-algebra. Let 2 be the
wedge of positive elements of the *-algebra 2,

A = {inmk,xk EQ[O,nGN}.

k=1
We call a € 2 positive if there exists a sequence {y,} in 2 that converges

to a. The set of all positive elements in 2 is denoted by A" := Q[_(TH.”.
The wedge 2" is a cone if AT N (=AT) = {0}.

Definition 1.4.12 Let w : A — C be a linear functional. w is called a
positive functional if w(a) > 0 for every a € AT.

Positivity is preserved by certain *-representations and continuous repre-
sentable functionals.

Proposition 1.4.13 [38] Let (A,,) be a Banach quasi *-algebra and con-
sider a € A", Then

(1) m(a) is positive for every (|| - ||-7w )-continuous *-representation;
(11) w € R.(A,Ay) is a positive functional.

Definition 1.4.14 Let (2, 2,) be a Banach quasi *-algebra. A family of
positive functionals F on 2 is called sufficient if for every 0 # a € A there
exists a functional w € F such that w(a) > 0.

We are interested in studying the sufficiency of the family R.(,2,). This
property can be characterized using positive elements.

Proposition 1.4.15 [38] Let (2, 2,) be a Banach quasi *-algebra. The fol-
lowing statements are equivalent:

(i) AT is a cone;
(11) Re(A,Ao) is sufficient.

Definition 1.4.16 A Banach quasi *-algebra (2(,2l,) will be said fully rep-
resentable if R.(2A,2,) is sufficient and D(g,,) = A for every w € R (A, 2A,).
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If R.(A,2A,) sufficient and a condition of positivity is valid, we can obtain
the reverse statement of Proposition 1.4.13.

Proposition 1.4.17 [38] Let (A,24,) be a Banach quasi *-algebra for which
Re(2A,2,) is sufficient. Suppose the following condition (P) holds

bed and w(x*bz) >0 Vw e R(A,2A); Ve eA, = beAT. (P)
Then the following are equivalent for a € A*
(i) a € AT;
(11) w(a) >0 for allw € R.(A,2Ap);

(i1i) m(a) is positive for every (|| - ||-Tw )-continuous *-representation.

1.4.2 *-Semisimplicity

Another approach to the problem of finding *-representations and study-
ing their continuity is to investigate a certain set of continuous sesquilinear
forms.

Definition 1.4.18 Let (2, 2l,) be a Banach quasi *-algebra. We denote by
S, () the family of all sesquilinear forms © : 20 x 20 — C such that

(S.1) ©(a,a) > 0 for all a € A,
(S.2) O(az,y) = O(x,a*y) for all a € A, x,y € Ay;
(53) IO = sup |O(a,b)[=1.

llall=1=]lb]|

Remark 1.4.19 In other words, Sy,(2() is the subset of Qg,(2() of all the
sesquilinear forms with unit norms.

Lemma 1.4.20 [20] Let (A,2,) be a Banach quasi *-algebra. Then the fol-
lowing sets

R ={aeA:0(a,a) =0,YO € Sy, (A) };
Ry ={aeA:O(ax,y) =0,V0 € Sy, (A); Va,y € Ay}
Ry = {a € A:O(ax,ay) = 0,VO € Sy, (A); Vz,y € A}

are equal, i.e. Ry = Ry = Rz =: R*.
The set R* is called the *-radical of L.
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Definition 1.4.21 We call *-semisimple any Banach quasi *-algebra (2, 21,)
for which ®* = {0}.

Definition 1.4.22 A *-semisimple Banach quasi *-algebra (21, 2,) is said to
be reqular if

D=

|la|| := sup ©O(a,a)z, Vael
OESy, ()

Example 1.4.23 [19] For p > 2, any Banach quasi *-algebra LP(I,d\) over
L>(I,dX)) is both fully representable and *-semisimple. Indeed, all the
sesquilinear forms of the form

Oc(f.g) = €12 / F@)g@)E@)P2dr,  f.g e L(I,dN)

for & € LP(I,d)\), belong to Sy, () and constitute a sufficient subset in
Sai, ().

If (2(,2,) is a *-semisimple Banach quasi *-algebra, then it is possible to
introduce a partial multiplication on 2.

Definition 1.4.24 [20] Let (2(,2l,) be a *-semisimple Banach quasi *-alge-
bra and let a,b € 2A. We define the weak product aob of a,b if there exists
c € 2 such that

O(bz,a*y) = O(cx,y), VO € Sy, (A),Vz,y € A,.

The element ¢, if it exists, is unique and aob := c.

We will denote with R,,(2() (respectively L, (2)) the space of universal
weak multipliers of A, i.e. the space of all b € 2 such that aob (boa respec-
tively) is well-defined for every a € . Clearly, 2, C R, () and A, C L, ().

Proposition 1.4.25 [20] Let (A,A,) be a *-semisimple Banach quasi *-
algebra. Then (A, 2A,) provided with the weak multiplication © is a partial
*_algebra.

It is worth to introduce some topologies originated by the sesquilinear
forms in Sy, (), in the case (A, 2A,) is *-semisimple. These topologies are
similar to those introduced in Section 1.1, but the semi-norms are essentially
given by the sesquilinear forms.

To: A3 ar |O(az,y)| for all w € R.(A,2,), x,y € 2Ag;

T A S ar Oa,a)? for all w € Ro(A, Ay):;
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Te: A 3 a— max{O(a,a)z,O(a*, a*)2} for all w € R (A, Ap):

*_Semisimplicity has a plenty of interesting implications, that we collect
in a unique proposition.

Proposition 1.4.26 [20, 66] Let (2, 2,) be a *-semisimple Banach quasi
*_algebra. Then

(1) Ay is *-semisimple;
(i1) (A, 2,) is fully closable;
(iii) (A, 2A,) is normal.

Theorem 1.4.27 [15, 66] Let (A,2A,) be a Banach quasi *-algebra with unit
1. The following statements are equivalent

(i) There exists a faithful (||-||-T¢ )-continuous *-representation = of A and

A ={aecUA:w(a) € B(H)};

(11) (A, A,) is *-semisimple.

Corollary 1.4.28 Let (A, 2L,) be a *-semisimple Banach quasi *-algebra with
unit 1. Then the Banach quasi *-algebra (A, 2A,) is continuously embedded
into a locally convex quasi *-algebra of operators. Moreover, if  is the faithful
*_representation that realizes the embedding, then

ﬂb:{aeﬂ:@GB(H)}.



Chapter 2

The continuity of representable
functionals

In the case of a C*-algebra, the counterpart of representable functionals
are positive functionals. The condition of positivity automatically implies
the existence of non-trivial functionals and continuity of them.

Theorem 2.0.1 [63] Let 4[| - ||o] be a unital C*-algebra and let x € A,.
Then there exists a positive functional w such that w(x) = ||z||,. Moreover,
w is continuous and ||w|| = w(1).

For representable functionals on locally convex quasi *-algebras no similar
theorem is known, neither for the special case of Banach quasi *-algebras.
Our aim is to investigate when representable functionals on a Banach quasi
*_algebra (2, 2l,) are automatically continuous.

Representable functionals on certain Banach quasi *-algebras are indeed
continuous. The existence of a noncontinuous representable functional is still
an open question.

2.1 Full representability vs *-semisimplicity

As we have seen in Chapter 1 in Theorem 1.4.27, the existence and the
continuity of *-representations on Banach quasi *-algebras is related to the
notion of *-semisimplicity.

All the examples of *-semisimple Banach quasi *-algebras are also fully
representable, therefore we ask ourselves if there is any relationship between
them.

It is know that if w € R.(A,2,) for a locally convex quasi *-algebra
(A, 2,), then ¢, is closable by [38].

21
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In the case (2, 2l,) is a Banach quasi *-algebra, we are able to show that
¢, can be extended continuously to all 2.

Proposition 2.1.1 Let (A,2,) be a unital Banach quasi *-algebra, w in
R.(A, ) and ¢, the associated sesquilinear form on 20, X U, defined as
vwl(z,y) = w(y*x) for every x,y € Ay. Then D(p,) = A; hence B, is
everywhere defined and bounded.

Proof. Since w is representable, by Theorem 1.4.7, there exists a Hilbert
space H,,, a linear map A, : A, — H,, and a *-representation ,, with values
in £T(\,(2l,), H,,) such that

wy ax) = (mu(a) A\ () A\u(y)), Va e z,y e A,.

Then, by continuity of w and the properties of the norm on (2(,2l,), for every
a €A and x,y € A,

(7 (@) Ao (2) [ A (W) = |w(y az)| < Ally*az| < ylly*[lo [|az] (2.1)
<7llallllzllollyllo-

Now, consider the sesquilinear form ©“ defined as ©%“(a,b) = (7w(a)&, |7 (b)&y)
for all a,b € 2. As already noticed in Section 1.4, ©“ extends ¢,,. It remains
to show that © is closable.

Suppose now that {a,} is a sequence in 2 such that ||a,|| — 0 and
Oy — G, Ay — Ary) = || T (@ — am)Eu||* — 0. Then the sequence 7, (a,)E,
converges to a vector ¢ € H,. Thus,

(M (an )8l Au(¥)) = (CAu(y)), Yy € Ao

By Theorem 1.4.7, the *-representation 7 is ultra-cyclic, thus 7(,)D, = D,
is dense in ‘H,,. Employing (2.1), we obtain ¢ = 0. Indeed

CIA)] = | Jim (@)oo = Tim [(m(an)ulAulv))]

Tim a1zl [yl = 0, ¥y € 2.

IN

Hence ©“(ay, a,) — 0; i.e., ©% is closable. Thus ©“ is closed and every-
where defined, hence bounded. We conclude that ©% = @, by the uniqueness
of continuous extension. Indeed, if a € D(p,), then there exists a sequence
{z,} of elements in 2, such that ||z, — a|]| — 0 and

@, (a,a) = lim ¢(x,,x,) = lim 6“(x,,z,) = 0% (a,a). O

n—0o0 n—00
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Corollary 2.1.2 Let (2A,2,) be Banach quasi *-algebra with unit. Then
(A, A,) is fully representable if, and only if, R.(A,2,) is sufficient.

Proposition 2.1.1 suggests us a deep link between full representability and
*-semisimplicity. Indeed, they differ only by the condition (P) introduced in
Chapter 1.

Theorem 2.1.3 Let (2(,2(,) be a Banach quasi *-algebra with unit 1. If the
condition of positivity (P) holds, then (21,2, is *-semisimple if, and only if
(A, 20,) is fully representable.

Proof. Assume that the condition of positivity (P) is valid. Let Sy, () be as
in Definition 1.4.18. First, we notice that every © € Sy, (2() can be written
as @, for some w € R (A, 2A,). If we put

we(a) :=0(a,1), a€c,

then we is continuous and representable. Indeed, (R.1), (R.2) in Definition
1.4.5 are given by the positivity and the invariance of O, i.e. by conditions
(S.1) and (S.2) in Definition 1.4.18. For (R.3), consider a € 2

[NIES

we(a*z)| = |8(a*z,1)| = |O(z,a)| < O(a,a)26(z,z)
< 7,0(x"x, Il)% = fyaw@(x*x)%, Vo € 2,

where 7, := ©(a,a)? + 1 > 0. Therefore, wg € Re(A,A,) and
P (2, 7) = we(2*2) = O(x,7), Ve,

Therefore, by Proposition 2.1.1, ¢, = ©.

On the other hand, consider a linear functional 0 # w € R.(2,2,) and
let @, be the sesquilinear form associated to it as before in (1.2).

By Proposition 2.1.1 D(p,,) = 2 and @, is bounded. If ¢/ =3, /@,
then ¢/, € Sy, ().

Assume that (A,2(,) is fully representable. Let a € 2 be such that
O(a,a) = 0 for every © € Sy,(2A). For what we have just shown, it is
enough to prove that, if §,(a,a) = 0, for every w € R (A, 2,), then a = 0.
We have

w(a)| = [pu(a, 1)] < 7,(1,1)*F,(a,a)"* =0

Then by Remark 3.10 of [38] employing condition (P), we get the statement.
Assuming now that (2, 2,) is *-semisimple, it is possible to show that
(A, 2,) is fully representable with a similar argument used in [38] as follows.
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For this aim, let © € Sy, () and define a functional we(a) := O(a, 1) for
a € A. For every h € A, N (—AT"), we have wg(h) = 0 for every O € Sy, ().
Indeed, h € 2", hence

we(h) = nhg)lo we(xy) >0
for {x,} a sequence in A such that ||z, — h| — 0 as n — oco. As well,
h € (—AT), therefore wg(h) < 0.
Consider now = € 2, such that ||z|| < 1. Then, ©,(a,b) := O(az, bx) for
a,b € A belongs to Sy, (A) and we,(h) = 0. Hence O(hz,z) = 0 for every
x € 2, and then O(hz,y) = 0 for all z,y € A,. We obtain

©(h,h) = li_)rn O(h,z,) =0, VO € Sy, (A)
and, from the *-semisimplicity of (2(,2,), h = 0.
We showed that 2" is a cone and thus by Proposition 1.4.15, R.(2,2A,)
is sufficient. We conclude by Proposition 2.1.1. U

Remark 2.1.4 We stress that in Theorem 2.1.3, the condition of positivity
(P) is used only in the proof that a fully representable (2, 2(,) is *-semisimple.

Example 2.1.5 As well as for the commutative case, for p > 2, the Banach
quasi *-algebra (LP(p), L*°(p)) for ¢ a finite faithful normal trace on the von
Neumann algebra L (i) is *-semisimple by Proposition 2.6 in [22] . Hence,
(LP(p), L>(¢)) is also fully representable by Theorem 2.1.3.

We have just shown in Proposition 2.1.1 that for every representable and
continuous functional w on a Banach quasi *-algebra (2, 2l,) the sesquilinear
form ¢, associated to w is everywhere defined and continuous.

For a representable functional, not surely continuous, nothing is known
about the closability or continuity of ¢,,. Through the *-representation m,, as-
sociated to w, it is still possible to define ©¥, an everywhere defined sesquilin-
ear form.

By means of ©“, we define a partial order in R(2(,2,) in the following
way: if w, ¥ € R(A,2,) we say that

Y <w if 6Ya,a) <60%a,a), Vacl

Before demonstrating a result on the continuity of representable function-
als through the partial order we introduced above, we need a characterization
of representability.
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Proposition 2.1.6 Let (A,2(,) be a quasi *-algebra with unit 1 and w a
linear functional on A satisfying (R.1) and (R.2). The following statements
are equivalent.

(1) w is representable.

(i) There exist a *-representation w defined on a dense domain D, of a
Hilbert space H, and a vector ¢ € D, such that

w(a) = (r(a)C|¢), Va e

(111) There exists a sesquilinear form ©% € Qg (A) such that

w(a) =06“(a,1), Vael

Proof. (i) implies (ii) by Theorem 1.4.7. Suppose now that (ii) holds and
define:

0“(a,b) := (n(a)C|T(D)C), a,b € A

Then ©“(a, 1) = (m(a)(|() = w(a) and by the properties (R.1) and (R.2) of
w, ©¥ € Qq, (). This proves (iii).

Finally suppose that (iii) holds. Properties (R.1) and (R.2) clearly come
from ©Y € Qg (A). What remains to show is (R.3). For every a € 2

NI
NI

lw(a*z)| = |0¥(z,a)| < @w(a,a)%@w(x,x) < yaw(z*x)2, Ve,

where, for instance, v, := 1 + 0“(a, a)l/ 2. Hence, w is representable. Il

Lemma 2.1.7 Let w,v € R(A,2A,) with w <. Then ¢ —w € R(A,Ay).

Proof. The conditions (R.1) and (R.2) are satisfied by the properties of ©¥
and ©¥. What remains to check is (R.3). For every a € 2 and x € 2, using
the Cauchy-Schwarz inequality for the positive sesquilinear form ¥ — 6,
we get

(@ = w)(@*)| = (0¥ — ©%)(a"z, 1)| = |(©¥ ~ ©%)(x, a)]
< (0¥ — 0°)(x,z)2(0Y — 0“)(a,a)"/?

¥ —w)(z*2) (0 — 6%)(a,a)"/?

< (¥ — w)(a"2)?,

—~

where 7, == (0¥ — ©¥)(a,a)z +1 > 0. O
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Theorem 2.1.8 Let (A,2,) be a Banach quasi *-algebra. The following
statements are equivalent.

(i) Every w € R(2A,2,) is bounded; i.e., R(2A,2A,) = Re(A,Ay).

(11) Every *-representation m of (A, A,) is weakly continuous from 2A[|| - ||]

into LY(D,, H,)[Tw).

(111) For every w € R(A,2,), w # 0, there ezists a non-zero 1 € R (A, A,)
such that ¢ < w.

Proof. (i) = (ii): Let 7 be a *-representation of (A,%,). Then, for every
¢ € D, the linear functional w(a) = (7(a)|€) is representable by Proposition
2.1.6 and, therefore bounded. Hence 7 : ||| - ||] — LN(D., H.)[7w] is contin-
uous. Indeed, if {a,} is a sequence of elements in A such that ||a,, — al| — 0
for n — oo, then

(m(an)Ele) = wrelan) = wrela) = (w(a)€l€), VE € Dy (2.2)

where wr¢ is the functional associated to the *-representation m and the
vector € € D;.

(i) = (iil): Let w € R(2A,2,) and 7, the corresponding GNS-representa-
tion (which is weakly-continuous by assumption) with cyclic vector &,. Then
for every &,n € D, there exists v¢, > 0 such that

(7 (@)€n)] < venllall,  Vae2A.

In particular, for the cyclic vector &,, we have

wla)| = [(mw(a)éuléo)| < veoellall,  Va e A

Then (iii) holds with the obvious choice of ¥ = w.
(iii) = (i): By the assumption, the set K, = {¢p € R.(H,2) : ¥ <w} is
a non-empty partially ordered (by <) set. Let W be a totally ordered subset

of K. Then
lim ¢ (a)

Yew

exists for every a € 2. Indeed, the set of numbers {0%(a,a);v € W} is
increasing and bounded from above by ©“(a,a). We set, for every a € 2,

A(a,a) = 1/111€I1r/1\/ 0%(a,a).

Then A satisfies the equality
Ala+b,a+b)+ Ala—b,a —b) =2A(a,a) + 2A(b,b), Va,be A,
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hence we can define A on 2 x 2 using the polarization identity. By the
properties of ©OY € Qg (2A) for every 1 € K, then A € Qg ().

If we put w®(a) = A(a, 1), then w°®(a) = limyey 1(a). We now prove that
w® € R(A,2,). It is clear that w® is a linear functional on 2 and w® < w.
The conditions (R.1) and (R.2) are satisfied by the properties of A. We prove
(R.3). Let a € 2. Then

°(a*z)| = li “z)| < lim (1 + 6% (a,a)?) li )3
lw*(a*2)| = lim |9(a’z)| < lim (1 + 6%(a, a)?) lim 4(2"2)
< (1+ A(a,a)?)w’(z*2)2, Vo €U,

We show now that w® is bounded. For every a € 2 the set {|(a)|;9 € W}
is bounded; indeed, for every ¢ € W, we get

1¥(a)| = [©¥(a, 1)| < ©¥(a,a)20%(1,1)2 < ©%(a,a)20%(1, 1)z.

By the uniform boundedness principle, we conclude that there exists v > 0
such that [¢(a)| < 7||al|, for every ¢ € W and for every a € . Hence,

°(a)] = i < :
w (@)l = lim |y(a)] < vllafl, Vo€

Then, W has an upper bound. Then, by Zorn’s lemma, K, has a maximal
element w*. It remains to prove that w = w*. Assume, on the contrary
that w > w*. Let us consider the functional w — w*, which is non-zero and
representable by Lemma 2.1.7. Then, there exists o € R.(,2,) such that
w —w* > 0. Hence, w > w*® + o0, contradicting the maximality of w*. Then
w = w* and, therefore, w is continuous. Il

Remark 2.1.9 The equivalence of (i) and (ii) of the previous theorem holds
also in the case when (2, 2l,) is only a normed quasi *-algebra. Indeed, no
properties related to the completeness are needed to prove that (i) implies
(ii). The other direction can be shown again through the computation in
(2.2).

The proof of (iii) = (i) is inspired by a well known result of the theory
of Banach *-algebras [33, Lemma 5.5.5].

2.2 Representable functionals on a Hilbert
quasi *-algebra

Theorem 2.1.8 provided us conditions for the continuity of representable
functionals based on the existence of a certain continuous representable func-
tional, but it does not provide any algorithm to build the mentioned func-
tional.
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This remark encourages us to continue our investigation about the prob-
lem of continuity, focusing on the particular case of Hilbert quasi *-algebras
on which the structure is richer.

For the reader’s convenience, we remind that we assume the following
condition (A)

(A) If £ € H and &x = 0, for every = € 2, then £ = 0.

As in Definition 1.3.7, we consider, for every £ € H, the following opera-
tors:
Le Ay —H, Lex = Ex

and
Rg s Ay — H, Rgl’ = z€.

Lemma 2.2.1 Every Hilbert quasi *-algebra (H,24,) is fully closable and, in
addition, Le- C L, Rew C RE for every & € H. Hence, L € LAy, H), for
every & € H. Moreover, the map

E€MH — Le € LA, H)

is injective and, if n € D(L¢) then nz € D(L¢), for every x € 2,.

Proof. In order to show that L is closable, let {z,} be a vanishing sequence
in 2, such that ¢z, = n € H. We want to prove that n = 0.
For every y € 2, ||yz}|| — 0. Therefore, on one hand we have

(Exaly) — (nly) Yy e Ay

and on the other
(Exnly) = (lyzy) =0 Vy €A,

We conclude that (n|y) = 0 for every y € 2,, hence n = 0.
If x,y € A,, we have

(Lexly) = (§zly) = (2[§7y) = (2| Le-y)-

This proves the inclusion Lg« C L. Symmetrical arguments can be employed
for Re, £ € H.
The injectivity of the map H > & — L¢ € LT(™A,,H) comes from the
condition A. O
Among multiplication operators, a distinguished role is played by those
whose closure is everywhere defined.
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2.2.1 Partial multiplication and bounded elements

If (H,%,) is a Hilbert quasi *-algebra, then the sesquilinear form ¢

(&) =), VEmeH

belongs to Sy, (). Hence, every Hilbert quasi *-algebra is *-semisimple.
Therefore, Definition 1.4.24 can be rephrased in the following way, due to
Riesz representation theorem for bounded sesquilinear forms.

Definition 2.2.2 Let £,n € H. We say that ¢ is a left-multiplier of n (or, n
is a right-multiplier of £) if there exists ( € H such that

(nz|¢"y) = (Czly), Yo,y € A
In this case we put {on = (.

Clearly, €on is well-defined if and only if n*o* is well defined. Moreover
(§om)™ = n"og”.

If £om is well-defined then L o L, is well defined in £T(2,, H) and we have
Leoy, = Leo L, For € € H, we denote by L, (§) (resp., Ry, (£)) the set of left-
(resp., right-) multipliers of &.

Proposition 2.2.3 Let (H,2,) be a Hilbert quasi *-algebra. Then H is a
partial *-algebra with respect to the multiplication o.

Proof. By the above discussion, (#,%2l,) is *-semisimple. Hence, apply Propo-
sition 1.4.25. O

Remark 2.2.4 ¢op is well defined if L¢ 0 L, is well defined in £(2,, H) and
vice-versa. Moreover, L¢ 0L, = L. for some ¢ € H. If (H,%2,) is unital, the
second condition is automatically satisfied whenever L, oL, is well defined,
since one can put ¢ = (L0 L,)1. In this case, Ly = {L¢; £ € H} is a partial
O*-algebra on 2,, according to Definition 1.1.2.

Proposition 2.2.5 Let (H,2l,) be a Hilbert quasi *-algebra and £ € H. The
following statements hold.

(1) Ruw(§) = {n € D((Le¢ [43)") : ny € D(Lg), Vy € Ao}
(i) If (H,2A,) is unital, then R, (§*) = D(L{).

(ii) If (H,2,) is unital and & is a universal right multiplier (i.e. R, (")
is equal to H ), then L¢ and Le« are bounded operators.
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Proof. (i): Let n € R,(&*). Then,

(Lex|ny) = (Ex|ny) = (z[(£"on)y).

Hence ny € D(Lg) and L (ny) = (§'on)y, for every y € 2.
Moreover, since

(Exlny) = (Exy|n) = (z[(Eon)y) = (xy*[§ on),

we also have that n € D((Le¢ [q2)")-
Conversely, let 7 € D((Lg¢ [92)*) be such that ny € D(Lg), for every
y € Ay. Then,

(Lex|ny) = (x| Lg(ny)), Va,y € Ay
On the other hand,

(Lexlny) = (Lexy™n) = (zy"[(Le Taz)™n) = (2[(Le Taz) n)y)-
Thus,
{€xlny) = (x|(Le Tu3) n)y).
This implies that n € R, (§*) and £'on = (L¢ Tg2)™n-
(ii): This follows immediately from the closed graph theorem.
(iii): In this case, A3 = A,. Now if n € D(LF) and y € 2, then ny € D(L).
Indeed, we have

(Lex|ny) = (Le(zy™)|n) = (zy*|Lin) = (z[(Lgn)y).

Hence, ny € D(L;) and Li(ny) = (L{n)y. m

For some ¢ € H it may happen that the operator L, (resp. Rg) is bounded
on A,. Then its closure L¢ (resp. R¢) is an everywhere defined bounded
operator in H. In this case, we say that & is a left- (resp. right-) bounded
element.

The following result is inspired by [56, Proposition 11.7.5]:

Proposition 2.2.6 Let (H,%,) be a Hilbert quasi *-algebra. Then § € H is
left-bounded if and only if it is right bounded. Moreover, Lex = (Re-a*)*, for
every left-bounded element & € H.

Proof. Indeed, € is left-bounded if, and only if, £* is right-bounded, since
&7 = [|€x™]] < Alle™]] = yllell, Vo e A

On the other hand, by Lemma 2.2.1, £ is left- (resp. right-) bounded if, and
only if, £* is left- (resp. right-) bounded. O
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From now on, we speak only of bounded elements. The set of bounded
elements is denoted by #H, (see Definition 1.3.6).

Let £,n € H,. Then the multiplication {on is, in this case, well-defined.
Indeed, for every x,y € H, we have

(ne|&y) = (Lyx|€y) = (2| Ly (€*y)) = (x|Ly-(Ley))
= (z|(LyLe+)y)) = ((Len)x|y))-

Hence, ¢on = Zgn. Thus H, is a *-algebra containing 2,. It is natural to
define a norm in H, by ||£]|, = ||L¢|| where the latter denotes the operator
norm of B(#). We notice that there is no ambiguity in this choice, because,
as it is easy to check, || L¢|| = || Re||, for every bounded element &. Indeed, by
Lemma 2.2.1 Re- = Rf for £ € H,, we have

[Lell = sup [Lex|| = sup [|€x]| = sup [[a"¢"|| = [[Re- || = [ Rell = || Rell

Izl < llzl<1 [J*[|<1
Proposition 2.2.7 H, is a pre C*-algebra. If, in addition, (H,2,) has a
unit 1, then H,[|| - ||,] is complete and, therefore, it is a C*-algebra.

From (iii) of Proposition 2.2.5 we get

Proposition 2.2.8 If (H,2(,) has a unit 1, then the space H, of bounded
elements coincides with the set R, (H)(= L,(H)) of the universal multipliers
of H.

Remark 2.2.9 If (H,2,) has no unit, then H,[|| - ||,] need not be complete.
As an example take 2(, = C.(R) the algebra of continuous functions with com-
pact support with the L2- inner product. Then H = L*(R, d)), where X indi-
cates the Lebesgue measure on the real line. In this case H, = L*(R,d\) N
L*(R,d\) which is not complete in the L>®-norm. If L®(R,d\) N L*(R, d)\)
was complete with respect to the L°°-norm, this norm would be equivalent
to the projective norm || - |2 + || - ||c. This implies || - [|2 < C| - ||oc on
L*(R,d)\) N L*°(R,d)\) and this is not happening (consider, for instance, the
case of characteristic functions x[_,, of the interval [—n,n])

Remark 2.2.10 In [67] a notion of strongly bounded element was also intro-
duced: an element a € 2 is called strongly bounded if there exists a sequence
{z,} C AU, such that

sup ||zpllo <00 and  lim ||z, —al = 0.
n n—oo
In the case of a Hilbert quasi *-algebra (H,2l,) the two notions are equiv-

alent: every bounded element of H is strongly bounded (see, [67], and [56,
Proposition 11.7.9]).
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Let us now consider the following two sets of bounded operators in H.
L:={R,;z e}, R:={Ly;z e},

where A" denotes the usual commutant of the set A of bounded operators in
H. Then, as proved in [67, Section 3], one has the equalities

L'=R, L'=L TR'=R,

Hence £ and R are both von Neumann algebras and they are the commutant
of each other. In fact, if we consider the closable multiplication operators L
for ¢ € H and we compute the weak commutant, i.e.

{Le;E e HY., :={S € B(H) : (SLex|y) = (Sz|Lewy),VE € H,Vr,y € Ao},
we obtain again a von Neumann algebra, as it is proved in the following

Proposition 2.2.11 Let (H,%,) be a Hilbert quasi *-algebra with unit 1.
Then, {L¢; & € HY,, =R. Hence {L¢; & € HY,, is a von Neumann algebra.

Proof. Let T € R and {z,} a sequence in 2, converging to . Then,

(TLealy) = (T(x)ly) = lim (T(x,0)ly)
= lim (T'L,, z)ly) = lim (L, Tz|y)
n—oo n—oo
= lim (Tx|Lyxy) = (Tw|Le-y).
n—oo

Hence T € {L¢; € € H},,. The converse inclusion is obvious. 0

This result opens up the possibility of classifying Hilbert quasi *-algebras
following the classification of their bounded part as von Neumann algebras.
We leave this problem for further investigations.

2.2.2 Positive elements and representable functionals

A notion of positivity has already been introduced in Definition 1.4.11.
In this subsection we introduce a weaker notion of positivity that helps us
to characterize representable and continuous functionals on a Hilbert quasi
*_algebra. A natural question is as to whether these two notions coincide.

Definition 2.2.12 Let (#,%2,) be a Hilbert quasi *-algebra and £ € H. We
say that & is w-positive if L¢ (or, equivalently R) is a positive operator; i.e.,
if

(Lex|z) = (Ex|x) > 0,Vz € A,.
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If £ is w-positive, then § = £*. Moreover L is positive, if and only if, R
is positive. The latter statement is due to the equalities

(Lex|z) = (€x|x) = (z*|2"€) > 0 if Le > 0 and x € A,
We put
HE={eH: ({x|z) >0,Vr €A} ={¢,€H: & is w-positive}.

The wedge H,! defines in a standard way a partial order in the real space
Hy={(€eH {=¢E} i, n e Hy, we write £ <n whenn—¢& € HE.

The notion of w-positive element plays a role in the description of repre-
sentable and continuous functionals on (H,%A,).

By means of this new notion of w-positivity, we can show the 1-1 corre-
spondence between representable and continuous functionals on (#,%2(,) and
bounded and w-positive elements in (H,%2,).

Theorem 2.2.13 Let (H,2,) be a Hilbert quasi *-algebra. Then, w is in
Re(H,Ay) if, and only if, there exists a unique w-positive bounded element
n € H such that

w(§) = (), VEeN. (2.3)

Proof. Let w be a representable and continuous functional on (H,2,). Then
there exists a unique vector n € ‘H such that

w(&) = (), VEeH. (2.4)

We want to show that 7 is w-positive and bounded. The condition (R.1)
implies that 7 is w-positive, i.e. the operator R, is positive (but not neces-
sarily self-adjoint). Indeed,

0 <w(z’z) = (zz|n) = (x|zn) = (z|R,z), Ve A,

This in turn implies that n = n*.
In the situation we are examining, the condition (R.3) reads as follows

VEeH, Iy >0: [(Exin)| < 7§<x*x|n>1/2, Vo € A,.

By Proposition 2.1.1, ¢, (z,x) = (z*x|n) has an everywhere defined closure
©,, in H, therefore for every § € H there exists c¢, > 0 such that

(& xm| < ceqllell, Vo e A
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This implies that there exists a vector n’ € H such that
(&z|n) = (z|n), Vx e,

Hence, for every x,y € A, we get

(& xny) = (Exy™In) = (xy*In') = (z[n'y).

Therefore, {on is well defined for every & € ‘H. Thus L,(n) = H and, since
n =n*, R,(n) = H. Taking into account Lemma 2.2.1, both L, and R, are
bounded operators on H.

For the sufficiency, let n € ‘H be a w-positive bounded element and define
the linear map w(&) := (¢|n). We want to show that w is representable and
continuous.

(R.1) and (R.2) can be proven easily. As for (R.3), denoting by R, the
continuous extension of R, to H, we have, for every § € H,

w(&*z)| = [(€°z|n)| = (2| R\€)| < (w[Ryz) /> (€[RyE)"?
= w(z*z) 2 (E|R,E)V?, Vo e,

due to the generalized Cauchy-Schwarz inequality for positive operators.
Thus (R.3) is fulfilled. OJ

Theorem 2.2.13 allows to compare the two sets of elements H* and H;
related to the notion of positivity.

Lemma 2.2.14 Let (H,2,) be a Hilbert quasi *-algebra. Then, HT C H.

Proof. Let n € H™T; i.e. there exists a sequence {x,} of elements of A (thus
each z,, has the form z,, = Zgil 2% Znky Znk € Ay) Tp-converging to 1. Then,

(Loyly) = (nyly) = lim (zny[y)
N

N
= 1}3{3@(2 Zuznkyly) = lim > (zaylzmy) > 0. O
k=1 k=1

Lemma 2.2.2 implies that the wedge H] is actually a cone. Indeed,
(H,2,) is fully representable by the discussion in Subsection 2.2.1. By Corol-
lary 2.1.2 R.(H,2,) is sufficient and hence H* is a cone, by Proposition
1.4.15. By Lemma 2.2.2, H* C H, thus H,, is also a cone.

Proposition 2.2.15 Let (H,2,) be a Hilbert quasi *-algebra. If the condi-
tion (P) holds and HY, = {£ € Hy : (Ex|z) > 0,Vx € A} C HT, then
HT =HT.
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Proof. Suppose now that the condition (P) is valid and let n € H.,. We want
to show that n € H™.

By weak positivity, (ny|y) > 0 for every y € 2,. This implies that n € H
is w-positive if, and only if, (n, h) > 0 for every h € 2T, so by the continuity
of the inner product, (n,&) > 0 for every £ € H™.

For the assumption H,}, C H*, the previous claim is valid in particular for
every x € 1., and, by Theorem 2.2.13, every x corresponds to a functional

w € Re(H,2A,) defined as w(() := (C|x), for every ¢ € H. Therefore, for
every w € R.(H,2,), we have
w(n) = (nlx) = 0.

By condition (P) it follows that n € H*. O

2.2.3 Integrable Hilbert quasi *-algebras

Let (H,%,) be a Hilbert quasi *-algebra. As we have seen, in general, if
¢ € H and ¢ is not bounded, we have Lg C L., but we do not know if the
equality holds for every £ € H. For this reason we introduce the following
definition.

Definition 2.2.16 A Hilbert quasi *-algebra (H,%,) is called integrable if
%L, is a core for Lg, for every § € H.

It is clear that, if (H,%,) is integrable, then, for every ¢ € H, Le = Lg.,
since Lg- C Lg. In particular, it £ = £*, then Lg is essentially self-adjoint.

Definition 2.2.17 Let (H,%,) be a Hilbert quasi *-algebra with unit 1. We
say that (#H,2,) admits a module function if there exists a map p: H — H
with the following properties:

(i) p(€) € Hf, for every € € H;
(if) u(§) =&, for every Hy;
(iii) [ =[], for every € € H.

Remark 2.2.18 Condition (iii) of Definition 2.2.17 obviously implies that
W is continuous at 0.

Proposition 2.2.19 Let (H,2,) be an integrable Hilbert quasii‘—algebm with
unit 1. Assume that for every & € H, the operator Hy = (LZLg)l/Q has the
following property:

Hg(zy) = (Hgr)y Yo,y €A, (2.5)
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Then (H,24,) admits a module function.

Proof. H is a positive self-adjoint operator with D(H)) = D(Lg¢). By
choosing x = 1 in (2.5), we get Hyy = (Hl)y for every y € 2A,; that is,
Heyy = L(n,, )y, for every y € A,.
The module function is then defined everywhere in H by the following
map
M:HES'—)M(&) ZZH@)I[E,H.

We check the conditions (i)-(iii) of Definition 2.2.17. We have u(§) € H.l.
Indeed,

(u(©)ele) = (HigL)als) = (Higalz) > 0, Vo e,

As for (ii), for every § € H.f, the operator L is essentially self-adjoint
and positive by the integrability. Hence Hg) = (L{L¢)'? = Le. This implies

that p(£) = &
Finally, for every £ € H,

€% = (€l€) = (€LIEL) = (Lel|Lel) = (Hg1[HgL) = || n(&) |I*

So (iii) holds. O

A case in which (2.5) verifies is the following. Assume that w is trace,
ie. w(ry) = w(yx) for every z,y € A,. Then, in Proposition 2.1.1, we
proved that if w € R.(H,,), then P, is everywhere defined and bounded.
Therefore, there exists a bounded operator B : 2 — 2 such that

@w(a’a b) - <Ba|b>, \V/(l, b e
If x,y,z € A, then we obtain

(B(zy)|z) = @ulry, 2) = w(z"2y) = (Au(2) A ()| A (2))
= (A (@)[Au(2) A (9)") = @ulz, 2y") = (Bz|zy") = ((Bz)ylz).

The density of 2, in ‘H implies
B(zy) = (Bx)y, Y,y €.

Hence B is verifying the assumption 2.5 in Proposition 2.2.19.

Assume now that 2, has unit 1. Then, if we put £ := B1, we obtain
Bx = Lex for every x € 2,. This element { € H is uniquely determined.
Moreover, £ is a bounded element by the fact that B is bounded.
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Lemma 2.2.20 Let (H,2l,) be a unital integrable Hilbert quasi *-algebra
with a module function p. Then, for every & € ‘H, with & = £*, there exists
two elements &,,&_ € HE such that £ =&, — & ; p(§) = &4 +&-; €408 and
&_0&, are both well-defined and .06 =& o0&, = 0.

Proof. Let us define the following two operators on D(L¢) = D(H)):
1

1 - _
P =5(He + L), N = 5(He — Le).

Put £ = Poy1 and {_ = N 1. We want to show that these elements are in
H:. Indeed, for every x € 2, we have

2(6alr) = ((Hig 1 + Lel)zlz) = (u(§)z|r) + (Exlw). (2.6)

Our aim is to show that the above quantity (2.6) is nonnegative for every
x € Ay. The worst case happens when ({z|x) < 0 for every x € 2, i.e. when
—& € H, but in this case u(€) = u(—§) = —¢€. Hence, (2.6) becomes

(—=¢z|z) + (Cxlx) = 0

and the claim is proved. The proof for £_ is similar and clearly £ =&, —&_

and () = & + €.
Let z,y € A,. We want to show that £,06_ =0, i.e.

((Hig1 — Lel)z|(Hg1 + Lel)y) = 0.
Computing in the expression above, we obtain

(HgL)a|(HigL)y) + ((HgL)z|Ley) — (Lex|(Hg1)y) — (Lew[Ley)
=(u(&)z|n(&)y) + (u(&)xlsy) — (Ex|n(&)y) — (Ex[cy).

Now, we can show that ||u(&)x| = [|{z||, for every z € ;. Indeed,

lgz]|* = (§zlgz) = (Lex|Lew)
= (Hz|Her) = (HgL)z|(Hg1)z)
= [ u@z |, Ve
By the polarization formula, (u(&)z|u(€)y) = ((z|ly) for every z,y € 2,.
Notice that, by (ii) of Definition 2.2.17, p? = pu, i.e. p(u(€)) = p(€) for
every £ € H. Hence, if p?(€) := p (u(§)),

(u(€)zley) = (12()x|u(€)y) = (u(&)x|p*(€)y) = (Ex|u(€)y).

From what we have just shown, we have that £ o0&, is well-defined and
¢ o0&, = 0. Using the same argument, it is easily proven that £,06_ = 0.
Then &, and £_ have the desired properties. U
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Remark 2.2.21 Suppose that (H,2,) is integrable and unital. Suppose in
addition that the Hilbert norm of H is increasing; i.e.,

0<&<n = [l < lnl-

and that
w(p(€) —p(n) <€ —mn), VEneH. (2.7)

Then we get
[1(§) — p)|| = lpu(pe(€) — ) < ln(€ =)l = (1§ = nl|

This obviously implies that p is continuous.

Proposition 2.2.22 Let (H,2,) be a Hilbert quasi *-algebra with a continu-
ous module function. Suppose that u(2,) C AF. Then every positive element
is the limit of a sequence of elements of AT ; i.e., HY = H.

Proof. Let £ € H} then by density there exists a sequence {z,} C 2, such
that z,, — £. By the assumptions p(z,) € 2 and p(z,) — p(§) = ¢&. O

Proposition 2.2.23 Let (H,2,) be a unital integrable Hilbert quasi *-alge-
bra with a T,-continuous module function. Suppose that u(2,) C AS. Every
w € R(H,2,) which is positive on M, is continuous.

Proof. As shown in [65], every positive functional on H,\, = H* (by Propo-
sition 2.2.22) is bounded on positive elements. The statement then follows
from Lemma 2.2.20. O

2.3 Intertwining operators and representable
functionals

After describing the set R.(H,2,), a second natural step consists in look-
ing for conditions for w € R(H,2l,) to be continuous on H, at least in some
particular situations.

Before proceeding, we remind the reader of the definition of critical eigen-
value.

Definition 2.3.1 [62, Definition 3.1] A complex number p is said to be a
critical eigenvalue of a couple of operators (A, B) in a Banach space X if
(A — uI)X has infinite codimension and p is an eigenvalue of B.

Critical eigenvalues are important in order to study the continuity of a
linear operator 7" which intertwines a couple (A, B), i.e. TA = BT.
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Proposition 2.3.2 [62] Let A and B be normal operator on a Hilbert space
H. Then every linear operator T satisfying TA = BT is continuous if, and
only if, the couple (A, B) has no critical eigenvalues.

Proposition 2.3.3 Let (2,2(,) be a quasi *-algebra with unit 1 and w in
R(A,A,). Then there exists a linear operator T,, : A — H,, such that

w(a) = (T,all,), VaeA,

where &, is the cyclic vector of the GNS representation associated to w.

Proof. Let w € R(2A,A,). Let N, = {z € A, : w(z*z) = 0} and H,, the
Hilbert space completion of 2(,/N,, with respect to the inner product

A(@)[M(y) = w(y @), z,y € A,

where A\, (z) = © + N,. H, is nothing but the carrier space of the GNS
representation constructed in [65].
For every a € 2, the linear functional F, on A\, (2,) defined by

F,(\(2)) =w(a*z), xe€A,
is well-defined and bounded by (R.3). Indeed,
[FaRu(@)] = w(a's) < qaw(a’e)s =yl Xa(a)ll, Vo€ 2y
Hence there exists a unique £(a) € H,, such that
Fa(Au(2)) = wla"z) = (Au(2)[€(a)), Vo €A,

We define a linear map T}, : % — H,, by T,a = £(a), a € 2. Then we have

w(a) = w(a*) = (Au(1)[§(a)) = (€(a)lsw) = (Tualsw), Va e,

where &, = A\ (1) is the cyclic vector of the GNS representation associated
to the functional w. O

Proposition 2.3.4 Let (H,2,) be a commutative Hilbert quasi *-algebra
with unit 1. Assume that 20, is a Banach *-algebra with respect to || - ||,
and that there exists an element x of U, such that the spectrum o(R,) of the
bounded operator R, of right multiplication by x consists only of its contin-
uous part o.(Ry). If w € R(A,A,), then w is bounded.
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Proof. By Proposition 2.3.3, there exists an operator T,, : H — H,, such that
w(n) = (T,,n|€,) for every n € H. Then, if we put

Ao() - Ao(y) = Ao (Ty),

This multiplication - is well-defined on A, (2l,) and makes it into a commu-
tative *-algebra. Moreover, if 2, is a Banach *-algebra with respect to || - ||,
by Theorem A.3.5, we have

o (z)I? = wlyz*zy) < [lyllow(a"z) = [lyllollAw ()] (2.8)

The inequality (2.8) implies that the right multiplication operator Ry, ) by
Aw(y) is bounded on A, (2,) and therefore it has a unique bounded extension
to H,, denoted by the same symbol.

By the condition (R.3) on w, the functional F,(2) = w(nz) for z € 2, is
bounded on 2, with respect to || - ||.,, so it can be extended on the whole H
and there exists xy € H such that w(nz) = (A, (2)|x) for every z € 2,.

On the other hand, w(nz) = (T,,(nz)|&,). Therefore, for z = 1, we have

(Eulx) = w(n) = (TL(n)|&)

and so x = (T,,n)*. By the definition of T, T,,;n* = (T,,n)* for every n € H.
Hence, for every n € H and z € 2,

(T (n2)|6w) = wnz) = (A Tun”) = AE)I(Tun)") = (Tin - Au(2)80)-
By the density of A\, (2l,), we have the following equalities

T.(nz) =T,m - Ao(2), Vn € H, 2z € Ay; (2.9)
T,z = Mo(2), Vz € 2,. (2.10)

In particular (2.9) reads as follows
T.(R.n) = Ry, »)Tun, Vn € H,z € As; (2.11)

ie., T, intertwines the couple (R., Ry, (), for every z € %,. Then the
continuity of 7, can be deduced from Proposition 2.3.2.

By the assumption, there exists # € 2, such that o(R,) = 0.(R,). Hence,
for every p € C, the range of the operator R, — ul is either H itself or a
dense subspace of H. Thus no critical eigenvalue for the couple (R, Ry, (2))

may exists. 0
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2.3.1 Two peculiar examples

Let I be a compact interval of the real line and A the Lebesgue measure
on it. In this section we will show that every representable functional over
(L2(1,d)),2A,), where 24, = C(I) or 2, = L°°(I,d)), is continuous, as appli-
cation of Proposition 2.3.4. In this case, more can be said about representable
functionals over these Hilbert quasi *-algebras.

(L*(I,dN),C(I)) and (L?*(I,dM\),L>°(I,d))) are Hilbert quasi *-algebras
and, as it is easy to see, both are integrable in the sense of Definition 2.2.16.
A description of representable functionals on (L?(I,d\),C([)) is provided by
the following representation theorem.

Proposition 2.3.5 Let w be a representable functional on (L*(I,d\),C(I)).
Then there exists a unique Borel measure . on I and a unique bounded linear
operator T : L*(I,d\) — L*(I,du) such that

o) = [(@hdu, vf € (1) (2.12)
I
The operator T satisfies the following conditions:

T(fg)=(Tf)p=¢(Tf) Vfe L (I,dN),éecC(I); (2.13)
Té=¢, VoeC(). (2.14)

Thus, every representable functional w on (L*(I,d\),C(I)) is continuous.
Moreover,  is absolutely continuous with respect to .

Proof. By definition w is positive on C(I). Therefore by the Riesz-Markov
theorem, there exists a unique Borel measure p on I such that

(@) = /I odu, Vo € C(I).

By condition (R.3), for every f € L?*(I,d\), there exists v, such that

2

WD) < (@8 =y [ / Wdu} 6l V6 € CD).

Hence, the linear functional L; defined by L;(¢) = w(f*¢), ¢ € C(I), is
bounded on C([), with respect to ||-||2,,. Thus, it extends to a bounded linear
functional on L*(I, du) and there exists a unique function hy € L*(1, du) such
that

o(5°0) = [ Ry, Vo () (2.15)
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We can define a linear map 7' : L*(I,d)\) — L*(I,du) by putting T'f = hy,
f € L*(I,d)\). With this definition we have

w(f) = [@hdu. ¥f e 1),
I
It is straightforward to show that the map T has the following properties:

T(fg) = (Tf)p=w(Tf) YfeL*I,N),éeC) (2.16)
Té=¢, VoeC). (2.17)

In particular, (2.13) can be rewritten as follows
TRyf = RyTf, VfeIXI,\),¢¢€C(l),

where R, and R, denote the multiplication operators by ¢ in L3(I,d\) and
L?(I,dp), respectively. This means that T' intertwines the couple (Ry, R))
for every ¢ € C(I). The operator T is continuous if, and only if, there
exists ¢ € C(I) such that the couple (Ry, ;) has no critical eigenvalues by
Proposition 2.3.2.

In L*(I,d)), (X the Lebesgue measure) the operator R, has continuous
spectrum. Indeed, this depends on the fact that, if ¢ is not constant, for
every z € C, we have Ran(Ry — 21)* = {0} where Ran(R4 — 2I) is the range
of Ry — zI. Hence, the couple (R, R;) has no critical eigenvalues unless ¢ is
a constant function. Therefore the statement follows from Proposition 2.3.2.

Since T is bounded, it has an adjoint 7™ : L*(I,du) — L*(I,d)). Hence,
if we denote by u the unit function in C(I) (i.e., u(x) = 1, for every x € I),
we get

w(f) = / Tfdy = / (T fyudps = (T fluya,, = (FT"u) -

:/f-(T*u)dA, Vf e L3I, dN).
I

It is easily seen that T*u is a nonnegative function and by (2.18) it follows
also that w is necessarily positive on positive elements of L*(I,d\).
Put w = T*u. From (2.18), we get, in particular,

w(g) = /I b = /I pwd, Vo € C(I).

The previous equality implies by the uniqueness of the measure associated to
a positive linear functional on C(I) us that du = wd); i.e., u is A-absolutely
continuous with Radon-Nikodym derivative w. O
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Let us now consider the Banach quasi *-algebra (L?(I,d\), L>(I,d\)).
In this case we have more information about the measure that allows us to
represent the functional.

Proposition 2.3.6 Let w be a representable functional on the Banach quasi
*algebra (L*(I,d\), L>°(I,d))). Then there exists a unique bounded finitely
additive measure v on I which vanish on subsets of I of zero A\-measure and
a unique bounded linear operator S : L*(I,d\) — L*(I,dv) such that

(f) = /(Sf)dz/, Vf € L(I,dN). (2.19)
I
The map S has the following properties:

S(fo)=(Sf)p=o(Sf) VfeL*(I,dN),¢ € L=(I,dN),; (2.20)
Sh =, Voe L=(I,dN). (2.21)

Proof. The proof of this statement is essentially the same as that of Propo-
sition 2.3.5. Indeed, by [32, Theorem IV.8.16], there exists a complex valued
measure v absolutely continuous with respect to A, for which w has the fol-
lowing form

w(¢) = /Igzﬁdy ¢ € L™(I,dN).

Since the functional w is positive, i.e. w(¢p*p) > 0, for every ¢ € L>(1,dN),
the measure v is positive.

Following the proof of Proposition 2.3.5, one can show that there exists
a unique linear map S : L*(I,d)\) — L*(I,dv) such that

w(f):/I(Sf)dy,, Vfe L*(1,dN).

The boundedness of S follows directly from the analogous statement used for
T in the proof of Proposition 2.3.5, taking into account that S intertwines
the multiplication operators for a function ¢ € L>(I, \). In particular ¢ can
be chosen to be continuous. U

It is clear that the continuity of the operators T" and S implies the conti-
nuity of the corresponding representable functionals. Thus, we can conclude
with the following

Corollary 2.3.7 Ewvery representable functional over the Banach quasi *-al-
gebras (L*(1,d\),C(I)) or (L*(I,d\),L>°(I,d\)), where I is a compact in-
terval of the real line and X\ be the Lebesque measure on it, is continuous.
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Remark 2.3.8 (The Banach case) It would be desirable to extend the
results about the continuity of representable functionals we had before for
Hilbert quasi *-algebras to the case of Banach quasi *-algebras, using the
same strategy of intertwining operators.

In the case of a Hilbert quasi *-algebra, we applied a result of intertwining
operators for Hilbert spaces for which the operators of the intertwining couple
had to be normal and no eigenvalues.

For the Banach case, beside other assumptions like that on critical eigen-
values, the second operator of the intertwining couple has to posses countable
spectrum, in order to apply Theorem 4.1 of [62] and get continuity for repre-
sentable functionals.

Let us consider for a moment the case of Banach quasi *-algebras of
functions, for instance (LP(I,d\),C(I)) and (LP(I,d\), L>(1,d))) for p > 2,
where [ is the unitary interval of the real line and A is the Lebesgue measure.
In this case, we deal with commutative Banach quasi *-algebras and this
allows us to define a multiplication on the Hilbert space associated to the
representable functional through the GNS construction.

What we search for is a continuous function 1 such that the spectrum
of Ry, () is countable and ¢ doesn’t posses any eigenvalue, i.e. it is not
constant function. The spectrum of v is the essential image of ¢, that cannot
be countable unless ¢ is constant. In the latter case, 1) would posses critical
eigenvalues. Hence, requiring a countable spectrum would mean to allow
critical eigenvalues and viceversa.

This is an evidence of the difficulty of finding an example that verifies all
the assumptions of Theorem 4.1 of [62]. This suggests that that the approach
with interwining operators is not appropriate, in general.



Chapter 3

Unbounded derivations and
*~automorphism groups

As application of the study of continuity performed in Chapter 2, we
investigate (unbounded) derivations on Banach quasi *-algebras, focusing
our attention in particular on those arising as infinitesimal generators of
one-parameter groups of *-automorphisms.

For the case of Banach *-algebras, a derivation is a linear map for which
the Leibnitz rule holds. In this case, having a partial multiplication, the
Leibnitz rule needs to be adapted or weakened.

When 2, is a C*-algebra, Bratteli and Robinson proved in 1975 the exis-
tence of a deep relationship between certain closed derivations and continuous
one parameter group of *-automorphism {f;}er (see [25, 26, 27)).

Definition 3.0.1 [26] A derivation 6 of a C*-algebra 2 is a linear map-
ping from a dense *-subalgebra D(0)(2), named the domain, to a subspace
R(§)|subsetl, called the range, satisfying the two properties

1. §(xy) = 6(x)y + 26(y), v,y € D(6),
2. §(z*) = —6(x)*, x € D(5).

Theorem 3.0.2 [26] Let § be a derivation of a C*-algebra ||| - ||o). The
following are equivalent

1. 9 is the infinitesimal generator of a strongly continuous one-parameter
group of *-automorphisms of 2.

2. 0 is closed, its resolvent set p(0) contains R\ {0} and
16(z) = za|| = [Imz[|[z[lo, = € D(9).

45
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Other criteria for closability can be given. Among them, there is one that
involves states of C*-algebras.

Theorem 3.0.3 [26] Let 6 be a derivation of a C*-algebra . Assume that a
state w generates a faithful cyclic representation (Hy, 7, &) and also satisfies

w(d(z)) =0, zeD).

It follows that § is closable and there exists a symmetric operator Hs on H,,
such that

D(H;) = {77Z)a = Ww(x)fw’x S ID((;)}
o (8(2)) = [Hy, mo(2)]00, @ € D(8), v € D(Hy).

These two theorems of Bratteli and Robinson published in the mentioned
paper of 1975 highlight the relationship between unbounded derivations, one-
parameter groups of automorphisms and states on a C*-algebra. Our target
would be to study in depth how these theorems can be generalized to the
case of Banach quasi *-algebras.

In the previous Chapter, we already studied representable functionals and
sesquilienar forms associated to them. At this time, our aim is to investigate
how the definition of derivation can be adapted to a framework in which the
multiplication is only partially defined and therefore examining its properties.

3.1 Densely defined derivations

In this section we are interested in studying derivations defined on 2,
with values in the 2A,-bimodule 2A. Indeed, it is clear that the properties
required in the definition of quasi *-algebra (Definition 1.1.3) endow 2 with
a structure of a bimodule over 2, where the left and right actions are given
respectively by left and right multiplication.

Definition 3.1.1 Let (2, 2l,) be a quasi *-algebra and § a linear map of 2,
into A. We say that § is a qu*-derivation of (2(,2,) if

(i) 6(x*) =0(z)*, Vo € 2,
(i) d(zy) = 0(z)y + x0(y), Yo,y € A

Example 3.1.2 The easiest example of a qu*-derivation on a quasi *-algebra
is provided by the commutator; i.e., if h = h* € 2 we put

on(x) = ilh,z] :==i(hx — xh).
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Motivated by this example we give the following

Definition 3.1.3 Let (2, 2l,) be a quasi *-algebra and § a qu*-derivation of
(A, 24,). We say that 0 is inner if there exists h = h* € 2 such that

on(x) = ilh, z].

Qu*-derivations are indeed a special case of derivations from a *-algebra
2, with values on a 2A,-bimodule. Hence, as a consequence of a celebrated
theorem of J. Ringrose (Theorem 2 of [57]) every qu*-derivation ¢ is contin-
uous if (A, 2,) is a proper CQ*-algebra and we provide 2, the norm || - ||,
instead of the induced norm || - ||.

Therefore, from now on we will be interested in studying densely defined
qu*-derivations ¢ : ||| - ||] = A[|| - [|]-

A natural question is whether a qu*-derivation could be extended to a
larger domain D D 2,. If it is possible to extend § beyond 2,, then we
wonder about the closability of 4.

If 6 : (]| - [|]] = A[|| - ||] is closable as a linear map, then the closure is
defined in the usual way by

0(a) := lim 6(x,), a <€ D(F),

n—00

where D() is the following set

D) ={aecA:Hx,} CAp,w € As.t. |Ja— 2, — 0 and
16(2n) — w] — 0}.

In order to have a well-defined Leibnitz rule, we should have some reg-

ularity property on D(9), i.e. (D(6),2l,) should be a quasi *-algebra. This

is certainly true if D(0) is made of bounded elements, as in the following
example.

Example 3.1.4 Consider the Banach quasi *-algebra (LP(R),C>(R)). For
p>2 (LP(R),C*(R)) is a *-semisimple Banach quasi *-algebra.

Define on C°(R) the derivation §(f) = f’ for every f € C*(R), where f’
is the classical derivative of f. Then ¢ is closable and its closure is the weak
derivative in WHP(R). In this case the Leibnitz rule is still valid because
WP(R) is made of essentially bounded functions.

The use of representations (and/or representable functionals) allows us
to get the following first result of a purely algebraic nature.
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Let (A, 2,) be a quasi *-algebra, ¢ a qu*-derivation of (2, 2(,) and 7 a
*-representation of (A, %2A,). Assume that

whenever z € 2, is such that m(x) = 0, then 7 (d(z)) = 0. (3.1)
Under this assumption, the linear map
op(m(z)) :=7w(0(x)), =€,

is well defined on 7(2(,) with values in 7(2() and it is easily checked that J,
is a qu*-derivation of 2, named induced by .

Definition 3.1.5 Let (2, 2,) be a quasi *-algebra and § a qu*-derivation of
(A,2(,). Furthermore, let 7 be a cyclic *-representation of (2, 2,) with cyclic
vector &y satisfying the assumption (3.1). The induced qu*-derivation 0, is
spatial if there exists H = H' € L(Dy,H,) such that

So(n(x)) = ilH,n(x)], x €A

Proposition 3.1.6 Let (A,2,) be a quasi *-algebra with unit 1 and let §
be a qu*-derivation of (A,2A,). Suppose that there exists a representable
linear functional w with w(é(x)) = 0 for v € A, and let (Hy, 7w, \y) the
GNS-construction associated to w. Then there exists an element H = H' of
LM\, (o)) such that

.(0(2)) = —i[H,m,(z)], Vo eA,.
Proof. Define H on \,(2,) by
H)\,(z) = im,(0(x))E,, x €2

where &, = A\, (1). We first prove that H is well defined. We have

(1 (0(2)) sl T (y)€w) = (M (Ym0 (8(2)) €0 |e)
= (T (Y6 (2))8wléw)
= (T (0(y" ) = 0(y")2)EulCw)

")) 8uwléw)
§ulmu(6(y))€w)-

Hence if A\, (z) = 7 (2)&, = 0, it follows that (m,(d(z))&u|mw(y)Ew) = 0, for
every y € 2,. This in turn implies that 7, (5(x))&, = 0.
The above computation shows also that H is symmetric. Indeed,

—(m(d(y
—(mu(7)
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(HAu ()| Ao (y)) = 170 (0(2)) | T () €wr)
(7 (7)€ |7 (6 (1) )6w)
(A ()| H Ao (y))-

Finally, if x € 2,

To(0(2)) A () = T (6(2)) D70 (y) &
= 7 (0(2y))Ew — () 0 (0(y)) S
= —iHm,(x)\u(y) + imo (@) HAu(y)
= —i[H,m,(2)| (), VyeA,. O

Remark 3.1.7 In Proposition 3.1.6, if (2, 2l,) is a Banach quasi *-algebra
and w is a representable and continuous such that the *-representation
in the GNS construction is faithful, then it is possible to show that ¢ is a
closable qu*-derivation (see [1]).

3.2 Extension of a qu*-derivation

In the framework of Banach quasi *-algebras, we have a reasonable defini-
tion of derivation at hand. We are interested in studying them, in particular
the question concerning the closability.

The simplest case to start with is that of inner qu*-derivations. Not
surprisingly, 6, is continuous whenever the element h € 2 that generates the
qu*-derivation 0y, is bounded in the sense of Definition 1.3.6. Indeed it is
possible to write d;, as difference of the bounded operators L;, and Ry, in the
following way

On(z) = i[h,x] = i(Lp, — Rp)(x), VreA,.

We wonder if it is possible to remove the hypothesis of boundedness on
the generating element h € 2. It turns out that if (A, 2,) is a *-semisimple
Banach quasi *-algebra in the sense of Definition 1.4.21, we get the following

Proposition 3.2.1 Let (A, 2,) be a *-semisimple Banach quasi *-algebra.
Let h € A be a fized element in 2 such that h = h* and d,, the qu*-derivation
defined as op(x) :=i[h, x] for x € A,. Then oy, is closable.

Proof. Let {x,} C 2, be a sequence that vanishes as n — oo and such that
On(zy) is || - [|-Cauchy, i.e. there exists w € A such that ||0,(x,) —w| — 0 as
n — +00. We want to show that w = 0.
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On one hand, for every © € Sy, () and for every u,v € 2,
O(0n(xn)u,v) = iO(hz,u,v) — iO(x,hu, v)
=10 (z,u, hv) —i©(hu, z;v) — 0.
On the other hand, by the hypotheses O (5, (z,)u,v) = O(wu,v), for every

© € Sy, (A) and for every u,v € 2A,. We conclude by Lemma 1.4.20 and the
arbitrary choice of © € Sy, (). O

3.2.1 Weak multiplication and weak topologies

Proposition 3.2.1 highlights that the existence of certain sesquilinear
forms to work with is crucial when dealing with this problem. For this rea-
son, we will assume that (2A,%,) is a *-semisimple Banach quasi *-algebra.

Sesquilinear forms © € Sy, () are employed in the definition of a weak
multiplication (see Definition 1.4.24), and locally convex topologies coarser
than the norm topology (see Section 1.4.2).

As we shall see below, the weak multiplication in Definition 1.4.24 can be
characterized through some closedness properties with respect to the men-
tioned topologies defined by means of the sesquilinear forms © € Sy, ().

Remark 3.2.2 From the continuity of © € Sy, (%) it follows that all the
topologies 7, 75, (and also 74, if the involution is 7-continuous) are coarser
than the initial norm topology of 2.

Proposition 3.2.3 The following statements are equivalent.
(i) The weak product acb is well defined.

(ii) There exists a sequence {y,} of elements in A, such that ||y, —b|| — 0
and ay, —% aoh € 2A.

(i1i) There exists a sequence {x,,} of elements in A, such that ||z, —al — 0
and x,b =% aob € .

Proof. We prove only that (i) < (ii). The proof of (i) < (iii) is very similar.
Assume that aob is defined. By the || -||-density of 2l,, there exists a sequence
{y,} in 2, approximating b. Then for every z, 2’ € 2, and for all © € Sy, ()

O((ayn)z,2') = O(ynz,a*2") = O(bz,a*2") = O((anb)z, ),

i.e. ay, —= aob. Conversely, assume the existence of a sequence {y,,} in 2,
approximating b such that ay, —= ¢ € 2. Then, for every z, 2’ € 2, we have

O(bz,a*2') = lim O(y,z,a*2") = lim O((ay,)z,2") = O(cz, 2'),
n—00 n—00
i.e. aob is defined. O
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Remark 3.2.4 In Proposition 3.2.3, if a,b € 2 are such that aob is well-
defined, then every sequence {y,} in 2, such that ||y, — b]] — 0 verifies
condition (ii). Indeed, let {y,} be a generic sequence in 2, that verifies
|lyn — || = 0. Then we show that ay, — aob for n — oo: for every z, 2’ € 2,

and © € Sy, (2A)
lim O(ay,z,2') = lim O(y,z,a"z) = O(bx,a*z) = O((ad)z, 2').

Likewise, the same holds for a sequence {z,} is 2, such that ||z, —a|| — 0.

Let (A,%2d,) be a Banach quasi *-algebra. To every a € 2 there corre-
sponds the linear maps L, and R, defined as

L,: A, —2A L,x=ax Vref, (3.2)
R,: A, —2A Ryx=za Vref,, (3.3)

as seen in Section 1.3.

If (A,2,) is a *-semisimple Banach quasi *-algebra, then the weak mul-
tiplication o allows us to extend L, (resp., R,) to R,(a) (resp., L,(a)). Let
us denote by Ea, (resp. Ea) these extensions. Then Eab = aob, for every
b € Ry(a) and Ruc = coa, for every ¢ € Ly(a).

Lemma 3.2.5 If (A, ,) is a *-semisimple unital Banach quasi-*algebra, the

set A, of bounded elements is a *semisimple Banach algebra. Moreover, 2,

coincides with the set Ry, (2A) N L, (2A).

Proof. The first statement and the inclusion 2, C R, ()N L, (A) were shown
in [9]. Let a € R, (A) N L, (A) then R, (a) = L,(a) = 2A. Thus L, (resp.,
R,) is closed and everywhere defined. Hence both L, and R, are bounded.
O

Remark 3.2.6 Lemma 3.2.5 shows that the set of bounded elements with
respect to the weak multiplication o (in the sense of Definition 1.4.24) coincide
with the set of universal multipliers for the multiplication e (Definition 1.3.9),
in the case of a *-semisimple Banach quasi *-algebra. Therefore, there is
only one notion of boundedness, no matter which weak multiplication is
considered, o or e.

3.2.2 Inner qu*-derivations

Let us now assume that ¢ is a closable qu*-derivation. We consider the
question as to whether its closure ¢ is a *-derivation in some weaker sense;
i.e.; if a sort of Leibniz rule still holds.
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Proposition 3.2.7 Let (,2(,) be a *-semisimple Banach quasi *-algebra
with A[,| sequentially complete. Let § be a closable qu*-derivation of (A, 2A,)
with closure 6. Then, if a,b € D(8) and ach is well-defined, there exists an
element 0,,(ach) € A such that

O (0w (anb)u, v) = O(bu, §(a)*v) + O(5(b)u, a*v) Yu,v € Ay, © € Sy, (A).

Proof. Suppose that ¢ is a closable qu*-derivation and let § be its closure.

Let a,b € D(0), then there exist sequences {z,,}, {yn} of elements in 2, such
that ||z, —a| — 0, |Jyn —b|| = 0 and ||§(x,,) —d(a)|| = 0, ||6(yn) —d(b)]| — 0.

The sequence {x,y,} C 2, is 7,-convergent to acb and thus {J(z,y,)} is
Tw-Cauchy. Indeed,

W + 200 (Yn) = 6(Tm)Ym — T (Yum)
)(yn - ym) + (xn - $m>5(ym)
+ (0(n) = 8(zm))Ym + (T — 20)0(Ym)

5(xnyn> - 5(xmym) = 5(xn
o(

T

Hence, for every z, 2" € 2, and for all © € Sy, (),

O ((0(znyn) = 0(TmYm))2,2") = O ((Yn — Ym)2z, 0(2,)"2")
+ O (0(ym)2, (X0 — 2n)"2") + O (ym2, (6(20) — 6(2m))"2")
+ @ (5(ym)za (xn - Im)*zl) —0
By the sequential completeness of 2[r,], there exists ¢ € 2 such that
§(2nyn) =% ¢. Computing the 7,-limit
O(0(nyn)u, v) = O(8(x)Ynu, v) + (2, (yn)u, v)

= O(Ynu, 6(zn)"v) + O(d(yn)u, z,0)
— O(bu, 0(a)*v) + O(5(b)u, a*v),

for every u,v € 2, for all © € Sy, (), we obtain

dw(amd) := c = 7, — lim 6(z,y,)

n—o0

and therefore
O(d,(ach)u, v) = O(bu, d(a) v) +O(6(b)u, a*v) VO € Sy, (A),u,v € Ay. O

Remark 3.2.8 Let (2,%2(,) be a Banach quasi *-algebra as in Proposition
3.2.7. Let h € & and 6;(x) = [h,z] for z € ™A,. If a € D(05) and = € Ay,
then there exists an element of 2(, denoted by dj(az) such that

@(5h(amb)u,v) = @(bu,gh(a)*v) + @(Sh(b)u, a*v) Yu,v € Ay, © € Sy, ().
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Let {x,} C 2, be a sequence approximating a fixed element a € D(5}) such
that 0p(a) = lim 0p(xy,).
n—oo
By the classical Leibnitz rule we have 6, (z,x) = ih(z,z) — i(z,2)h, for
all x € A, and for every n € N. Then, for every u,v € 2, and © € Sy, ()
we have

O (0p(zpx)u,v) — i [O(azu, hv) — O(hu, z*a*v)] =: O(d(azx)u, v).

If aoh is well defined, 6y (a) is given by d;(a) = i(hoa — aoh).

We want to stress that if a,b € D(§) and the products ach, boh, acb
are well-defined, then it is not true a priori that the products (aob)oh and
ho(aob) are well-defined. Even if the mentioned products are well-defined,
the associative law for the weak multiplication may fall.

In the case 2 is sequentially complete and h is bounded, then
O(ho(aob)u, x) = O(bu, (hoa)*v), VO € Sy, (A),Vu,v € 2,
applying Proposition 3.2.3. Therefore, for h bounded we have
on(ach) = 8y, (a)ob 4 avdy,(b),

for every a,b € D(J) for which aob is well-defined.

3.2.3 Derivations as infinitesimal generators

Closed densely defined *-derivations on a C*-algebra 2, often occur as
infinitesimal generators of norm continuous *-automorphisms one parameter
groups. We first need a suitable definition of *-automorphism in the case of
Banach quasi *-algebras.

Definition 3.2.9 Let (2, 2,) be a *-semisimple Banach quasi *-algebra and
¥ : A — A a linear bijection. We say that v is a weak *-automorphism of
(A, 2A,) if

(i) ¥(a*) = (a)*, for every a € U,
(i) ¥ (a)op(b) is well defined if, and only if, aob is well defined and, in this

case,

(aob) = ¢(a)oy(b).

By the previous definition it follows that if 1) is a weak *-automorphism,
then 1~! is a weak *-automorphism too.
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Lemma 3.2.10 If ¢ is a weak™ automorphism of a *-semisimple Banach
quasi *-algebra (A, 2,), then (A, ) =2

b*

Proof. Let a € U, then aob is well defined for every b € 2 by the boundness
of a € 2. Hence, ¢(a) € R,(¢¥(A)) = R,(A). Similarly, ¢(a) € L, ().
Thus ¢(a) € 21, by Lemma 3.2.5. Applying this result to ¢~! one gets the
converse inclusion. 0J
In the case of a C*-algebra, every *-automorphism is automatically con-
tinuous and furthermore isometric (see Theorem A.3.3). In the case of a
CQ*-algebra, it is unknown whether this statement is true. However, we con-
jecture that similar strategies used to study the continuity of representable
functionals on Banach quasi *-algebras could be employed in the study of
continuity for weak *-automorphism, as the following example shows.

Example 3.2.11 Let us consider the Banach quasi *-algebras L?(I,d\) over
C(I) or L*(I,d)\), where, for instance, I = [0,1] and A is the Lebesgue
measure.

Asin [3], by [62, Theorem 5.5], if we find a couple of continuous operators
(Ry, Ry) intertwining with the weak *-automorphism ¢ such that (R;, Rs)
have no critical eigenvalues, then 1) is automatically continuous.

W+ L*(I,d\) — L?*(I,d)) is an intertwining operator with the couple
(Ry, Ry@py), i-e. ¥ o Ry = Ry o for every n € C(I). By the fact that 1 is
a weak *-automorphism, o(R,) = o(Ry,) for every n € C(I).

It remains to show that Ry, is continuous. By Lemma 3.2.10 () = A,
so the operator Ry, is everywhere defined. To prove that it is continuous
it suffices to show that it is closed. Thus, if {7,} is a sequence in C(/) that
vanishes such that Ry, (1,) = n,9(n) converges to f € L*(I,d)), then

Onny(n)u,v) = O(Y(n)u, n,v) — 0

and, on the other hand,

Oy (nu,v) = O(fu,v)

for every © € Se(py(L*(1,d))) and for all u,v € C(I). By the *-semisimplicity
of (L*(I,d\),C(I)), we conclude that f = 0.

In order to apply Theorem 5.5 of [62], choose 7 € C(I) such that 7
has only continuous spectrum in L?*(I,d)). Hence 1 is continuous by the
aforementioned theorem.

To show a similar statement (L*(I,d\), L>(I,d))), it is enough to employ
the same argument used for (L*(1,d\),C(1)).
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Definition 3.2.12 Let (2, 2l,) be a *-semisimple Banach quasi *-algebra.
Suppose that for every fixed t € R, ; is a weak *-automorphism of 2(. If

(i) Bo(a) =a,Va el
(i) Brrs(a) = Bi(Bs(a)), Va e A

then we say that (3; is a one-parameter group of weak *-automorphisms of
(A, 2A,). If 7 is a topology on 2 and the map ¢t — F;(a) is T-continuous, for
every a € 2, we say that [; is a 7-continuous weak *-automorphism group.

The definition of the infinitesimal generator of 3; is now quite natural. If
[; is T-continuous, we set

D(o,) = {a € A : lim w exists in Ql[T]}

t—0
and
dr(a) =7 — Pr% m, a € D(d;).

If the involution a +— a* is 7-continuous, then a € D(J,) implies a* in
D(6,) and 6(a*) = 6(a)*. Clearly, D(0-,) C D(6,.) C D(0~,).

What we expect is D(d,) to be a partial *-algebra and J, a *-derivation
in a sense to be specified. Hence we should decide which form of Leibniz rule
must be taken to define conveniently derivations on a partial *-algebra. The
following proposition suggests an answer to that question.

Proposition 3.2.13 Let (A, 2,) be a *-semisimple Banach quasi *-algebra
and B; a Tg--continuous weak *-automorphism group of (A,2,). Then the
following statements hold.

(i) 0r,.(a") = b:.(a)";
(ii) If a,b € D(0-.) and acb is well defined, then acb € D(d,,) and

O(0r, (ab)z, y) = O(bz, oy (a)"y) + O(0r.. (b)x, a’y),
Va,b € D(6;.), a € L,(b);z,y € A

(111) If D(6y,) = D(6r,) then D(d,,) is a partial *-algebra with respect to the
weak multiplication.
Proof. We start proving (i). By definition of d,. and the 7,--continuity of

the involution, we have

0., (ax) = 7« — lim
TS*( ) 5 t—0 t t—0
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= (Ts* — lim M>* =0,.(a)".
t—0 t s

Let us now prove (ii). Let a,b € D(6,..), with a € L, (b). If z,y € A, then

lim © (—ﬁ t(ambi - anx,y) — lim© (5 t(a)op t(b) - ambx,y)

t—0

~ lim [O((Be(a)ope(b))z,y) — O(B(b)x, a™y)]

+11rn [ (Be(D)x,a*y) — O(bx, a”y)]

t—0 ¢

Now, for the first term on the right hand side, we have

@50 9) ~ O (0)2,0"0)] - O(bz.0.0)')

<o (3. MLZE) — 0@ ()

+10(Bi(b)z, b7, (a)"y) — O(b, b7, (a)"y)|

< O (b)z, fu(b)2)"/?0 <ﬂt< a) —a' s Bula) — o

1/2
t re (@)Y, ————y — dr, (a)*y>
+O((B:(b) = bz, (B:(b) — b)) *O(65.. (a)*y, b1, (a)"y)"/* = 0.

because of the 7,+-continuity of 8; and of the involution. As for the second
term we have, taking into account that b € D(J;._. ),

lim + [O(5(0)7, a"y) — O(b,a*y)] = O (D), a’y).
This proves at once that if a,b € D(d,.) and ach is well-defined, then
anb € D(4,,) and

(9, (avb)x,y) = O(bx, d,. (a)'y) + O(6. (b)z,ay), Vz,y e 2A,.

For (iii), let a,b € D(J,,) such that aob is well defined. By (ii), anb € D(d,,).
We conclude by the hypothesis that D(9,,) = D(d,). O

Proposition 3.2.13 suggests the following definition inspired by the one
given in [11, 12] for partial *-algebras of unbounded operators.

Definition 3.2.14 Let (2(,2(,) be a *-semisimple Banach quasi *-algebra
and 0 a linear map of D(¢) into A, where D(J) is a partial *-algebra with
respect to the weak multiplication 0. We say that 0 is a weak *-derivation of
(A, 2,) if
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(i) ™A, C D(0)
(i) d(z*) = d(z)*, Vo € A,
(iii) if a,b € D(J) and aod is well defined, then acb € D(J) and
O(0(aob)x,y) = O(bx,d(a)*y) + O(5(b)x, a™y),
for all © € Sy, (), for every z,y € ,.

Clearly, every qu*-derivation is a weak *-derivation with the assumption
D(0) = A,.

Example 3.2.15 The space LP(R), p > 1, can be coupled with many *-al-
gebras of functions (for instance, C:°(R), C,(R)NLP(R), W?(R)) to obtain a
Banach quasi *-algebra. For p > 2, (L?(R),C°(R)) is a *-semisimple Banach
quasi *-algebra: the corresponding set Sg, () is given by the form ©,, defined
for w € Lp%(R) (for p = 2, oy = 00), w > 0,

Ou(f,g) = / f(@)g@)w(z)dz.

The weak multiplication fog is well defined if, and only if, fg € LP(R). Let
us define for v € R, Bi(f) = f; where fi(x) = f(z+1), f € LP(R). Then 5; is
a weak *-automorphisms group. Its infinitesimal generator is, formally, the
derivative operator with domain W12(R). If we change the *-algebra taking
for instance C,(R) N LP(R) we see that the domain of § does not contain 2,
in general.

3.3 Integrability of weak *-derivations

In the previous Section we gave a suitable definition of *-derivation and
*_automorphism in the framework of *-semisimple Banach quasi *-algebras.
This investigation allows us to prove analogous results about closability of &
as in the celebrated Bratteli - Robinson Theorem in [26], for a *-semisimple
Banach quasi *-algebra.

First we prove a technical lemma useful for the results we are going to
prove (see [55]).

Lemma 3.3.1 Let (A, 2,) be a *-semisimple Banach quasi *-algebra and let

{Bt}ier be a uniformly bounded T, -continuous group of weak *-automorphisms
of (A,2,). Let § be the infinitesimal generator of {B;}ier. Then
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1. forae
|| = lim — / Bs(a)ds = Bi(a);

h—0 h

2. fora e, foﬂs (a)ds € D(6) and

5 ( / t ﬁs(a)d8> — Ba) - a:

3. for a € D(9), Bi(a) € D(0) and

d

Eﬂt( a) = §(Bi(a)) = Bi(d(a));

4. for a € D(9)

i@ — Auda) = [ Autba)dr = [ S5 (aar

Proof. By norm continuity of ¢ — (;(a) for every a € 2, we have

i [ Ba)ds = )

h—0 t

This proves (1). Moreover, if h > 0, by the properties of uniform boundedness
in t and norm continuity of 8; for a fixed ¢, then we have

—I(A}q@@):%AQmewwMMMS
:%[M@@w—%ﬂ%ﬁwﬁﬁﬁﬂ—a

as h — 0. By the previous argument, (2) is proved.
In the same setting as above,

ﬁh—

e = (P25 ) @ > 6l

as h — 0. Thus fi(a) € D(5) and § (Bi(a)) = Bt (0(a)).

The above computation shows also that the right derivative of 5;(a) exists
and it is equal to f; (0(a)). We want to show that also the left derivative
exists and it is equal to the right one. Indeed, for h > 0,

o [8e(@) = Bnl@)
h

h—0

- 5:0(a)]
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———— —6(a)| + lim (Be-n(d(a)) — Bi(d(a))) — O

by the uniformly boundedness of {f;}ier in £, a € D(J) and the norm conti-
nuity of ¢t — S;(a). Hence we deduce that

d
70:(a) = 8(6u(a)) = Bi(6(a))

for a € D(§). This way we obtain (3) and then integrating the previous we
have

@@—szf&wmmz/ammw

This gives us (4). O
The proof of the following theorem is inspired by the proof of Theorem
3.0.2.

Theorem 3.3.2 Let 0 : D(0) — A be a weak *-derivation on a *-semisimple
Banach quasi *-algebra (A,21,). Suppose that § is the infinitesimal generator
of a uniformly bounded, T,-continuous group of weak *-automorphisms of
(A,24,). Then 0 is closed; its resolvent set p(d) contains R\ {0} and

16(a) = Aall = [Alflall, a€D(),AeR. (3.4)
Proof. By (1) and (2) of Lemma 3.3.1, if a € 2, we define a, := 1 [ B,(a)ds,
then a; € D(0) for t € R and a; — a as t — 0. We conclude D(9) = .

In order to prove that § is closed, let {a,} in D(6) such that a,, — a and
d(a,) — w as n — oco. By (4) of Lemma 3.3.1,

By(an) — tn = /0 B.(6(an))ds.

Considering the limit on both sides of the equality and using again (4) of
Lemma 3.3.1, we obtain

o) —a [ ().

Dividing by ¢ # 0 and taking the limit as ¢ — 0, we conclude by (1) of
Lemma 3.3.1 that a € D(0) and d(a) = w, i.e. 0 is closed.

If A = 0, the inequality is obvious. Now we consider A > 0 and define the
operator

Ry(a) := /OO e MB(a)dt.

0
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The continuity of ¢t — f;(a) for every a € 2 and the uniform boundedness of
B¢ in t for every t € R guarantee that the above operator is well-defined and

1
1Z3(@)]] < S llall

Moreover, (Al —0)(Ry(a)) = a, for every a € A and Ry\((A] —0)(a)) = a,
for every a € D(0). Indeed, the right hand side of the following

5h_] 1 e -\t
@) =7 [V o) - o) d

QMo _ [ oo QM ph
- /0 o)t - S [ e )
tells us that Ry(a) € D(§) and it converges to ARy(a) — a for every a €
and A > 0. Thus, (A — )Ry = I.

By the closedness and again by Lemma 3.3.1, we obtain also the other
equality. Indeed,

Ra(8(a)) = / e M B, (5(a))dt = / e M8y (a))dt

0 0

= lim ye”\t(s(ﬁt(a))dt = lim 0 (/y e’\tﬁt(a)dt)
Y—>00 0

Y—00 0

_s (/OOO e*tﬁt(a)dt) = 0(Rx(a)),

where the last passage is justified by the following computations

v o ) /Bh—f Y oy
5(/0 e Atﬂt(a)dt):’lg% p (/O e *@(a)dt)

— lim Y e_)\t Bt-i—h(a) B 6,5(&) dt
h—0 Jo h

Yy d Yy
_ /0 e 0B la)it = /O e M6(3,(a))dt.

Hence, R, is the inverse of A\l — § and the conditions on the spectrum are
verified.

The case when A < 0 can be handled in very similar way, by defining the
operator Ry(a) as

Ry(a) := / h eMB_y(a)dt. O

0

In order to prove that a closed weak *-derivation is the infinitesimal gen-

erator of uniformly bounded, 7,,-continuous group of weak *-automorphisms
further assumptions on ¢ are needed.
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Theorem 3.3.3 Let §: D(0) C A, — A be a closed weak *-derivation on a
*-semisimple Banach quasi *-algebra (A,2,). Suppose that the resolvent set
of 9, denoted as p(6), contains R\ {0} and

16(a) = Aall = [Alflall, a€D(),AeR. (3.5)

Moreover, assume that U, is a core for every multiplication operator Za for
a €A, ie. L, =L, Then § is the infinitesimal generator of a uniformly
bounded, T,-continuous group of weak *-automorphisms of (2, 2A,).

Proof. We want to show that the norm limit

B,(a) == lim (I _ %5) B (a)

n—o0

gives us a uniformly bounded, 7,,-continuous group of weak *-automorphisms
of (A, 2L,).

This limit exists by applying the theory of Cy-semigroups in Banach
spaces [44, Chapter 12]. Moreover, the map t € R — f;(a) is norm con-
tinuous since [44, p. 362] the convergence is uniform in every finite interval
[07 tO] :

By the condition on the spectrum of 9, 3; is, for every ¢t € R, a bounded
operator in 2 and all its powers are well defined. By the condition (3.4), we
obtain, for every n € N* and for every a €

-2z oo

Hence passing to the limit we have ||5;(a)|| < ||a|| for every a € 2.
Let t € R be fixed. Then ; is a continuous linear and bijective operator.

Moreover, (; preserves the involution, i.e. 5i(a)* = fi(a*) for every a € 2.
Indeed,

(o) = lim ((1 ~L5) <a>>* =i (1-15) @) = alar)

Further 4 commutes with all its negative powers, so for every a € A

Bi(6(a)) = §(Bi(a)). Indeed, for every a € A, we have
{% (5 - 5)} " 5(a)) = B (5 + 6)_1}%1 (5+ )_1 (6(a))
- H (7 +5>T 5(5+0)" (@

n|mn n|—n
<515 all = lal
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n\" . /n —n
-(7) G- @

Bi(a) is the solution of the Cauchy problem Fj(a) = 5¢(d(a)) with initial
condition fy(a) = a, hence we achieve the group property, i.e. we have
Birs(a) = Bi(Bs(a)) for every a € A, t,s € R.

The set of analytic elements, i.e. the set of all elements a € D(6™), for
every n € N, such that the power series

ZECHZ—(S"

is well defined and analytic on a neighborhood of the origin, is dense in 2 by
[55, Theorem 2.7].

The last property we are going to prove is that f; is a weak *-automor-
phism, i.e. B;(a)op(b) is well defined if, and only if, aob is well defined and,
in this case, 5;(acb) = [i(a)oB(b).

By the hypotheses, D(§) C 2, is a partial *-algebra with respect to the
weak multiplication o. By the boundedness of a, b, we can rewrite the weak
Leibnitz rule as

d(acb) = 6(a)ob + avd(b).

Now suppose that a,b are analytic elements. Therefore a,b € D(6%) and
6k (a),6%(b) € 2, for every k € N. Indeed, §%(a) € D(6*) C D(5) C ,.
Hence, all the products ™ (a)od™(b) are well-defined for every n,m € N.

By the above argument, by induction we show that

n

5" (ach) = 3" (Z) 5k (@)oo" ()

k=0

for every a,b analytic elements. Indeed, for n = 1, it is the Leibnitz rule.
Suppose it is true for n and prove it for n + 1

4 ) = 500" act) = 3 ()08 o)
k=0

Z( ) [ et )+ 0 Ko )

k=0
= 6" (a)ob + 6"(a)o8 (D) + (’f) ()08 (b) +

n

+..+ (k - 1)5”_k_1(a)55k(b)
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. (Z) 57 R (@)ask (b) + <Z> 6" *(a)=s* T (b)

+ (k i 1>5nk(a)m5k+1(b) b

n—1

T < " >5(a)a5"(b) + 6(a)08™(b) + aos™ L (b)

n+1

_Z( “)5" BH1(q)ask (b).

In a very standard way we achieve the weak *-automorphism property in the
case a, b are analytic elements. For a,b analytic we have

Bi(anh) = Zf(sn ach) va Z( >5n k(a)os® (b)

n>0 s n>0

t””

- Z n' k) 0 k( )Dék(b)

n>0

n—k k
ZZWM_ 6" (@)od™(b)
n>0 k=0

-2 (@ ) o ()

n>0 k=0

= 2%5"(@ : Z%‘Sm(b) = Bi(a)5B(b).
n>0 m=0

Using the density of the set of analytic elements and the boundedness of the
elements one proves the equality

Bt(anb) = Bi(a)oBi(b), a,be,.

Suppose first that @ € 2 and b is analytic. Then there exists a sequence {ay} of
analytic elements that approximates a and, by continuity of 3;, we have
Bi(ach) = lim By(anth) = lim By (an)0B(b) = Bi(a)oBy(b),
n—oo n—oo

recalling that ;(b) is a bounded element by Lemma 3.2.10. In the case a,b are
both bounded, the conclusion can be obtained with the same argument.

Let a € A and b € 2A,. Approximating an unbounded element a through a
sequence a, of bounded elements, the weak product aob can be approximated by
the sequence a,0b and we get

Bi(aob) = Bi(a)ofe(b) fora e AbeA,.
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Suppose now that both a,b € 2 are unbounded. By hypothesis, 2, is a core
for every Lg, then there exists a sequence {b, } € 2, that norm converges to b such
that ||aob, — aob|| vanishes as n increases. By norm continuity of §; we achieve
the weak automorphism property for 3, i.e.

Bi(anb) = B(a)ofi(b) Va,beA. O

Remark 3.3.4 The additional hypotheses of Theorem 3.3.3 are satisfied by
the weak derivative in LP(I,d\), where I = [0,1] and A is the Lebesgue
measure.

In this case D(§) = WP(I,d\) and it is well known (see [28, Theorem
8.8]) that if u € WP(I,d\) then u € L>®(I,d)\) and there exists ¢ > 0 such
that

[ulloo < eflull1p

3.4 Examples and applications

In this section we present some examples of weak *-derivations and one-
parameter groups generated by them.

Let (A, 2,) be a regular Banach quasi *-algebra (see Definition 1.4.22)
and consider again the example of inner qu*-derivations; i.e., § : A, — 2 is

a densely defined derivation determined as d,(x) := i[h, z| for a self-adjoint
element h € A, i.e. h =h* and o(h) C R.

3.4.1 Commutators for h self-adjoint

Case 1: Suppose first that h is a bounded element. As we have already
seen, in this case 0p(z) is continuous.

Like in the classical case, what we would expect is a derivation that
generates a one-parameter group {; }icr of weak *-automorphisms of (2, 2A,)
of the form

By(a) = e oace™™  for all t € R.

Suppose that (2, 2,) is a *-semisimple Banach quasi *-algebra with unit
1. Then we define the Taylor series e" as

i _ N (ith)"
el =" R

n=0

where the series on the right hand side converges with respect to || - [|,. We
stress the fact that h™ is the weak product of A with itself n times. The above
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series is well defined, the exponential e’"
remain valid.

For each t € R, Bi(a) = eogne " is a weak *-automorphism of
(A,20,). We notice that by the separate continuity of multiplication and

the *-semisimplicity of (2(,2l,) the use of brackets is not needed.

€ 2, and all the known properties

If we fix t € R, then it is routine to prove that (; is a linear map pre-
serving the weak multiplication when defined. Its inverse is given by the
expression f; *(a) = e *oace™ = B_,(a) and  : t — B, is in fact a weak
*_automorphism group of (2, 2,) for every ¢t € R.

Self-adjoint elements of a regular Banach quasi *-algebra can be charac-
terized as those elements such that ||e|| = 1. In this case, by Theorem 3.6
in [66], A, is a C*-algebra with respect to the norm introduced in Definition
1.3.9 (see also Remark 3.2.6). Following [33, Proposition 2.4.12], we have
that, for a *-semisimple Banach quasi *-algebra (2, 2,) and h € 2, such
that h = h*, o(h) C R if, and only if, r, (e") = 1.

Note that (e/")* = e~ and e'toe~ih = 1 = e~"oe'™. Hence, e™" € A,
is normal and then r(e"") = 1 = ||e®"||,. Therefore we conclude that {3;}scr
is uniformly bounded in ¢ by ||B:(a)|| < [[€"*|*|la| = ||al|.

By standard computations it is easy to check that {; };er is really a norm
continuous one-parameter group, i.e. fo(a) = a = 1d(a), Bits(a) = B o fs(a)
and ||G;(a) — a|| vanishes as t — 0, for every a € 2.

We now compute the infinitesimal generator of {f;}er. What we ex-
pect is the closure of the inner qu*-derivation ¢, for h € 2 . Indeed, it is

straightforward to prove that %| t:Oe“h =ih, so
_ ith —ith _ B
lim M — lim © D“Det % — ihoa — iach = 8,(a)
— —

for every a € 2 = D(0,). Therefore &, is everywhere defined and continuous.

Remark 3.4.1 Note that &) is everywhere defined, that is D(d,) ¢ 2.
Hence the hypothesis on the boundedness of D(d) is sufficient, but not nec-
essary, to obtain a uniformly bounded norm continuous one-parameter group
of weak *-automorphisms.

Case 2: We now consider the case in which A is self-adjoint, as before,
but unbounded, i.e. h € A\ ..

It is easy to check that A\ € p(h) if, and only if, A € p(Ly) N p(Ry). We
suppose that the element h verifies the following condition

I(h+iy) 7, < 7 eR.

1
vl
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This, in turn, implies that

- 1

(L + ivI) 1||B(Ql) < M7 vyER
_ 1

IRy + iy 1) sy < TR €R

For every t € R, it € p(h) implies it € p(Ly) N p(Ry). Then there ex-
ists {UL(t) }1er strongly operator continuous one-parameter group such that
NUL(t)|lgay < 1 for every t € R and Ly is the infinitesimal generator of

{UL(t) }ier (see [48]).
In the same way, there exists a strongly continuous one-parameter group

{Ur(t) }1er such that ||Ug(t)||s@) < 1 for every t € R and Ry, is the infinites-
imal generator of {Ug(t)}icr

Let us define

ur(t) :=Ur(t)(1) and wg(t) = Ug(t)(1).

Since both uy(t) and ug are solution of the differential equation ‘é—? = thu

with boundary condition u(0) = 1 in A, uy(t) = ug(t) for every t € R.
Hence we define
e = up(t) = ug(t), teR.

The exponential is a bounded element of (A, 2l,). Indeed, by [70, Lemma
2.5.3], it is easy to check that

(I - %Zh) h (z) = ((1 - %Zh> h 1) z, VYo €U,

The element (I — 2L;,) "1 is left-bounded with the bound not depending
neither on n nor on the element 1. Therefore it is possible to extend the
above equality for generic elements in 2

(1 _ %Zh> ) = ((1 _ %Zh) h 1) oa, Va €N,

Hence, by the strong continuity of Uy (t), we achieve

t_ -n t_ -n
Ur(t)a := lim <] - Z—Lh) a= lim <(I - Z—Lh) ]l) oa
n—00 n n—00 n
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and ||UL(t)al| < ||a|| for every a € 2L.
Analogously, Ug(t)1 is right-bounded, Ug(t)a = Ug(t)1oa for every a € 2
and |Ug(t)al|| < ||a||. Then we conclude that e" is bounded and ||e’"||, < 1.
By the previous properties, we obtain e’?ce?" = e!(t+9) for every t, s € R,
i.e. the group property for {3;}icr.

Since
N1\ it— \ !
((I — —fk) (a)) = (1 + —Eh) (a*), Vae,
n n

ur(t)* = u.(—t) = up(—t). Then |||, = 1.

Defining 3;(a) := e"oane" we already know that {5 }scr is uniformly

bounded in t 7,,-continuous one-parameter group of continuous weak *-auto-
morphisms. The infinitesimal generator is given by the weak *-derivation
_ 515(@) —a eithDaDefith _

Onla) = Jim——— = t

a .
=1

(hoa — aoh)

when a is bounded.

3.4.2 A physical example: quantum lattice systems

The study of derivations and automorphisms is important for physical
applications to quantum systems with infinitely many degrees of freedom as,
for instance, spin lattice systems. Without giving full details (for which we
refer to [9, 14, 19, 64]) we give an outline of their mathematical description
and show how the ideas developed here may give some help when dealing
with them.

Let V is a finite region of a d-dimensional lattice and 2(y, the C*-algebra
generated by the Pauli operators &, = (0,07, 07) at each point p of the finite
region V' (the number of points of V' is indicated by |V|) and by the identity
matrix [, € M>(C). It is easy to show that 2y is isomorphic to Myv(Hy ),
where Hy = ®p€VC§, and (Cf, is the 2-dimensional space at p € V.

If V. C V', then there exists a natural embedding 21, < 2(y, defined in
obvious way. Hence 2, := Uy2ly is a C*-algebra, called the C*-algebra of
local observables; its norm is denoted by || - [|,.

To any infinite sequence {n} = {n;}32, of unit vectors in R? there cor-
responds a state [{n}), constructed as in [9, Section 11.3.1]. This state de-
termines (GNS construction) a *-representation of 2, defined on the domain
D?n} = 2A,|{n}) whose completion is denoted by H,;. Then one can define
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a family of vectors

{Hm}, [n}) = @plmy, mphimy = 0,1, m, < oo}

which constitutes an orthonormal basis of H,y. Each vector (|[{m}, {n}) is
obtained by flipping a finite number of spins in the ground state |{n}).

Then, an unbounded self-adjoint operator M acting on Hy,y is defined
by

M[{m},{n}) = (Z mp> {m}, {n}).

Roughly speaking, M counts the number of flipped spins in [{m},{n})
with respect to the ground state |{n}).

Note that M is strictly depending on the chosen sequence {n}. We set
Ty @ Ao — LI(Dyny) to be the GNS *-representation defined by {n} and
we suppose that mg,, is faithful. The operator M is a number operator.
Therefore, the operator e is a densely defined self-adjoint operator. Let
D denote its domain. Then D can be made into a Hilbert space, denoted
by Har, in canonical way. The norm in Hj, is given by [|f|la = [leMf]l,
f € Hu.

Let us assume that both ||eM 7,y (z)e ™ ||, and ||[e My, (z)e |, are finite
for every x € 2A,. Then the completion 2 of 2, with respect to the norm

M

|2 == lle™" 7y (x)e™ ||
is a *-semisimple Banach quasi*-algebra. Assuming that hy is the Hamilto-
nian of the finite volume system, then hy € 2, and then e € 2,. Now we
define

oy (z) :==ilhy,z] Vo eA.

By Proposition 3.2.1, dy is closable. Moreover, hy € 21, thus dy is ac-
tually continuous. Hence dy is infinitesimal generator of uniformly bounded
norm continuous one parameter group of norm continuous weak *-automor-
phisms

o) (a) = eV ae "™ Va2l

The interesting point comes when considering the so-called thermodynamical
limit of the local dynamics; i.e. the limjy|_ dy. This limit, in general, fails
to exists in the C*-algebra topology of 2,. It is here that the Banach quasi
*_algebra structure plays a role, by taking the completion with respect to the
norm ||- || of A. As shown in [9, 19], under certain conditions, this limit exists
and defines a weak *-derivation ¢ of (2(,2(,) which generates a one parameter
group of *-automorphisms.



Chapter 4

Tensor products of Banach
quasi *-algebras

In this chapter, we are interested in studying the structure of tensor
products constructed from two Banach quasi *-algebras (2(,2l,) and (B, B,)
having certain properties. We want the algebraic tensor product to be again
a Banach quasi *-algebra carrying structural properties of the factors, espe-
cially those related to *-representations and representable functionals.

Our first step consists of finding the best choice of algebraic tensor product
of two quasi *-algebras (see [29, 45]). We will use the fact that if 2 is a quasi
*_algebra over 2, 2 can be seen as a bimodule over 2.

Once we have the algebraic tensor product, we should decide which topol-
ogy has to be furnished to the tensor product in the way the resulting tensor
product would be a normed quasi *-algebra. For further details on topological
tensor products, see [31, 34, 39, 52, 54, 60, 63]..

After having a good notion of tensor product Banach quasi *-algebra, we
investigate the existence and the relation between representations of a tensor
product Banach quasi *-algebra and those of the tensor factors.

4.1 Algebraic construction

Let (A, 2,) and (B, B,) be given quasi *-algebras. By definition, 2 and
B are bimodules over %A, and B, respectively. 2, and B, are *-algebras,
hence in particular they are rings. Thus, if R is a ring, X and Y are right
and left R-modules respectively, the tensor product X ®g Y is well defined
and it is a uniquely defined R-module.

In our case, 2l and B are bimodules over different rings 2(, and B,, that
have no relations a priori.

69



70 4. Tensor products of Banach quasi *-algebras

For this reason, we consider the direct sum 2(, ® 8B,. It is still a ring and
it is possible to extend the action of 2, and B, on A and B respectively to
an action of the direct sum, in the following way

(x,y)-a:=za and a-(z,y):=ax

4.1
(z,y) - b:=yb and b-(z,y) = by, 1)

for every (z,y) € Ay & By, a € A and b € B. It is straightforward to show
that 2 and B are bimodules over 2, @ B,.

Now, 2 and 8 are bimodules over the same ring 2, ® B,. To construct
their tensor product and have again a bimodule over the same ring, we need
the concept of a balanced bilinear map (see [42, p. 104, Definition 3.1]).

Definition 4.1.1 If X, Y are right and left modules over a ring R and F is
a vector space, a bilinear map ¥ : X X Y — F is called balanced, if

U(x-ry =¥Y(z,r-y), VeeX yeY, reR.

In this respect, [42, p. 104, Definition 3.2], the pair (G, ®), with G a vector
space and ® : X x Y — (G a balanced bilinear map, is a tensor product of X
and Y, if the following condition is valid:

the pair (G, ®) has the universal property, with respect
to all balanced bilinear maps from X X Y in some (4.2)

vector space.

In particular, the pair (G, W) exists and it is unique, in the sense that if
(G',¥) is another tensor product of the modules X,Y as before, then there
is an algebraic isomorphism i : G — G’, such that i o U = U’ (see again [42,
pp. 104, 105, Theorems 3.3, 3.5, respectively]). The resulting module tensor
product of X, Y will be denoted by X ®g Y.

In our case, if (A, 2A,), (B, B,) are given quasi *-algebras, then ARy gu, B
is a bimodule over the ring (*-algebra) 2, @ B,.

The tensor map ® : A X B — A Ry om, B, as well as its restriction
D : A, x B, — A, @B, is a balanced bilinear map, therefore (see also (4.1))

(I)(a ’ (l‘,y),b) = (I)(a7 (l‘,y) ’ b)
& P(ax,b) = P(a, yb) (4.3)
& ar ®@b=a® yb,

for all (z,y) in 2, ® B, and (a,b) in A x B. Similarly, one obtains

ra®b=a®by, V (r,y)eA,®DB,, (a,b) € AxB. (4.4)
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The algebraic tensor product 21, ® B, is a *-algebra. Indeed, an arbitrary
element z in A, ® B, has the form z = Z?:l r; ® y;, where x; ® y; are ele-
mentary tensors for i = 1,...,n. Let 2’ = 37" | ; ® y; be another arbitrary
element in A, ® B, and set

e i Zm: T @ Yl

i=1 j=1

Then, 2z’ is a well defined (associative) product on 2, ® B,. The involution
is defined by (z ® y)* = x* ® y*, for all (x,y) € A, x B,.

2l and B are complex vector spaces, hence the tensor product A ® B
carries a natural structure of complex vector space defining the scalar multi-
plication in the following way

Aoz i= )\Zak(@bk:Zak@)\bk,
k=1 k=1

for every A € C and every z = Y, _, a; ® b, € A ® B. Note that, if (2, 2A,)
and (*B,B,) are unital, the linear space structure is automatically given
identifying C with Clggsm,-

Since 2, B carry an involution extending the involutions of 2,, B, re-
spectively, an involution is also defined on 2 @y ¢x, B, in a similar way as
before, extending the involution of 2, ® B,. On the other hand, the module
multiplications in 2 ®qg es, B, defined by

(x®@y)(a®Db) :=xa@yb, resp. (a®b)(x®y):=axr by,

for all (z,y) in A, x B, and (a,b) in A x B, satisfy the requirements of
Definition 1.1.3. Hence, (A ®q 0, B, Ao @ B,) is a quasi *-algebra.

Proposition 4.1.2 Let (A,2(,) and (B,B,) be quasi *-algebras. If (A, 2,)
or (B,B,) is unital, then the quasi *-algebra (A Ry en, B, Ao @B,) is trivial.
Proof. Let a ® b be an arbitrary elementary tensor in 2 ® 8 and let (2, 2,)
have an identity 1. Then, we have (see also (4.1) and (4.3))
a®@b=1la®b=[(1,0)-a|®b=a®[b-(1,0)] =a®b0=0. O

Summing up, the construction of the quasi *-algebra (A®q,¢m, B, A, @B)
has an interest, only in the case, where (2(,2(,) and (*B,B,) carry no identity
elements.
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It may happen that we are given two quasi *-algebras (2, 2,), (B, B,),
with 2, = 2B,. This time 2 and B are bimodules over the same ring 2A,.
Hence (2 ®y, B,2, ® B,) is constructed as before, without considering the
direct sum of the rings. The left and right actions of 2, on A ®,, B are
defined as follows (see, e.g., (4.3), (4.4))

r-(a®b)=ra®b=a®axb, resp. (a®b)-x=axrR@b=0a® bz,

for all z in A, and (a,b) in A x B.

In this case, even if (2, 2l,) is unital, A®*B is not trivial, in general. Take,
for instance, the tensor product of the quasi *-algebra (LP(I,d\),C(I)) with
itself, where p is fixed such that p > 1, I = [0, 1] and A is the Lebesgue mea-
sure. The tensor product quasi *-algebra obtained is (LP(I)®¢nLP(1),C(I))
and it is not trivial because it contains LP(I,d\) ~ C(I) ®cry LP(1, dN).

In the sequel, we consider the more general case, where 2, is embed-
ded in B,, but not equal to it. This will be denoted by 2, — B,. Such
an example is evidently provided by the quasi *-algebras (LP(I,d\),C(I)),
(LP(1,d\), L>(1,dN)). Then, it is possible to build the tensor product quasi
*_algebra (A ®q, B, A, ®g, B,) in a similar way as before, because B is also
a bimodule over 2l,. In this case A, ®q, B, =~ B,, hence we obtained another
quasi *-algebra over the same *-algebra B,.

Note that A ®g, B may not be defined. The crucial point here is that 2
is not necessarily a B,-module. In this case, we may construct a 28,-module
on which 2 is embedded, i.e., we may construct the tensor product of 9B,
and 2 over 2.

Having now two ‘B,-bimodules, B, @y, 2 and B, we build the tensor
product quasi *-algebra (($B, ®g, 2A) @z, B, (B, Ve, Ao) @n, B,). Using
known tensor product properties, we have

(%0 ®2(0 Q[) ®%0 B =5 ®%0 (%0 ®2[0 Q[)
= (B Qp, By) Qg A =B @9, A
The previous computations show that if we have a sequence of embeddings
of *-algebras and we construct tensor products through the extensions of

‘scalars’, what we get at the end, it is always the tensor product built on the
smallest ring.

4.2 *-Admissible topologies

Prior to investigating the topological structure of the tensor product
normed (resp. Banach) quasi *-algebra, we give some notions about the
admissible topologies on the algebraic tensor product quasi *-algebra.
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Suppose now that A[r4], B[] are locally convex spaces and A ® B their
vector space tensor product. Denote with A* and B* the topological dual of
A and B respectively.

Definition 4.2.1 A topology 7 on A® B is called compatible [39] (with the
tensor product vector space structure of A ® B) topology on A ® B if the
following conditions are satisfied

(1) The vector space A® B equipped with 7 is a locally convex space, that
will be denoted by A®R™B;

(2) The tensor map ® : A x B — A®"B : (z,y) — x ® y is separately
continuous;

(3) For any equicontinuous subset M of A* and N of B*, the set M @ N
given by {¢’ ® ¢/ : 2/ € M,y € N} is an equicontinuous subset of
(A®™B)".

The completion of A ®™ B is denoted by AR’ B.

Let now A[| - ||a], B[[l| - ||z] be Banach spaces. If a norm || - || on the
tensor product space A ® B satisfies the equality

21 @ zol| = |l2a[| allzallB, V21 € A, w5 € B, (4.5)

is called a cross-norm on A B.

e The injective cross-norm on A ® B
Taking an arbitrary element z = >  z; @ y; in A® B, we put

2[5 = Sup{

The function || - || is a well-defined cross-norm on A ® B, called the injective
cross-norm. It fulfills Definition 4.2.1 and it is the least cross-norm on A® B. The
normed space induced by A @ BJ[|| - ||»], will be denoted as A®*B; its respective

> f@i)g (i)

i=1

cfe AN <19 € BY g Sl}- (4.6)

completion, which is a Banach space, will be denoted by A@AB .

When |7y, B[ryg] are given locally convex *-algebras (in this case we shall
always assume that involution is continuous and the multiplication is separately
continuous), then Definition 4.2.1 can be modified as follows

Definition 4.2.2 [34] Let [ry], B[rs] be as before, with 7y, 7 respectively de-
fined by upwards directed families of seminorms {p} and {¢}. Let 2A® B be
their corresponding tensor product *-algebra. A topology 7 on 2 ® B is called
x-admissible (that is, compatible with the tensor product *-algebra structure of
A ® B), if the following conditions are satisfied
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(1) A® B endowed with 7 is a locally convex x—algebra, denoted by 2 ®7 B;

(2) The tensor map @ : A x B — AR” B is continuous, in the sense that if 7 is
determined by the family of *—seminorms {r}, then for every r there exist
D, q, such that r(z ® y) < p(x)q(y) for all (z,y) € A x B;

(3) For any equicontinuous subsets M of 2A* and N of B*, the set M ® N given
by {z* ® y* : 2* € M,y* € N} is an equicontinuous subset of (A®™ B)".

The completion of A®7B is a complete locally convex *-algebra denoted by AR 8.

Let us now assume that A[||- ||, BI[||-||s] are normed *-algebras with isometric
involution. We shall define on the tensor product *-algebra 20 ® B the projective
cross-norm (see, for instance, [63, p. 189] and [54]).

e The projective cross-norm on 2 ® ‘B

Let z =), x; ® y; be an arbitrary element in 2 ® B. Put

[[2]ly = inf {Z Hfm\llllyz'llz} (4.7)
=1

where the infimum is taken over all representations y ;- | #; ®y; of z. The function
|1l is a well-defined cross-norm that majorizes all other cross-norms on 2A®*8 and
it is called the projective cross-norm. The normed *-algebra induced by 2 ® B[|| -
|l4], will be denoted as A®7B and its respective completion, which is a Banach
*.algebra, will be denoted by A&’9B. Note that the cross-norm || - ||, satisfies
Definition 4.2.2, therefore is a *-admissible cross-norm.

In particular, any compatible cross-norm ||-|| on ARB lies between the injective
and projective cross-norm, i.e.,

[0 P (0 S 8 2 (4.8)

Even more, a cross-norm || - || on A® B is compatible, if and only if, the inequality
(4.8) is valid.

e The maximal C*-cross-norm

Let 2A[|| - |la], B[l - |l=] be two C*-algebras. In the usual way (as above), AR B
becomes a *-algebra.

Given a C*-algebra 2, denote by R(2) the set of all *-representations of 2 on
a Hilbert space H. Keep the same symbol for all *-representations of the *-algebra
2A ® B, on a Hilbert space H (see [63, Lemma 4.1]). For further details on the
definitions that follow, see [63].

The projective or mazimal C*-cross-norm on 2 ® B, denoted by || - ||max, is
defined as

[2]lmax = sup {7 (2)]| : 7 € R(AR'B)}, 2 €A B (4.9)
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Thecompletion of A @ B[|| - ||max] is a C*-algebra denoted by 2 & B.

max

From (4.9) and automatic continuity of representations on a C*-algebra (see
Theorem A.3.3), we obtain

[2]lmax < 2]y, 2z € AR B. (4.10)

e The minimal C*-cross-norm

If w1, m are *-representations of 2A,B acting on the Hilbert spaces Hi, Hs
respectively, then there is a unique *-representation m of 2 ® B, acting on the
Hilbert space tensor product of 1, Hz, denoted by Hi&Hsa (see [60] and/or [34]).
The *-representation 7 is defined by

n n
W(z)zzm(xi)(@m(yi), VZ:Z.%;@%GQ[@%.
i=1 i=1
The injective or minimal cross-norm on A ® B is denoted by || - |min and given as

|2 |lmin = sup {||(m1 @ m2)(2)]| : m1 € R(A), m2 € R(B),z € AR B}. (4.11)

The C*-algebra completion of A ® B[]  ||lmin] is denoted by A @ B.

By the very definitions (4.9), (4.10) and (4.11), we have that
||Z||min < ||Z||max < ‘HZH’W z €ARB.
Now, taking into account that | - ||, is a cross-norm, i.e, it fulfills (4.5), from the
definition of | - ||min above and the standard C*-algebra theory, we conclude that
both || - |lmin and || - || max satisfy (4.5), therefore they are cross-norms in the sense
that

21 ® Z2[|min = |21 lallz2]l = [[71 ® Z2llmax, (21, 72) € A X B.

On the other hand (see [63]), ||2]|x < ||2]/min, # in ARDB, therefore we finally obtain
that

1213 < [[2llmin < |2llmax < [I2ll5, 2 € A @B (4.12)

We observe that any C*-norm || - | on the *-algebra 2 ® B, is a cross-norm; this
can be seen from the following relation (see [63, Theorem 4.19])

[z1flallzalls = [[21 @ Z2llmin < [lz1 @ 2o < [l21 @ 2allmax = |21 [lal|2[ls, (4.13)

for all (z1,22) € A x B.
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4.3 Topological tensor product

Given two normed (resp. Banach) quasi *-algebras (2, %2,), (8,9B,), with an
embedding 2, — B,, we will construct their tensor product normed (resp. Ba-
nach) quasi *-algebra.

We have already seen from the discussion in Section 4.1 that (A ®g(, B, A, R,
B,) is a quasi *-algebra. Hence, according to Definition 1.3.1, we still have to
show that A @y, B becomes a normed (resp. Banach) space, under a tensor norm
that fulfills the conditions of Definition 1.3.1.

We start looking at the injective cross-norm (4.6) on 2 ®g, B. We denote
the respective normed space by A2y B := A g, B[|| - ] and its completion by

52(@{)\10‘3, which clearly is a Banach space. For distinction, we denote by ||-||a, |- ||,
the given norms on 2, B, respectively.

We prove that 2, ® B, is dense in ﬂ@%lo%. It suffices to show the existence of
an approximating sequence in 2l, ® B, for elementary tensors and then extend by
linearity.

By Definition 1.3.1, 2, in dense in 2A[|| - ||a] and B, in B[|| - ||]. Thus, if a is
in 2 and b in B there exist sequences {x,} in A, and {y,} in B,, such that

|z, —allg — 0 and |y, —b|ls — 0.

We prove now that the sequence {z,, ® y, } in A, ® B, is || - ||x-converging to a ® b.
Indeed: from (4.6), we have

[Zn @ Yn — Tm @ Yml|x = sup {|f($n)g(yn) = f(@m)g(ym)| :
fe|Ifll<1,ge®% gl <1},

where

= |f(@n)9(Yn) = f(@n)g(Ym) + f(@n)g(Ym) — f(2m)g(ym)|
< f(z)l1g(yn — ym)| + [f(@n — 2m)| |9 (ym)]

< zmlla lyn — ymlls + ll2n — zmllallymlls

< Mi||yn — Ymlls + Ma||lzp — 2|l — 0

for certain positive constants M7, Mo determined by the boundedness of the se-
quences {||zy||la} and {||yn|ls}. This shows that A, ® B, is dense in Q[@%‘[O‘B.

Furthermore, by Definition 1.3.1 (ii), the (extended) involution on 2 and B is
isometric, therefore it defines a continuous involution on ﬂ@%o% and (by contin-

. ~A . .. . .
uous extension) on AXgy B, which is isometric for elementary tensors, since || - ||
is a cross-norm. Namely,

(@ @b)*|[x = lla” @ b™[|x = lla™[[ 1] = llall [Ib]] = [l © b]x,
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for all @ in 2 and b in B. With a similar argument, we get the same conclusion
for finite sums of elementary tensors.

It remains to show that for every z = Zie F i ®@y; in A, @B, F a finite subset
in N, the (right) multiplication operator

R, : Q(®%‘[0‘B — %@%0% defined as ¢+ cz

is continuous.

First observe that R, is well defined and that R,g, = R, ® Ry, for all (z,y) in
2, x B,. From the fact that R,, R, are continuous and || - ||5 is a cross-norm, we
deduce that the operator R,g, is continuous. Indeed, without loss of generality,
consider a sequence {z, ® y,} made of elementary tensors in 2, ® B, that is
A-vanishing. Thus,

[zn2 @ ynylix = llenellallynylls < l2lollznllallyllolynlls
= [z llollyllo[lzn @ ynllx = 0.

By linearity and continuity we deduce that for any z in 2, ® 9B,, R, is continuous
on Ql@fz‘[o% and thus it is uniquely extended to a continuous operator on 22[@%0’3

too. We conclude that (Ql@%O‘B,QIO ® B,) is a Banach quasi *-algebra.

Concerning, Q@QO% we have
A Doy Bo o AR, B = Wy Doy By = ADY B

where 2, ® %OH'”A means the closure of 2, ® B, with respect to || - ||x, whereas the
arrow — indicates a dense embedding.

We conclude that the pair (Q[@;}O’B, A, @ B,) is a Banach quasi*-algebra.

All the preceding arguments, as well as the fixed notation, can be equally well
applied for the projective cross-norm || - ||, (see (4.7)) and all the generic cross
norms, to give that the pair (Ql@%o%, A, @ B,) is a normed quasi *-algebra, while
(216931028, A, ® B,) is a Banach quasi *-algebra.

4.4 Representations of tensor products quasi
*-algebras

If (2A,2,) and (B, B,) are normed quasi *-algebras, with 2, embedded in B,
a compatible tensor norm 7 on 2 ® B that respects the involutive structure of
A ®go B, i.e., n makes 2 ®go B into a normed *-space, is called *-compatible (see
Definitions 4.2.1 and 4.2.2). If moreover 7 is a cross-norm (see (4.5)), then we speak
about a *-compatible cross-norm. The projective and injective vy, A respectively,
tensor cross-norms, are *-compatible and any *-compatible tensor cross-norm 7
lies between A and 7.
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¢ From now on, we will assume that both (2, 2,) and (*B,B,) have unit Ly
and 1g respectively.

Lemma 4.4.1 Let (2,2,) and (B,B,) be Banach quasi *-algebras such that there
is an embedding A, — B,. Let  be a *-compatible cross-norm on A @y, B. Let

7w be a *-representation of the tensor product Banach quasi *-algebra Q@)go% into
LY(D,,H,). Then there exist unique *-representations w1 of (A,%A,) and T2 of
(°B,B,), such that

m(a®b) = m(a)ma(b) = me(b)m(a), Va €A be B; (4.14)

The *-representations w1, wo are restrictions of the *-representation m to A, B
respectively.

Proof. Before defining the *-representation 71, we observe that there exists an
isometric *-isomorphism between 2 and 2 ® 1y given by the map A — A @ Iy
defined as a — a ® 1y and then extended by linearity.

This map is linear and bijective by definition, preserves the involution and
the norm defined on A ® 1y is equivalent to that defined on 2l by the cross-norm
property: [[a ® Lyl = [lallal|Ls]-

In the same way, it is possible to show that 9B is isometrically *-isomorphic to
1y ®B.

Let 7 : 91@20% — LT(Dy,Hx) be a *-representation of Ql@)go%. Then we
define a map m; on 2 in the following way

m1(a) :=m(a® 1y)E, VaecU € D;.

The map 7 is linear and it is a *-representation of 2 such that D, = D,. With
similar arguments, w9 defined as

m(b)€ :=m(ly @ D), Vbe B, € D

is a *-representation of B such that D, = D;.
Let us now show the equalities 4.14. Take a € 2 and b € B, then

m(a®b) =7[(a® Lp)(ly @b)] = 7(a® Lg)m(Lly ® b) = m1(a)m2(b)
and also
ma®b) =71y ®b)(a® 1y)] =7(ly @b)7(a® lg) = m2(b)m(a). O
Proposition 4.4.2 In the hypotheses of Lemma 4.4.1, there exist representable

functionals wy on (A,2Ay) and we on (B,B,). Moreover, if the *-representation of
Lemma 4.4.1 is (-1 )-continuous, then wi and we are continuous.
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Proof. Let m be a *-representation of (,2(,) defined as in Lemma 4.4.1. Define
now a linear functional wy : A — C as

wi(a) == (7(a @ 1p)¢[E) = (m(a)fl§), VaeA,eD.

We want to show that w; is representable. The conditions (R.1) and (R.2) are
easily verified. To show (R.3), consider a € 2 and then we want to estimate
jwi(a*z)]

wia*z)| = [(m(a*2)€[€)] = |(mi(a)'mi(2)€|€)| = [(m(2)€]mi(a)€)]
< [lmi(@)élllim (@)Ell < (va + 1) [{m (z72)E[E)]

1

= (y + Dw(a"2)3,

N|=

where 7, = [|m1(a)¢]| = 0.
With a similar argument, it is possible to show that ws : B8 — C defined as

wa(b) := (m(lg @ b)E[E) = (m2(D)E[E), Vb e B,Le€D

is a representable linear functional on 5.

Suppose now 7 : Ql@;o% — LD, H,) is (R-Ty)-continuous. Hence, also 7
and o are (-7, )-continuous *-representations of (2(,2,) and (B, B,) respectively.
Indeed, let {a,} be a sequence of elements in 2 such that ||a, — allsg — 0 for
n — oco. By the isometric *-isomorphism, then ||a, ® Lg|| — 0. Therefore, using
the 7,-continuity of 7, we have

(m1(an)éln) = (m(an @ 1p)&|n) — (7(a © Ly)Eln) = (mi(a)sln)

for all £, € Ds.
If 71 is a (M-Ty)-continuous *-representation of (A, A, ), then w; is continuous.
Consider a,,a € A for every n € N such that a,, — a in norm || - ||o. Hence,

w(an) = (m1(an)€]E) = (m1(a)€l§) = wi(a)

for every & € D;.

Employing the same strategy, we show that my is (7-7,)-continuous *-repre-
sentation of (B, B,) if 7 is a (n-7,)-continuous of the tensor product. This allows
to show that wy is continuous representable functional on (B, B,). O

Proposition 4.4.3 Let (A,2,) and (25,B,) be Banach quasi *-algebras and sup-
pose Ay is embedded in B,. Let 2 be a representable and continuous linear func-
tional on 2@30% (where T is as in Lemma 4.4.1). Then there exist representable
and continuous linear functionals w1 and wo on A and B respectively, such that

Na®b) =wi(a) @wa(b), Va®beARDB. (4.15)
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Proof. For every a € 2, let us define wy : A — C as
wi(a) =Qa®1y), YVaecd

and so extend w; by linearity. Since [|| - ||] ~ A® {1y }|||- ||7], w1 is representable
and continuous on 2.

Analogously, define wy(b) := Q(Ly®b) for every b € B. By the above isometric
isomorphism, we can interpret w; as a functional w; : A ® 1y — C and w9 as a
functional ws : 1oy ® B — C have (4.15). Indeed,

Qa®b) =0[(a®1lp) ® (lg ®b)] =wi(a® Ly)ws(ly ®b) = wi(a)wa(b)

for every a € A and b € 8. a
Adapting [14, Theorem 7.3], we can show that

Proposition 4.4.4 Let (A,2,) be a unital Banach quasi *-algebra. Then the
following are equivalent:

1. there exists a faithful (|| - ||q-Ts+ )-continuous *-representation m of A;

2. (A,2,) is *-semisimple.

Theorem 4.4.5 Let (A,2,) and (B, B,) be Banach quasi *-algebras and suppose
A, is embedded into B,. Let (Ql@go%,ﬂo ® B,) be the tensor product Banach
quasi *-algebra of (A, A,) and (B,B,), where 1w is a *-compatible cross norm on
ARy, B. Suppose (Ql@go%,ﬂ()@%o) is *-semisimple. Then both (A, 2,), (B, B,)
are *-semisimple Banach quasi *-algebras.

Proof. By Proposition 4.4.4, there exists a faithful 74«-continuous *-representa-

tion of (Ql@mo%,ﬂo ® B,). Hence, by Lemma 4.4.1 there exist 7s+-continuous

*-representations 7 and ma of (A, %A,) and (B, B,) respectively. What remains to

show is that 71 and 7o are faithful. Let 0 # a € . By the isometric *-isomorphism

between 2A[|| - ||] and A ® L[| - ||+], we identify a = a ® 1. Thus, a ® 1y # 0.
By faithfulness of 7, we have m(a ® 1) # 0. We conclude that

m(a) = m(a)ldy, = m(a)m(ly) = 7(a® 1y) # 0.

With the same argument, we get the conclusion for (98, 9B,). O

Theorem 4.4.6 Let (A,2l,) and (°B,B,) be Banach quasi *_algebras and suppose

A, is embedded into B,. Let (Ql@)go%,ﬂo ® B,) be the tensor product Banach
quasi *-algebra, where i is a *-compatible cross norm on A ®q, B. Suppose that

RC(Q@QO%, Ay @B,) is sufficient. Then both R.(A,Ay), Re(B,B,) are sufficient.
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Proof. Let a € 2 be a positive element. Hence a = lim Z x, xy, for x, € A, for
e finite
every n € N. By the isometric *-isomorphism of [|| - ||| and A ® L[|l - [|+], ¢ ® 1
is again a positive element, i.e. a ® 1 = lim Z Ty Tp @ Log.
n—oo
B finite

RC(Q@);O‘B, A, ® B,) is sufficient by assumption, therefore there exists a rep-

resentable and continuous functional Q on 2@;‘[0% such that ﬁ(a ® 1) > 0.

By Proposition 4.4.3, there exist w; and Wy such that

~

Q=0 ®wWy, onARDB.

Hence Q(a ® 1g3) = @1 (a)@z(Lg) > 0. Q # 0, then D(1) # 0. We conclude that
wi1(a) > 0 and R (A, A,) is sufficient.
With the same strategy, it is possible to prove that R.(B,B,) is sufficient. [J

Our aim would be to show that the following statements are equivalent
o (A, 2A,) and (2B, B,) are fully representable;
. (Ql@go%, 2y Rq, By) is fully representable.

This statement involves positive elements of 2[65;‘0% that cannot be easily
characterized in terms of positive elements of 2 and 8. Thus we want to study
how *-semisimplicity passes from the tensor product to the factors and viceversa
in the case of normed quasi *-algebras.

Proposition 4.4.7 Let (A,2,) and (B,B,) be normed quasi *-algebras such that
Ao — By. Then the following are equivalent

1. (A,20) and (2B,B,) are *-semisimple;
2. (m@ﬁo%,mo R, Bo) is *-semisimple.

Proof. Before proving the equivalence, we show a bijective correspondence between
sesquilinear forms in the tensor product and in the factors.
If © € Satyq, B0 (A @y, B), then we can define

0i1(a,a) =0(a® ly,a® ly), acA

92((), b) := @(ﬂg{@b, Ig®0b), beB.

01 € Sy (A) and 02 € S, (B) as restrictions of © € Syyey, 3, (A D5, B).
On the contrary, if 6; € Sy, () and 2 € Sy, (B), then it is possible to define
© € Supey, B (A @, B) in the following way

O(a®b,a®b) :=0(a,a)b2(b,b), aecAbecB.
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and thus extend © by linearity. By polarization identity we have the equality
O(a ® b,c @ d) = 601(a,c)fa(b,d) for every a @ b,c ® d € A @y B. We show
that the properties required are verified. Indeed, for a ® b,c ® d € A @y B and
TRY,t®s €Ay Ry, By we have

O(a®b,a®b) =01(a,a)b2(b,b) > 0.
O(ar ® by,t ® s) = O1(az,t)02(by, s) = 61(x,a"t)02(y, b*s)
=0(r®y,a"t®bs).
O(a®@b,c®d)| = 01(a,c)| [62(b,d)| < [lall1lcll1][bll2]ld]]2
= lla®@bll{lc@d].

Hence there exists a bijection between Sz, 3, (% @, B) and Sy, () @ S, (B)
given by © < (01,62) such that © = 0; ® 6s.

Suppose now 1. By hypothesis (2, 2,) and (B, B,) are *-semisimple, then for
0+#acAand 0 # b € B there exist 6 € Sy, (A) and Oy € Sy, (B) such that
01(a,a) > 0 and O(b, b) > 0. L

Ifa®b#0, then a# 0 and b # 0. Then © = 01 ® 02 € Suyey, B, (A @, B) is
such that B _

O(a®b,a®b) =01(a,a)bz(b,b) > 0.

We conclude that (24 ®go B, A, Ry, Bo) is *-semisimple.

Suppose now 2. If 0 # a®b € Ql®glo%, then there exists © € S2to@a, Bo (Ql@;‘lo%)

such that ©(a®b,a®b) > 0. N
On the other hand, © = (61, 62). Hence for a # 0, #1(a,a) > 0 and as well for
b # 0 we have 02(b,b) > 0. Therefore, (A, ;) and (B, B,) are *-semisimple. [

*_semisimplicity has been characterized in Proposition 4.4.4 through the exis-
tence of faithful 7,,-continuous *-representations even in the normed case. Indeed,
the proof of Proposition 4.4.4 is not depending on the completion of the Banach
quasi *-algebra.

As a direct consequence of Proposition 4.4.7, we obtain

Proposition 4.4.8 Let (A,2,) and (B,B,) be normed quasi *algebras such that
Ao — By. Then the following are equivalent

1. There exist faithful (n-Ts« )-continuous *-representations w1 and o of the
normed quasi *-algebras (A,2A,) and (B,B,) respectively

2. There exists a faithful (-Ts« )-continuous *-representation m of the tensor
product normed quasi *-algebra (A ®go B, A, Ry, Bo)

At this point, we want to investigate what happens for full representability.
For reader’s convenience, we recall the condition of positivity (P)

beA and w(zbr) >0 Vw € R(A,A); VX €A, = beAT.
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For full representability we have to distinguish two cases, the equivalence is
not perfectly holding in this case.

Proposition 4.4.9 Let (A,2,) and (B,B,) be normed quasi *-algebras such that
Ao — By. If (A, B, Ao @a, Bo) is fully representable, then (A,As) and (B, B,)
are fully representable.

Proof. With a similar argument employed in Proposition 4.4.7, it is possible to
show that there exists a 1-1 correspondence between Q € R (2 ®go B, A, Da1, Bo)
and (w1,w2) € Re(2A,Ao) X Re(B,Bo). Indeed, if Q € Re(A @y, B,%A @a, By),
then wi(a) := Q(a ® Ly) for a € A and wa(b) := Q(1y ® b) for every b € B are
representable and continuous functionals over 2l and 9B respectively.

If wi € Re(A,Ap) and wa € Re(B,B,), then Q(a @ b) := wi(a)wa(b) is rep-
resentable and continuous. Indeed, it is positive and invariant, so the first two
properties are verified. Let us check also the third property. Let a®@ b € A ®go B
and z ® y € Ay Ry, By, then

1Q(a*z @b"y)| = |palz @ y,a@b)|
< gpg(x®y7x®y)%gpg(a®b,a®b)%
* * l
< Yab (T T @ YY) 2

If a € AT and b € BT, then a ® b is positive. Indeed, there exist sequences
{zn} € A and {yn} € B, such that

a= hranZa:fo and b= liTanZy;fyj.
7 J

Hence, combining the two sequences and using the cross-norm property, we have

a®b= h}LnZ:foZ @Yy € (A oy, B
/L?-]

Indeed,

a®b—2xf3:i®y;yj = a®b—2xfxi®2yjyj
irj i J

< lla— g xix;
i

b—Zy;yj — 0.
J

Therefore, by full representability of the tensor product ﬂ@ﬁo%, there exists a

functional € R (A 2, B, Ao g, By) such that Q(a ® b) > 0, then there exist
w1 € Re(A,2Ay) and wa € Ro(B,B,) such that

Q(a®b) = G1(a)Da(b) > 0
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We conclude that wy(a) and wa(b) are both positive real numbers or both negative.
Hence the couple (w1, ws) is such that wi(a) > 0 and w3 (b) > 0. If this is not the
case, it is enough to consider the couple (—w71, —ws) for our purpose.

Now what remains to be shown is D(%,,) = A for every w1 € R.(2A,2,), as
well for ws.

Let a € A, then a ® 1y € AR 1y — A ®g[0 8. Then, by full representability
of the tensor product, a ® 1 € D(Pg) for every Q € R.(A @y, B,2A; @g, By).
Hence, there exists x, ® 1oy in Ay ® 1o such that x, ® Ty — a ® 1y and

(pQ(a:n Rly —xpm® 1y, z, ® 1y —x, ® ]l%)
= Q(([I}n Rlyg —xm® ]l%>*({13n Rlyg —xm® ]l%))
= wi1((zn — )" (Tn — Tm))

= Qo (T, — Ty Ty — Tp) — 0.

Hence we conclude that a €  belongs to every D(%,,,). The same argument holds
for we € Rc(*B,B,), thus (A, 2A,) and (B, B,) are fully representable. O

For the other direction, we assume the condition (P) to be valid.

Proposition 4.4.10 Let (2,2l,) and (B,B,) be normed quasi *-algebras such
that Ay — By. If (A, Ap) and (9B,B,) are fully representable and the condition
(P) holds, then (A @y, B, Ao @a, Bo) is fully representable.

Proof. Following the same argument of Theorem 2.1.3, it is possible to show that
full representability and positivity condition (P) implies *-semisimplicity. Then
(A,2(,) and (*B,B,) are *-semisimple.

By Proposition 4.4.7, (A ®go B, A, Ry, By) is *-semisimple. Hence the family
Re(A @y, B, A @, Bo) is sufficient. We have to show that D(pg) = A @y B for
every 2 € R (A ®§_}O B, As D, Bo)-

Let a®@be U ®go 5. Then by full representability of the factors, there exist
sequences

e 1, € 2, such that @, (zy, — T, Tn, Tm) — 0 for every wy € R (A, 2Ao)
e y, € B, such that @, (Yn — Ym, Yn, Ym) — 0 for every wo € R (B, B,).
Hence {z, ® y,} converges to a ® b and
PO = Puy ® Py, Y E Re(A Ry, B, Ao Qary Bo)-

We conclude that a ® b € D(Pg) for every Q € R.(A @y, B, ®a, By), thus
D(pq) =A@y, B. O
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4.5 Examples of tensor product Banach quasi
*.algebras

Example 4.5.1 Consider I to be the unit interval in the real line and A\ the
Lebesgue measure. Take the Banach quasi *-algebra (LP(I,d\),C(I)), where p > 2
and C([I) is the C*-algebra of all C-valued continuous functions on I.

Consider the tensor product of (LP(I,d\),C(I)) with itself. Then we get the
Banach quasi* algebra (LP(I, dA)@Z(I)Lp(I)LP(I, d\),C(I)).

The Banach quasi *-algebra (LP(I,d\),C(I)) is both fully representable and
*-semisimple. Also the positivity condition (P) holds. Hence, by Propositions
4.4.7 and 4.4.10, we know that LP(I, dA)®g(I)Lp(I, d\) is *-semisimple and fully
representable. Unfortunately, we are not able to say anything about the tensor
product Banach quasi *-algebra completion.

A non-commutative example is the following:

Example 4.5.2 Take two Hilbert quasi* algebras (H1,2,), (Ha2,%B,), where 2,
is embedded in 2B, and both are *-algebras and pre-Hilbert spaces, with #; the
Hilbert space completion of 2,, with inner product (:|-); and Ho the Hilbert space
completion of B, with inner product (:|-)2. Then, we get the tensor product
Hilbert quasi *-algebra (”H1®g{07{2, A, @B, ), where H1®’§[0H2 is the Hilbert space
completion of the pre-Hilbert space (and *-algebra) 2, ® B,, under the norm h
induced by the inner product

m

n
:Z 51753 772777]

i=1 j=1

for any &, € H1 @ Ha, with £ =31, & @n; and §' = 3700 L @n; (see [60, 34]).
In this case, the tensor product Hilbert quasi *-algebra (7—[1@@&0%2,2(0 ® B,)
is a *-semisimple and fully representable.






Conclusions

Locally convex quasi *-algebras have been widely studied in the last decades

for the mathematical description of physical systems, especially those coming from
Quantum Field Theory and Quantum Statistical Mechanics. They have been
investigated also as abstract mathematical structures for their own interest.

In this thesis we mainly focused on the case of a Banach quasi *-algebra,
i.e. the completion of a normed *-algebra for which the multiplication is just
separately continuous. The main problem of the thesis concerns the continuity of
representable functionals, i.e. those functionals that admit a GNS-triple made of
a Hilbert space, a *-representation and a coset map.

Various ways have been employed to give a positive answer to this problem
proving results about the continuity of representable functionals in the frame-
work of Banach quasi *-algebras. These structures constitute a special family of
locally convex quasi *-algebras. Hence, it would be interesting to consider the
same problem in this more general background, considering that no examples of
discontinuous representable functionals have been shown until now.

In this investigation a relevant role is played by sesquilinear forms, especially
those associated to a representable (and continuous) functional. The first issue to
face would be to find a different approach to prove analogous results in the locally
convex case, because the results obtained here are often closely related to the struc-
ture properties of Banach spaces. In the locally convex case, it would be a good
hint to prove a similar result about continuity of the aforementioned sesquilinear
forms. Indeed, continuity of representable functionals is strictly linked to conti-
nuity of the *-representation in the GNS-triple and the continuity of sesquilinear
forms associated to them.

As we have seen, a central role in the study of unbounded derivations is played
again by sesquilinear forms occurring in the notion of *-semisimplicity. Indeed,
*_semisimple Banach quasi *-algebras are those that possess a family of posi-
tive invariant continuous sesquilinear forms, shown to be related to the family
of sesquilinear forms coming from representable and continuous functionals. The
notion of *-semisimplicity is useful in extending classical results to the Banach
quasi *-algebras case. Indeed, in the *-semisimple case it is possible to define a
weaker notion of derivation and then give conditions on the weak *-derivation in
order to get an infinitesimal generator of a certain weak *-automorphisms group.
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In particular, if a weak *-derivation is the infinitesimal generator of a continuous
one-parameter group of uniformly bounded weak *-automorphisms, then it is a
closed map enjoying certain spectral properties. Conversely, if in addition the do-
main of the weak *-derivation consists of bounded elements, then the derivation
generates such a weak *-automorphisms group. The condition of boundedness on
the domain is however only sufficient, but not necessary, as shown in examples.
Two main ingredients have been employed proving these results: the theory of
one-parameter groups on Banach spaces and the properties of a convenient family
of sesquilinear forms. In the literature, there are plenty of examples of locally
convex quasi *-algebras for which the class of positive, invariant and continuous
sesquilinear forms is trivial. Therefore, a direction for the future research con-
cerns locally convex quasi *-algebras and the non *-semisimple case. Moreover, it
would be interesting to investigate what happens if the continuity requirement on
the weak *-automorphisms group is weakened, for instance studying continuous
groups with respect to coarser topologies than the norm topology.

Constructing tensor product Banach quasi *-algebras could be a way to study
representations of Banach quasi *-algebras. Indeed, it is interesting to study how
related properties, like full representability and *-semisimplicity, pass from the
tensor product to the tensor factors and viceversa. One direction, concerning
properties passing from the tensor product to the factors, has been shown. About
the other direction, it is possible to show that representations pass to the pre-
completion, but nothing can be said about the completion. It is possible to show
that the tensor product of two representable and continuous functionals is again
representable and continuous functional on the pre-completion through sesquilin-
ear forms. The main issue of dealing with the completion is that representation
properties are not preserved through limits.

A possible approach to attack the problem could be constructing CQ *-envelop-
ing quasi *-algebra, like in the Banach *-algebras case, but there are examples of
CQ*-algebras with no representations. Hence, a more effective strategy would be
constructing a H*-enveloping quasi *-algebra, since Hilbert quasi *-algebras are
always fully representable.

We believe that this kind of construction could give a better glimpse on Banach
quasi *-algebras and also on more concrete tensor products, for instance those of
LP—gpaces, that remain mysterious at the moment.



Appendix A

Brief overview on Banach
*.algebras

For the reader’s convenience, we recall some notions about Banach *-algebras and C*-
algebras and Operator Theory useful in the Chapters of this Thesis. For further reading,
an introductory book on Operator Algebras is enough, for example see [63].

A.1 Banach *-algebras and C*-algebras

Definition A.1.1 Let 2, be a Banach space over the complex numbers. If 2, is an
algebra over C in which the multiplication is such that

lzyll < [lzl[llyll v,y €A

then 2, is said to be Banach algebra.

Definition A.1.2 If a Banach algebra 2, is endowed with a linear map * : %, — 2,
defined as * : x — x* with the following properties

1. ()" = x;
2. (zy)" =y'z;
3 || = [llf;

for every z,y € %, then 2, is called Banach *-algebra. The map * is called involution.
If the involution in 2, satisfies the further C*-property

|lz*z|| = [|«]]?, Vo €Ay, (A1)

then 2, is said to be a C*-algebra.

Example A.1.3 Let H be a Hilbert space over C endowed with inner product denoted by
(-]-), then the set B(H) of all the bounded operators on H is an algebra with the pointwise
sum and scalar product. Moreover, it is a unital C*-algebra, if we endow it with involution
given by X — X* where X* is the adjoint operator of X, and norm given by

[ X[I = sup [ X
0£EEH
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Example A.1.4 Let Q be a compact space. The set C(2) of all continuous functions
defined on €2 is an algebra with the natural operation of sum and scalar product. Endowed
with the involution given by
ffw)=flw), YweQ
and uniform convergence norm as follows
1711 = sup | ()],
weN

then C(Q) is a unital C*—algebra.

Example A.1.5 Let L*°[0, 1] be the Banach space of essentially bounded functions in
I =10,1]. L*]0,1] endowed with the norm of essentially supremum

|| fllec = esssup|f(z)
xzel

L>°[0,1] is an algebra with the canonical pointwise sum and scalar product. With this
norm, it becomes a unital C*—algebra with involution * given by the complex adjoint.

If the Banach *—algebra 2(, is not unital, then 2, can be embedded into a unital
Banach *-algebra 9B, as its ideal.

B(H) in Example A.1.3 and L*°[0,1] in Example A.1.5 constitute prototypes of a
special class of C*-algebras, called von Neumann algebras.

If 9 is a subset B(H), then M’ denotes the set of all bounded operators on H
commuting with every operator in 9t. 9t is said to be commutant of 9 and it is always
a Banach algebra containing the identity operator I.

Definition A.1.6 A von Neumann algebra on H is a *-subalgebra 9 of B(H) containing
the identity operator I such that

m — m//
where 9 is the double commutant of 9.

To von Neumann algebras, it is possible to associate some unbounded operators called
affiliated operators. Although, these operators are densely defined and closed.

Definition A.1.7 Let H be a Hilbert space and D be a subspace of H. An operator
T :D(T) — H is said to be closed if for every sequence {z,} in D(T') such that =, — z
and Tz, converging in H, then € D(T) and Tx = lim Tx,.

n—oQ

Definition A.1.8 Let 9t be a von Neumann algebra. An operator T is affiliated with a
von Neumann algebra and we will write TN if T is densely defined, closed and TU 2O UT
for every unitary operator U in 90V.



A.2 Spectrum of a Banach *-algebra 91

A.2 Spectrum of a Banach *-algebra

Let (2, 2,) be a unital Banach *-algebra. An important notion is given by the spectrum
of an element a € A. The definition is purely algebraic, but it is related to topological
aspects of the Banach *-algebra

Definition A.2.1 Let 2(, be a Banach *-algebra with unit 1. The following set, denoted
with o(z),
o(x):={AeC: ANl —2)~ €2}

is said to be the spectrum. The resolvent set, indicated as p(x), is given by p(x) := C\o(x).

o(x) is always nonempty and closed, for every x € 2(,. Hence, we can compute the
spectral radius r(x) defined below.

Theorem A.2.2 Let U, be a C*-algebra. If a € A, then

1
n,

r(z) := sup{|A| : A € o(z)} = inf |a”||" = lim [a”
n n—oo

Moreover,
o ifx €A, is normal, i.e. xz* = x*z, then x| = r(z);
o ifx=2a* then o(x) CR;

o 1z €2, such that x = x* is positive if o(x) C [0,400) and this is equivalent to the
existence of y € A, such that x = y*y.

A.3 *-Representations and positive function-
als

According to Definition A.1.6, every von Neumann algebra is a *-subalgebra of B(H)
for a certain Hilbert space H. This is actually true also for C*-algebras, as proved in the
celebrated Gelfand-Naimark Theorem.

We need to introduce first a class of functionals useful to construct *representations.

Definition A.3.1 Let 2, be a C*-algebra. A *-representation of 2, is a *-homomorphism
7 Ay — B(H), i.e. a linear map preserving sum, product, scalar product and involution.
Definition A.3.2 Let 2, be a Banach *-algebra. A *-representation 7 is said to be

o faithful if w(z) # 0 implies = # 0;

e continuous if there exists v > 0 such that ||7(z)|| < v|lz| for all z € 2A,;

o isometric if |7(z)|| = ||z|| for every x € 2.

Theorem A.3.3 Let 2, be a C*-algebra and m a *-representation of AU,. Then m is
automatically continuous. Moreover, if w is faithful, then 7 is automatically isometric.

Definition A.3.4 Let 2, be a C*—algebra. A linear functional w on 2, is said to be
positive if w(x*z) > 0 for every x € 2,.
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Positive functionals own many interesting properties. In particular, for every C*-
algebra, there exist as many functionals as many points in 2, and all of them are auto-
matically continuous.

Theorem A.3.5 Let 2, be a Banach *-algebra with unit 1 and let w be a functional.
Then

e w is continuous and |w|| = w(1);

o |wyrazy)| < [lzllw(y™y) for every x,y € Ao;

Theorem A.3.6 Let 2, be a C*-algebra with unit 1. If x € A,, then there exists a
positive functional w on A, such that w(l) =1 and w(x*r) = ||z|2.

From *-representations, we can define positive functionals, i.e. those functionals that
are positive on positive elements.

Theorem A.3.7 Let 2, be a C*-algebra with unit 1. Let m be a *-representation of U,
in a Hilbert space H and let € be a unit vector in H. Then the map w : A, — C defined as
w(x) = (w(x)&|€) is a positive linear functional.

Theorem A.3.8 Let2A, be a unital C*—algebra. Given a positive functional w, then there
exists a *-representation w, on a Hilbert space H,, and a cyclic vector &, € H,,, i.e.the
subspace m,(Ao)&, is dense in H,,, such that

w(T) = (1 (7)€ |8w)-

The *-representation m,, is unique up to unitary equivalence.

Theorem A.3.9 FEvery unital C*—algebra is isometrically *-isomorphic to a C*—subal-
gebra of B(H). This is equivalent to the existence of a faithful *-representation of A, on
a Hilbert space H
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